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In this dissertation, we focus on massive elementary particles in the Standard Model
and its supersymmetric triplet Higgs extension.

In the first part, we start with a review of electroweak (EW) sector in the Standard Model.
Motivated by nonzero neutrino masses, we consider triplet scalars in addition to the Standard
Model. The vacuum expectation values of scalar triplets are strongly constrained by the p
parameter, extracted from electroweak precision measurements. Therefore, we introduce a
custodial symmetry to weaken this constraint and obtain the well-known Georgi-Machacek
(GM) Model. The GM model still requires fine-tuning to satisfy the p parameter constraint.
It is because the custodial symmetry is broken by the hypercharge gauge interaction, which
leads to quadratic divergences in the quantum corrections to the p parameter, starting at
the 1-loop level. By adopting supersymmetry (SUSY), which solves the quadratic divergence
problem in quantum corrections both to the p parameter and to the squared mass of Higgs
simultaneously, we obtain the Supersymmetric Custodial Triplet Model (SCTM). It doubles
the GM scalar fields with the mirror-GM sector. In the limit of large dimensionful param-
eters, B-terms, the mirror-GM particles are decoupled, and the spectrum of the GM-like
particles looks the same as that in the GM model at the electroweak scale. We dub this limit
as the “supersymmetric GM (SGM) model”, which serves as a weakly coupled origin for the
GM model. Incorporating the gauge-mediated supersymmetry breaking (GMSB) mecha-
nism, we perform a phenomenological study for a pair of benchmark scenarios to illustrate
when the SGM model can behave in the same way as the GM model, and when the GM
and SGM models are distinguishable. When confronting the experimental diphoton data, we

take the GM and SGM models as explicit examples to show how a light exotic Higgs boson
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can escape the current experimental constraints through cancellations between different loop
contributions to the effective couplings, or via decaying into the invisible sector.

In the second part, we focus on massive particle production, both in DIS experiments
and at hadron-hadron colliders. By applying the QCD factorization theorem, hadronic cross
sections can be factorized as convolutions of long-distance parton distribution functions
(PDFs) and short-distance partonic cross sections. The partonic cross section can be ob-
tained through perturbative calculations, thanks to the asymptotic freedom of the strong
interaction. The universal PDFs have to be extracted from experimental data and are grad-
ually becoming the largest uncertainty source that obscures the discovery of the new physics,
especially at hadron colliders. Precise determinations of the PDF's require us to treat the
massive quarks correctly. We discuss various factorization schemes to deal with the mas-
sive quarks in DIS, and we perform the calculations of the DIS structure functions in the
intermediate-mass scheme at N3LO. We develop a new method called the SACOT-MPS
(Simplified-ACOT with massive phase space) scheme to deal with heavy-quark production
at hadron colliders, and we apply it to the B* production at the LHCb experiment.
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Notations and Conventions

In this dissertation, we will work in the natural units, where
h=c=1. (0.1)
All the physical units can be related to the mass dimension,
(L] =[T]=[M]"", [p]=[E] =[M]. (0.2)
The mass dimensions for scalar, spinor and vector fields respectively are
6] = [M], [¥] = M2, V] =M. (0.3)
We take the west coast (timelike) convention of the Minkowski metric,
g = g" = diag(1,—1,—1,—1). (0.4)
Usually, the Greek indices (i, v, «, - -+ ) run over 0, 1,2, 3, and the Roman indices (i, 7,k - - )
denote only the three spatial components 1,2, 3. The four-vector is defined as
o' = (2% %), x,=gur" = (-7, (0.5)
where the repeated indices are summed implicitly. The dot product is defined as
p-x=pg.r =p'2’ —p- 7. (0.6)
The Pauli matrices are defined as
01 0 —i 1 0

ol =71 = , ot=1r= , ot =1 = : (0.7)

10 t 0 0 —1
The generators of the SU(2) group are T% = 7¢/2, which satisfy [T%, T7] = ie*T* where €'/

is the fully antisymmetric tensor.

Most of the time, we take the Weyl (chiral) basis of Dirac’s gamma matrices,

0 I 0 ok I, 0
70 = , Y= , 7= : (0.8)

L, 0 —oF 0 0 I
where I, is the identity matrix in 2 x 2 dimensions. Usually, we define ¢° = & = I,

and ¢ = —g*.

2
PL,R — PL7R.

The chiral projecting operators are defined as Ppp = #, which satisfy



Chapter 1

Introduction

1.1 The known and unknown

So far, we know that the matter in our universe is made of atoms that bind nuclei and
electrons together through electromagnetic force. Nuclei, in turn, consist of protons and
neutrons, together named as nucleons. Nucleons are bound objects composed of quarks
and gluon fields held together by the strong interactions. This hierarchy structure of the
universe is sketched in Figure A free neutron is not stable and therefore will decay into
an electron, a proton, and an invisible neutrino. The decay is mediated by the so-called
weak interactions. These 3 kinds of interactions (electromagnetic, weak, and strong) are
successfully unified in the Standard Model (SM) of elementary particles and fields. The
SM is based on the symmetries of nature and a quantum gauge theory which reflects these
symmetries. It is not yet understood how to write a consistent quantum theory for gravity,
which remains the major stumbling block for unifying all four forces under one fundamental
theory. It is not even clear whether such a theory exist. It is the goal of theoretical particle
physics to sort these questions out and perhaps find the so-called theory of everything (TOE)
or the final theory. String theory appears to provide a possible direction, but it remains to
be seen what form the ultimate TOE will take.

The term “Standard Model” was first coined by Abraham Pais and Sam Treiman [2],
with reference to Steven Weinberg’s electroweak theory [3], which embraces the idea of
Yang-Mills’ gauge field theory [4] and spontaneous symmetry breaking (SSB) [5 0]
realized through the Higgs mechanism [7, 8, [0]. Weak gauge fields acquire mass by absorbing
degrees of freedom of the massless Goldstone bosons. The SM predictions were tentatively
established by experiments in the early 1980s, especially by the discovery of W/Z bosons by
the UA1 [10, [I1], and UA2 [12], T3] experiments at CERN. In 2012, the last unknown piece
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Figure 1.1: The composition of matter in our universe. This figure is taken from website [I].

of the Standard Model, the Higgs boson, was discovered by the ATLAS [14] and CMS [15]
collaborations at the Large Hadron Collider (LHC). These discoveries symbolized a great
triumph of the Standard Model.

However, even though the Standard Model is proven to be a great success, it is not the
end of the story to explain all the phenomena observed in our universe. In spite of that,
the SM is a self-consistent renormalizable theory, it can be only considered as an effective
field theory (EFT) valid at the electroweak scale. There are many hints that the SM is not
even close to the final theory since it fails to explain many puzzling observations about our
universe. Here we briefly rephrase some of them, without going in all the details.

e Neutrino mass: The original version of the Standard Model predicts neutrinos to
be massless. Conversely, neutrino oscillation experiments suggest that neutrinos must
have a nonzero mass. However, thinking more carefully, we realize it is not a serious
problem, considering that the quarks and charged leptons are massive. In the Standard
Model, the fermions obtain mass through the Yukawa interactions with the Higgs
boson. The neutrino in the original Standard Model must be massless, because of the
missing of the right-handed neutrinos. This hint suggested the modified version to solve

this problem by adding the right-handed neutrinos to the Standard Model. Similarly to



the right-handed up-type quarks, the right-handed neutrinos couple to the Higgs boson
through the Yukawa interaction in a gauge-symmetry preserving way. After the Higgs
field develops the vacuum expectation value (VEV) during the Electroweak Symmetry
Breaking (EWSB), the neutrinos automatically obtain mass that is proportional to the
Higgs VEV and the Yukawa coupling. In such a way, we add more particle contents
and more parameters to the Standard Model.

Hierarchy problem: Different from the neutrino mass puzzle which is driven by
experiments, the hierarchy problem emerges from a theoretical argument of the nat-
uralness principle. Once Planck obtained his famous constant h (or reduced one h),
he realized that the gravitational force must merge quantum mechanics at the Planck
scale of order 10" GeV. The weak force is characterized by the electroweak (EW)
scale (around 100 GeV). There is a large discrepancy between the aspects of the grav-
itational and weak force. In the Standard Model, the squared mass of Higgs boson
acquires quantum corrections that result in quadratic divergence at scales much larger
than the EW scale. If there is no new physics between the Planck and EW scales,
one would expect that the corrections would be inevitably large compared to the ob-
served value at the EW scale unless there exists an incredible cancellation between the
quadratic divergence and the Lagrangian bare mass. This fine-tuning problem suggests
that new physics is hiding somewhere behind the corner. By now, people have come
up with several solutions to this hierarchy problem, among which supersymmetry is
perhaps the most prospective one.

Dark Matter: Astrophysical observations, including spinning galaxies, gravitational
lensing, and colliding galaxies, suggest that 85% of the matter (27% of the total energy
density) in our universe is dark matter, which cannot be explained by the particle con-
tent of the Standard Model. The observations of the cosmological large-scale structure
indicate that the dark matter should be cold, that is, the dark matter moves relatively
slow compared to the speed of light. We are not sure what the Dark Matter consists of,
but a lot of candidates can make it work, among which, the WIMPs (weakly interact-
ing massive particles) are most explored ones, both theoretically and experimentally.

Supersymmetric extensions of the Standard Model predict a lot of new particles, and



the lightest supersymmetric particle (LSP) satisfies the Dark Matter properties, which
is being tested by the current and future direct detection experiments.
Matter-antimatter asymmetry: According to astronomical observations, the stars
and gas in our universe are made up of visible matter (proton, neutron, and electron).
In comparison, the antimatter (positron, anti-proton, etc) is only produced artificially
in laboratories. This imbalance of the baryonic and antibaryonic matter in our ob-
servable universe implies a baryogenesis process, which violates the baryon number
conservation and charge-parity (CP) symmetry. In the Standard Model, the phase §
in the CKM matrix is the only known source of CP-violation. However, it is too small
to explain the observed matter-antimatter asymmetry. We need more CP-violation
sources, which must come from BSM physics.

Quantization of gravity. The Standard Model does not include graviton which
accounts for the quantization of gravity. More generally speaking, a quantum field
theory (QFT) cannot canonically quantize gravitation, which is described by a classical
theory called general relativity. The fundamental structure of gravity is not the same
as the other three forces. We hope string theory or loop quantum gravity can provide
us with an answer to this puzzle.

Inflation: The isotropy and homogeneity of our visible universe, revealed by the
cosmic microwave background (CMB) radiation, requires a stage of extremely rapid
expansion called the inflationary epoch right after the big bang. The Standard Model
does not contain the fields accounting for inflation.

Cosmological constant: The zero-point energy of the quantum field theory is much
larger (120 orders of magnitude higher) than the observed vacuum energy density.
The Standard Model cannot help us to understand this many-orders-of-magnitude
discrepancy between theory and observation.

Dark Energy: We observe that the present-day universe is expanding at an acceler-
ating rate, which suggests that 68% of the total energy in the observable universe is in
a hypothesized unknown energy form, called dark energy. Otherwise, the expansion of

our universe should be slowing down because of the gravitational attraction.



e Strong CP problem: The strong interaction is described by quantum chromody-
namics (QCD), which could allow a Charge-Parity violation (CPV) term 933%(? WG
However, the experimental measurement of the neutron electric dipole moment (EDM)

d, ~ HBM—ﬂg <3 x 10" % ecm, (1.1)
which suggests # < 1079, This is another example of a fine-tuning problem. We hope
that a pseudo-scalar particle called axion in Peccei-Quinn symmetry will provide us
with a satisfactory answer.

e Ad hoc parameters: The Standard Model contains 18 free parameters:

Ay Hy 91,235 Me pr s Md,u,s,ebits 012,13,23, 0. (1.2)
If we count the 6 as yet another parameter, we would have 19 parameters in total. Now,
we realize that neutrinos have mass discovered by oscillation experiments. Therefore,
we need to add 7 more parameters into this model:

mi23, 9/12,13,237 §'. (1-3)

If the neutrino is a Majorana fermion, we would have 2 additional phase factors, ay .
Therefore, the extended Standard Model contains 26-28 parameters in total, and all of
them should be determined in experiments. It is rather unsatisfying that a fundamental
theory would suffer from such a plethora of free parameters with such a large range
of values. Moreover, we found that there exists a hierarchy structure among the 3
generations of the leptons and quarks,

Me <My < Myy My < Mg e < My (1.4)
We do not yet know whether neutrinos satisfy the hierarchy structure, i.e., m; < mo <
mg, and we have no explanation for this hierarchy within the Standard Model.

e Generations: All the quarks and leptons that have been discovered can be classi-
fied into three generations distinguished by the scale of their masses. However, the
observed Universe appears to be composed entirely of just quarks and leptons in the
first generation. This generation can form a complete and consistent (anomaly free)
theory by itself. The other generations only manifest themselves involving collisions at

high energies. The Standard Model fails to explain why there should be exactly three

generations.



Of course, this is not a complete list of all the problems that the SM suffers from. Each
problem motivates us to search for new physics beyond the Standard Model (BSM). One
strategy to follow is to modify or extend the SM and to see ways in which the predictions of
these extended models differ from those of the SM. The modifications should be driven by

their adequateness in resolving some of the issues or weakness of the SM listed above.

1.2 Organization of this dissertation

Our target is to deal with massive elementary particles in the Standard Model and its
BSM extensions. We divide this dissertation into two parts. In the first part, we cover various
heavy particles in the framework of triplet Higgs models and the supersymmetric versions. In
order to produce these new particles, we need hadron colliders. And the production of heavy
particles, both in the SM and new physics, is based on our understanding of perturbative

quantum chromodynamics, which is the main subject of our second part.

1.2.1 Higgs triplet Models

In the first part of this dissertation, we start with the Standard Model and explore the
modifications of which extended the Higgs sector to include, in addition to the usual SM
doublet representation, triplet representations of SU(2). Several intimations lead us to scalar
triplets. First, scalar triplets possess the potential to provide neutrinos with nonzero masses
through Yukawa interactions of the scalar triplets’ coupling to the Majorana neutrinos, which
is well-known as the Type-II seesaw mechanism [16, [I7], which is discussed in Chapter .
A natural source for this mechanism can be provided by the Left-Right symmetric models
[18]. Second, the seesaw Yukawa interactions violate lepton number and therefore satisfy one
of the Sakharov’s conditions [19] on global quantum number generation in the evolution of
the Universe. Triplet models also encompass the possibility of charge-parity (CP) violation,
either explicitly or spontaneously, which satisfy another Sakharov’s condition. These two
conditions lead us to the leptogenesis [20], which can be converted into the baryogenesis [21]
through a nonperturbative process called sphaleron [22]. Third, triplet models naturally
arise in the Higgs composite models and Little Higgs models. Finally, scalar triplet models

contain rich phenomenology with new particles (such as doubly charged scalars H**) and



new couplings to vector bosons (such as HVV or HHV'), which can be directly measured
at current and future colliders.

In general, the vacuum expectation values (VEVs) of the neutral components of the scalar
triplets are strongly constrained by electroweak precision measurements, and p parameter
is one of the biggest constraints [23]. However, these constraints are strongly weakened if
the triplet scalar representations are added in such a way as to obey the accidental SU(2)
custodial symmetry of the SM. The implication of imposing a custodial symmetry is that one
must add at least one real and one complex triplet representations. Such a model was first
proposed by Georgi and Machacek [24], and is commonly known as the Georgi-Machacek
(GM) Model. The GM model, nevertheless, still requires fine-tuning in order to satisfy the
p parameter constraints. Similarly to the SM, the solution to this additional naturalness
problem is supersymmetry, as discussed in Chapter ] Therefore, we supersymmetrize the
GM model, and obtain the Supersymmetric Custodial Triplet Model, in Chapter We
study a particular limit of dimensionful parameters for this model which, in the scalar sector,
reproduces the spectrum of the GM model at energies in the TeV range. We dub this limit
as the Supersymmetry GM (SGM) model.

In Chapter [0 we assume gauge-mediate supersymmetry breaking (GMSB) [25] and per-
form a phenomenological study for a pair of benchmark scenarios to illustrate when the SGM
model can mimic the GM model, and when they are distinguishable. When confronting the
experimental diphoton data, in Chapter [7] we take the GM and SGM models as explicit
examples to show how light exotic Higgs boson can escape the current experimental con-
straints through different loop contributions to the effective couplings, or via decaying into
the invisible sector. The lightest supersymmetric particle (LSP) in the SGM model is very
stable. It behaves like a WIMP (weakly interacted massive particles) and therefore is a
good candidate for dark matter. We explore the direct detection constraints from various

dark-matter search experiments. We leave this possibility for future study.

1.2.2 Massive particle production
We would like to test our new physics models at colliders. Direct evidence must come from

the production of massive particles predicted by these models at colliders. Hadron colliders



are the most powerful machines which can push the energy up to its highest frontier. In
history, the heaviest fundamental particles were discovered at hadron colliders, such as W, Z
boson at the UA1 [10, 11] and UA2 [12, [13], bottom quark at the Fermilab E288 [26], and
top quark at the Tevatron [27, 28]. The latest discovery of this kind is the Higgs boson
discovered at the LHC in 2012 [14] [15]. All these big discoveries rely heavily on hadron
colliders, which will continue to be the most powerful tools to explore new physics in the
future.

Understanding of the production of massive particles at hadron colliders is based on the
QCD factorization theorem. In perturbative Quantum Chromodynamics (pQCD), we
can separate a cross-section for hadron collisions into 2 parts: a soft part to characterize
the long-distance interaction and a hard part for the short-distance one. The hard partonic
cross-section can be calculated through perturbative expansion, thanks to the asymptotic
freedom of the non-Abelian SU(3) gauge. In contrast, the long-distance interaction cannot
be calculated from the first principle, due to its nonperturbative behavior. Fortunately,
we can parameterize it by universal parton distribution functions (PDFs), which can be
extracted from benchmark experiments, such as deep inelastic scattering (DIS), and fixed-
target collisions. In Chapter [8) we first consider the Higgs production through gluon-gluon
fusion (ggF) as an example to illustrate the framework of factorization theorem. After
discussing the general features of the factorization formalism, we talk briefly about the
Drell-Yan process, which was the first application of the factorization theorem to hadron-
hadron collisions. Then, we move on to deep inelastic scattering, which provides the most
precise information to constrain the PDF's in our global analysis. We also summarize some
sum rules of the PDFs and higher-order corrections, taking DIS structure functions as an
example.

In history, DIS played a key role in the development of QCD. In modern theory, the
DIS data serve as a backbone for describing the partonic structure of the proton, which is
described by PDFs. Precise determinations of PDFs require to correctly include massive
heavy quarks in DIS structure functions. In Chapter [9] we compare various factorization

schemes to deal with heavy-quark mass dependence. Then, we apply one of them, the



intermediate-mass (IM) scheme, to calculate the DIS structure functions up to N3LO. In
Chapter [10, we extend these schemes to the hadron-hadron collider case.

Let’s see how we tackle these problems, and how far we can get.



Part I

Electroweak sector in the Standard Model and beyond
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Chapter 2

Electroweak physics in the Standard Model

The Standard Model is a very successful model in particle physics, which has been tested
to be correct up to very high precision. It describes three of the four known fundamental
forces (the electromagnetic, weak and strong interactions, but not including gravity) and
classifies all known elementary particles in our universe. We will review the electroweak
(EW) physics of the Standard Model in this chapter, mostly by following Chong Sheng Li’s

lecture notes on Quantum Gauge Field Theory [29].

2.1 Gauge groups
The fundamental particles in the Standard Model can be classified into 3 categories:
spin-1/2 fermion, spin-0 scalar, and spin-1 vector boson, all illustrated in Figure . The
scalar particle called Higgs Boson is responsible for the Spontaneous Symmetry Breaking
(SSB) through the Higgs Mechanism [30, §]. A vector boson mediates gauge interactions
and, therefore, is called a gauge boson. There are 3 kinds of gauge interactions, described
by the direct product of 3 gauge groups SU(3). ® SU(2);, ® U(1)y. The SU(3), is the color
group, where subscripts ¢ stands for color charge carried only by quarks. The subscript L in
the isospin group SU(2), indicates left-handedness (chirality). It means the weak force only
acts on the left-handed fermions (including quarks and leptons ) and the Higgs boson. Y in
the Abelian group U(1)y represents the hyper-charge, which is carried by all the fermions
and scalars. The electroweak group SU(2), ® U(1)y is spontaneously broken. However, the
electric charge Q = T} + Y/2 is conserved, where T} = 73/2 is the third generator for the
isospin group SU(2),. That is to say,
SUR2) @ ULy 25 U(1)g - (2.1)
the EW group is broken into an Abelian gauge group U(1)g, i.e., Quantum Electrodynamics
(QED) responsible for electromagnetic interactions. On the other hand, the strong interac-

tion symmetry described by SU(3). group, also called Quantum Chromodynamics (QCD),
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is unbroken. We first review EW theory in this chapter and leave QCD to the second part

of this dissertation.

Standard Model of Elementary Particles leptons

three generations of matter interactions / force carriers

(fermions) (bosons)
| 1l 1]
mass =22 MeV/c? =128 GeVic? =173.1 GeV/c? 0 =124 97 GeVic?
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Figure 2.1: The elementary particles and the interactions in the Standard Model. The table
and plot are taken from WIKIPEDIA [31].

2.2 Elementary particles
The Standard Model contains 12 kinds of fermions, shown in Figure 2.1, We can organize

them into SU(2), representations and the corresponding hypercharges,

ur, 1 2 4

qr = (Y = _)7 dR(Y = __>7 UR(Y = _)7
d, 3 3 3

(2.2)

v

lL = (Y = —]_), €R<Y = —2)
€L

The gauge transformation under SU(2);, ® U(1)y are respectively

v — 671‘5’571‘5%1&& Yr — e PTPp, (2.3)

where T is the Pauli matrices, and 5, [ are the group transformation parameters. Here ¢,
denotes isospin doublets g, 1, and i represents isospin singlets dgr,ur,er. The gauge-

invariant Lagrangian for the fermion sector can be written as

Ly =P + iprDir, (2.4)
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where the Feynman d-slash is [) = v#D,,. The covariant derivatives are defined as
Y T Y
Dqu = <8u - ZglEBu - ZQQEWN)wLa DuwR = (au - ZglEBu)¢R- (25)

B, and W), represent the corresponding gauge field of U(1)y and SU(2)r, and gy 5 are the

gauge couplings. The Lagrangian for the gauge field can be written as

1 v 1 VXt
'Cg = _ZBN B,UV - ZWzM VI/;LV’ (26)
where wa and B, are the field strength tensors for the weak isospin and hypercharge field,
B = 0,8, — 0,B,, W, =0W,—0,W, + goc " WIW}. (2.7)

The €* is the fully antisymmetric tensor.

2.3 Higgs sector

In the unbroken phase, the Higgs Boson is a SU(2), doublet with hypercharge Y =1,
H+
d = (Y =1). (2.8)
HO
The corresponding covariant derivative is

,7_’L

1 )
D,® = (0, — igléBu — g 5 W . (2.9)
Therefore, the Higgs sector in the SM Lagrangian can be written as
Ly = (D,®)(D,®) - V(®), V(®)=—p?d'd+ \D'd)2 (2.10)

When p2 > 0 and X > 0, the Higgs potential looks like Figure . By rolling to a lower-

Figure 2.2: A sketch of the “Mexican hat” potential of Higgs V' (®). This plot is taken from
WIKIPEDIA [32].

energy state at the brim of the “Mexican hat”, the Higgs field develops a vacuum expectation
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value (VEV) as
1 (0 112

(D)o = (0|D]0) = 7 ) v=A (2.11)

We can easily check that the gauge symmetry is broken in the vacuum state (®)o,

TH{®) #0,(i=1,2,3), Y(®)y#0. (2.12)
where 7% = 7'/2. However, the vacuum is invariant under action of the electric charge
operator Q:

Y 10 1 0
Q(P)o = (T} + =)(®)o = — =0. (2.13)
b2 00/ v2\o

It means the EW gauge symmetry breaks down to a smaller group SU(2),@U(1)y — U(1)q,

which can be interpreted as the Abelian group describing the quantum electrodynamics

(QED).

Ht

We can shift the Higgs boson in the neighborhood of its VEV & = (®), + b
RTUT
V2

The Higgs potential can be expressed as
4
A
V(®) =— % + 12h4 + VAphg(hd + h2 +2HYH™) + Z(h% +h242HTH™)2  (2.14)

Therefore, we obtain three massless Goldstone boson h; and H*, and one massive Higgs

boson with mass mpy = v2u = v/2 . In the unitary gauge, we can parameterize the Higgs

boson as
®=U) ’ :exp(z’f-F/v> ’
v+n v+n
V2 vz (2.15)
v 1 [ G+ 1 (V2w

= (®)o+ —=

N —
V2 V2 \ g V2 i — iz

We can see easily that w® and 2° are Goldstone bosons. They are absorbed into gauge

bosons that consequently acquire mass. The VEVs for these shifted fields are

(01i|0) = (0[n|0) = 0. (2.16)
We redefine the Higgs field in the unitary gauge,
0 0
¥ =U()P = S T (2.17)
v V2 1
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The Higgs sector can be rewritten as

Ly = (D) (D'd') — V(®) (2.18)
where
1 1, =, v+n 1
D@ = (O = ig15 B}, = iga5 7 - W) 75X V(®) = pPn* + Ao + o' (2.19)

We have dropped the zero-point energy —}l)\v‘* in V(®’). We obtain the mass of the gauge

boson in the |D,®'|* term,

USIU TR UVEEES U TS S,
7 X (91§Bu+g2§T'W)(91§B +92§T'W )X
S0y v+ @ - 082} (2.20)
=miy WIW ™" + %mQZZMZ“.
where
W* = i(W/} TiW?), miyy = 19302 (2.21)

w \/§ 4

Conversely, we find that the vector boson of the gauge eigenstate can be expressed as the
mass eigenstate (physical state) as
1 0
" + — 2
W, __\/ﬁ(Wu +W.), W, ——\/§

For the neutral vector boson, we have unbroken U(1l)g symmetry Q(®)y = 0, which

(Wr—-w,). (2.22)

o

corresponds to the massless gauge boson, or photon A*.
2

1 v
§m2ZZ#Zu = g(gzw,ff —qB,)*
_ v w? B g —919 Wi
=5 W Bu) 2 / (2.23)
—3g192 93 B )
1 m% 0 ZH
= §(Zu’ Au) g
0 O A+
The physical gauge fields
Z, cos Oy —sin Oy W N
y = na ; | my = 1(91 + g3)v°. (2.24)
m w COS Uw w

where 6y, = arctan(g;/go) is the Weinberg angle. Conversely, the gauge eigenstates of the
vector boson can be expressed in terms of the mass eigenstates as
W =cwZy+swhy, B, =—swZ,+cwA,, (2.25)

where sy = sinfy, and ¢y = cos Oy .
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2.4 Yukawa sector

When we introduce the Yukawa interaction,

£y = yieéR(I)TlL + yfjJRiCDTqu + y?j’t_LR(T)Tqu + h.C., (Where (I~) = iTQ(I)*), (226)
the fermion will obtain mass after the Higgs boson develops a VEV. In the unitary gauge,
we have

1 0 ~ 1 [v+
d— — b—— """ (2.27)

\/iv—i-r]7 V2 0

Therefore, the fermions acquire mass proportional to the Higgs VEV,

1 e d 1 d u 1 u
E?Jﬂ]a Mij = Eyijva Mij = ﬁyijv'

The original version of the Standard Model developed by Steven Weinberg [3] does not

m; = (2.28)
include the right-handed neutrinos. As a result, the neutrinos v, , - could only be left-handed
and massless. But this is not the case in our real world, as explained later.
Under the CP transform, we have
er®l;, < hec. (2.29)
Therefore, if we have y¢ # y®*, the Yukawa interactions will break the CP symmetry ex-
plicitly. However, if we do not have mixing among different generations, then, equivalently
speaking, the Yukawa coupling matrix y;; is diagonal,
Y = Y50i; = lyle' s (2.30)
In this case, one can absorb the phase €' into the redefined field of the Dirac fermion
(electron here). This redefinition would be equivalent to having the real Yukawa coupling
ys = y¢* that conserves the CP symmetry as a result. However, our real world is not so
simple. We realize that y;; must be complex and also non-diagonal in order to be responsible
for the CP violation discovered in neutral K-meson decays [33]. Taking the quark sector as

an example, we have the mass term as

Uy dl
(01, U, Us) pM™ | uy |+ (dy,do,d3)gM* | dy | +h.c. (2.31)
Uus I ds I

The mass matrices Midj and M;; contain 9 X 2 complex matrix elements. We can diagonalize

the mass matrix by multiplying it by matrix A from the left and matrix B from the right,
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as
A'MB = D, BTMTA = D,
(2.32)

ATMMYA=DD', B'M'MB=D'D.

The solution for these equation is M = ADBT. Therefore, before the EWSB, we can write

the isospin gauge eigenstates (up,us,us3) and (di,ds,ds) in terms of the mass eigenstates

(u,c,t) and (d, s,b) as

U1 u dl d
Us =Urr|c , dy =Drr|s ; (2.33)
u3 t d3 b
L,R L,R L,R L,R
which diagonalizes the mass matrices
UM U= 0 m, o], DLiMD,=|0 m, 0 (2.34)

0 0 my 0 0 my
Here Uy g, Dy r are unitary matrices. Therefore, we can rewrite the Yukawa interaction for

the quark sector in terms of mass eigenstates as

dy Uy
Ly = (dy,dy,d3)gM* | d, <1 + g) + (1, g, Uz) g M™ | uy (1 + g) +h.c.
d3 L s L
d u
= (d,5,b)gkDEMD, | s (1 + g) + (@, & D) rULM UL | ¢ (1 + g) + h.c.
b L t L
my 0 0 d My, 0 0 U
=(d,50r| 0 m, 0f]s (H%)Hma% 0 me 0]]e (1+;
0 0 my b 0 0 My t

L L
.. . . . T] Co— . S . T’
— ZdZ d’L (A (A (A 1 A h = ld’Ldl T .. 1 A .
Ei (mydy L—l—muuRuL)( +U)+ c E (m}, —|—muuu)( +v)

)

(2.35)

Here m’d'd’ + m! u'u’ is the Dirac mass term for quarks, where i runs over (d, s,b) for down-

type and (u,c,t) for up-type quarks in the sums. The weak charge current can be written
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in terms of the mass eigenstates as well

dy d
J5 = (W, U3) v | dy | = (@,6,8) UL Dy, | s (2.36)
d3 L t L

We can define a unitary 3 x 3 matrix V = UZDL, which is called Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix. The CKM matrix can be parameterized in terms of three

Euler angles (012,13 23) and one CP-violation phase 0,

1 0 0 C13 0 8136_26 C12 S12 0
V= 0 Co3 S93 0 1 0 —S12 C12 0
0 —s93 o3 —8136716 0 C13 0 0 1
(2.37)
,'5
C12€13 S512€13 s13e”"
— 6 id
—8512C23 — €C12523513€ C12C23 — 512523513€ $23C13 | »
19 19
512823 — C12C23513€" —C12523 — $12C23513€" C23C13

where ¢;; = cosf;; and s;; = sinf;;. As a result, there is only one degree of freedom (the §
phase here) corresponding to the CP violation in the SM. If we only have 2 generations, the

CKM matrix would be reduced to the 2 x 2 Cabibbo rotation matrix

cosf. sinf,
V= ) (2.38)
—sinf,. cosf,

In such case, there is no degree of freedom accounting for the CP violation. We need at least

3 generations to get the CP-breaking effect.

2.5 The SM parameters

Up to this stage, we are able to count all parameters in the Standard Model. First, we
have 3 gauge couplings g; 23 corresponding to the 3 gauge groups. In the Higgs sector, we
have 2 parameters p2, \. In the Yukawa sector, we have the masses corresponding to all the
massive fermions,

My My Moy Mgy Mgy My My My Mg (239)

The CKM matrix has 4 parameters, 05, 613, 3,9. Therefore, we have 18 parameters so far
in the SM, and all of them correspond to observables which have to be determined from

the experimental measurements. As we mentioned in Chapter [I} no symmetry forbids the
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strong CP violation term H%GW@“’ in the QCD, and the 6 value also has to be measured
experimentally. That is why someone quote that the SM contains 19 free parameters in
total, depending on how you count.

As we know, neutrino oscillations were first implied by the solar neutrino problem [34]
35], then observed by the Super-Kamiokande Observatory (SuperK) [36] and the Sudbury
Neutrino Observatories (SNO) [37]. From these experiments, we know that neutrinos have
mass: therefore, we have to add the right-handed neutrinos vg and the corresponding Yukawa
couplings y;; to the Standard Model in order to account for this effect:

L, =yom®ly; +he, M;= %ygjv.

Similarly to the quark sector, the Yukawa couplings can have complex values and couple to

(2.40)

different generations, which will introduce the Pontecorvo-Maki-Nakagawa—Sakata (PMNS)
mixing matrix [38], 39 [40], 41]. While the quarks are known to be Dirac fermions, we do not
know whether the neutrinos are Dirac or Majorana fermions. If the neutrinos are Majorana
fermions, which means that the antineutrinos are the same fields as neutrinos, we would
expect to observe the neutrinoless double beta (0v2() decay, shown in Figure . However,
we have not observed this phenomenon up to now, leaving us a puzzle to be resolved in the

future.

Y

>
oNoNa
Y
cCOoC
O

W' —>—e
d AN u
n,d: dp
u u

Figure 2.3: A representative Feynman diagram of neutrinoless double beta decay.

Y

Y
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We can parameterize the PMNS mixing matrix similarly to the CKM one, with a slight

difference:
1 0 0 C13 0 8136_7'6 C12 S12 0 6201/2 0 0
U= 0 Co3 S93 0 1 0 —S812 C12 0 0 6m2/2 0
0 —S93 Co3 —313671'5 0 C13 0 0 1 0 0 1
C12C13 S12€13 s13e” % et1/2 0 0
— 0 i 0 ian/2 0
—512C23 — C12523513€ C12C23 — 512523513€ 523C13 €
) )
512823 — C12C23513€" —C12523 — S12C23513€" C23C13 0 0 1
(2.41)

Here we may have two phase factors o 5 if neutrinos are Majorana fermions. If the neutrinos
are Dirac fermions, we can absorb the phase factors into the redefinition of Dirac fields.
Therefore, the ;o will disappear for the Dirac case. Instead, for the Majorana case, we can
only absorb one phase into one generation of neutrino, while the relative phase difference
aq 2 would remain. Therefore, there are 3 mass parameters m, 5 3, three Euler angles 615 1323
and 1 CPV phase term § for the Dirac neutrinos (and 2 more phase factors oy o for the
Majorana case). Therefore, we have 7 (9 for Majorana case) more parameters to be added

into the SM. In summary, the modified SM contains 26 (28) free parameters in total.

2.6 Determinations of SM parameters
Starting from the SM Lagrangian, we can obtain Feynman rules. The gauge-field coupling
to the leptons can be written in terms of

- T - 1
Ly :lL’y“(ggi W), — 91§Bu)lL — erg1V" Ber

| T )
:gg(—lLT’yulL)W;L + —gl(—lL’}/MlL - 2€R’}/HGR)BL
2 2 (2.42)

1
=g2(JIW1, + JEW5,) + (92 J5 W3, + 591%3,2)
=Lcc + Lnc-
We separate the £,_; term into the charged and neutral current parts, Lo and Lyc. The

charged current part can be written as
Lee = (W, + EWS,) = S0 (TW, o+ T D), (2.43)

where the charged current is defined as

JH=2(JW —iJ*) = I (t! — ity = 207 Ml = ey (1 — v5)v. (2.44)
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Similarly, we have J™ = 2(J" + iJ?*). The Feynman rules for the respective coupling

factors are drawn in Figure . When scattering energies are much lower than My, 7, we

P2 (gv — ga7s)

Figure 2.4: Feynman rules for EW gauge boson couplings to fermions.

can replace a subgraph containing W or Z propagators between qqgW or qGZ vertices by an
p grap g propag qq qq Yy

effective four-fermion coupling, shown in Figure Therefore, we have

2
£5¢ = lim ( )J"‘ I < >J+” — 5 g, 2.45

s \2v2 ¢* —mi \2v2 8myiy, (245)

By comparing with the effective Lagrangian L.q = ——J T J# [42) [43] of the V-A current-

~.
SE

@ < miy

Figure 2.5: The Feynman diagram for the low-energy four-fermion interaction.

current theory, we can obtain

G 1
7; _ 8]@22 _ s — v = (V2Gp) 2 = 246.22 GeV. (2.46)

Here G = 1.1663787 x 10~ 5 GeV ™~ is taken from the latest Review of Particle Physics [23].
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Considering the neutral current, we have
1
£NC’ = g2J§LWéM + igle'LﬁBL
= g9J3 (ewZy + swAu) + gitw (J — J3) (—swZu + ew Ay) (2.47)
= gswlpA, + iJ(’fZM.
Cw
Here we introduce the notation ty = tanfy,. We can define
€= gsw,
Jo =T = sy dg = 1" (gv — 94l (2.48)

gv =T = 2Qssyy, 94 =Tj,
where T% = 73/2. As a consequence, we have the neutral currents for the neutrino and

electron respectively as
1

1 1
Jb = vy (= — =9°) vy = =0y*(1 — v5)v and
2 2 2
1 1 1 (2.49)
Jhe = ey (=5 + 253 + 57")er + ery (+2siy)er = —5e7" (1 — dsiy +7°)e.
Similarly to the charged current, we can also have effective 4-fermion interactions for the
neutral current as
NC . g% i Guv m _g% — m 2 5
Loy = (]12@0 i, Jow Z—m2 Joe = m[”%(l — ) v][er” (1 — dsy +97)el. (2.50)
Afterwards, we can define one dimensionless measure of the relative strength of neutral and

charged-current interactions in the 4-fermion interactions as [44], [45]

2 1202
p=—gt =1 (2.51)
Mzw  1(gt + g3)v? priw:

If we use the tree-level relation between the W and Z boson mass, we obtain p = 1.

The electric couplings can be determined in terms of the fine-structure constant,

e? 1
= — =~ — =Vira =~ 0.3028. 2.52
A= oA, e Vira =~ 0.3028 (2.52)
Many other EW parameters were measured very precisely, such as
sy, = 0.23126, my = 80.385GeV, my = 91.1876 GeV. (2.53)

Together with the VEV v = 246.22 GeV, we can fix the gauge couplings g; 2. The fermion
(quark and lepton) mass and CKM matrix elements are all measured precisely in various
experiments. The specific values can be found in the latest Review of Particle Physics [23].
The last parameter to discuss is the quartic coupling A or the p parameter in the Higgs
sector, which have also been determined by the Higgs ma;ss [14], [15],

my = V2 =125 GeV, \ = % = 0.129. (2.54)
v
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Chapter 3

Electroweak symmetry breaking beyond the Standard Model

In the last chapter, we reviewed the EW theory of the SM. We also mentioned that
neutrinos have nonzero masses, as indicated by the neutrino oscillation experiments. It is a
hint suggesting that the SM is not complete. In this chapter, we will start with the seesaw
mechanism to solve the neutrino mass problem, and then move to discuss the scalar triplet

models.

3.1 Seesaw mechanism
As discussed in Chapter [2] the neutrino must be massless in the original version of the SM
written down by Steven Weinberg [3], which contradicts the neutrino oscillation experiments
[34, 35, 36, B7]. We have also proposed to solve this problem, by adding right-handed
neutrinos.
However, experiments also tell us the neutrino must be superlight. The most stringent
upper bound on the 7, mass from scattering experiment is
my, < 2.05eV at 95% CL, (3.1)
obtained in the Troitsk experiment [46, 47]. A similar result is obtained by the Mainz
experiment [48]: m;, < 2.3 eV at 95% CL. The Cosmic Microwave Background (CMB) data
of WMAP and PLANCK indicate }_;m; < 0.3 —1.3 eV [49]. The latest combined analysis
of the Planck CMB temperature spectrum and Baryon Acoustic Oscillations (BAO) lowers
the limit to [50]
Y m; < 0.170eV at 95% CL. (3.2)

J

As a result, we obtain a large hierarchy between the mass of neutrinos and charged
leptons or quarks. More specifically, the lightest charged lepton is the electron, whose mass
is m. = 0.511 MeV. We obtain at least an order of 10° difference between masses of the

charged and neutral leptons. As we know, the electron and neutrino both acquire mass
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through Yukawa interactions; so the mass hierarchy means the Yukawa couplings also differ
by many orders of magnitude.

One straightforward way to generate such small neutrino masses is the well-known See-
saw Mechanism. In an effective field theory (EFT), we can write down a lepton-number

violating interaction,

Leg = K(L‘ccﬁ*)(ciﬂL). (3.3)

This is the only one mass dimension-5 operator that we may have, originally written down by
Steven Weinberg [51]. After the Higgs develops a VEV, (0|®]0) = (v,0)”/v/2, the neutrino
would acquire mass as
cv?
my = (3.4)
where v = 246 GeV. We can easily see how the seesaw mechanism works: when A > v,

m, <.

3.1.1 Type-1 seesaw mechanism

There are several ways to obtain this seesaw mechanism. In Chapter [2| we have already
added right-handed neutrinos into the SM, and also discussed the possibility of Majorana
neutrinos. Therefore, we can add a Majorana mass term together with the Yukawa coupling
in the Lagrangian,

- 1
L, =y 'vpdl, + §MV]73:CVR +h.c. (3.5)

If we separate the left-handed and right-handed neutrinos,

v=uv,+Crvi, N=uvr+Cv}, (3.6)
we get the mass mass matrix for the v and IV,
0 mp v
, mp=y’ —. (3.7)
mh M V2

Here the Dirac mass term proportional to mp comes from the Yukawa coupling. Diagonal-

izing this matrix would give us the mass value as

M AmAL N\ Msmp M7
o= —|1 1-—2 2y =D M. 3.8
m =5 (171-2) ", (3.9
Therefore, we have the light neutrino mass,
ml/ = — = —. .
M 2M
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This can be also understood in an EFT way. The Feynman diagram for the scattering process
is shown in the left panel of Figure After integrating out the heavy particle N, we get

2,2
the mass term for the %yy.

14 14 v

Figure 3.1: Three basic seesaw mechanisms to give neutrino small mass.

If we require the Yukawa coupling to be order of one, y ~ O(1), we can estimate the

heavy neutrino mass to be

I, yv?  12(100GeV)?

- ~ ~ 10" . 1
o v 0 GeV (3.10)

3.1.2 Type-11I seesaw

The heavy right-handed neutrino is not the only solution for getting a small neutrino
mass. In an alternative approach, we can introduce a scalar isospin SU(2),, triplet A =
(67+,67,6%7 with hypercharge Y = 2 in addition to the SM scalar doublet. The electric
charge is assigned by Q = T%? +Y/2, where T% = diag(1,0, —1) is the third component of the
triplet representation of the SU(2); group. We can convert this triplet into a 2 X 2 matrix

representation as

Ao [0V (3.11)

50 —6t /2
Using this notation, we can write down the following new Lagrangian:
L =Tr[(D,A)(D*A)] — M3ATr(ATA) — pd®TinyAd + ylL Ciry ALl + h.c. (3.12)
The triplet will develop a VEV after the Spontaneous Symmetry Breaking (SSB),

0 0 pv?
<A> = , VA = .
0 2M3

(3.13)
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The value of the triplet VEV va in Equation (3.13]) is approximate, and its exact value
depends on the specific structure of the full scalar potential for both doublet and triplet scalar
fields. As a result, the neutrino will obtain mass through the triplet Yukawa interactions,

my, = 2yva =y (3.14)

M3
The Feynman diagram that generates this mass can be viewed in the middle panel of Figure

B.1
Performing a simple estimation, we have
O(y) ~1,m, ~1eV,v~ 100 GeV, Ma ~ 1 TeV,p ~ 1 keV. (3.15)
We can see a big advantage in this mechanism: every scale is within the experimentally

accessible range, which means we can test this idea at current and future colliders.

3.1.3 Type-III seesaw
Finally, let us take a glimpse at the Type III seesaw mechanisms. Instead of the scalar
triplet, we can add a fermion (isospin) triplet with hypercharge ¥ = 0 into the SM and write

it in the 2 X 2 matrix representation as

%= Pveoox . (3.16)

- =02

Therefore, we can write the following additional Lagrangian:

_ 1 - .y
£ =T[EPY] + STrEms¥e + V2Y SIS, + hee. (3.17)
After the doublet Higgs develops a VEV, we can integrate out the heavy-fermion triplet and

obtain the neutrino mass term as
2
v: o1

, = —yl —uy, 3.18
=Yy (3.18)
as shown in the right diagram of Figure 3.1, When my > v, we obtain a small neutrino
mass, m, < v. Similarly to the Type-I seesaw, the heavy fermion mass can be estimated as

my ~ 10 GeV when y ~ O(1).

3.2 Scalar Triplets
In the last section, we mentioned that the scalar triplet VEV depends on the specific
scalar potential in the Type-II seesaw mechanism. We will explore the general properties of

the scalar triplet and some related issues in this section.
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3.2.1 p parameter

Among the 3 types of seesaw mechanisms, we see that only the Type-II seesaw can bring
the mass of the heavy particle down to EW scale, which opens the possibility to test this
mechanism at colliders. However, this model is not free of problems. For example, to get
the neutrino mass m, = 2yva ~ 1 eV < v, we need either to fine-tune the Yukawa coupling
y < 1 or to take the limit v < v. As pointed out already in Chapter [I} the triplet Yukawa
operator ylt City Al violates the lepton number. We have not observed lepton number
violation processes in experiments yet, which means the associated Yukawa couplings must
be very small. Therefore, we will accept that these Yukawa couplings are small and even set
them to zero. We will refer to this choice as fermiophobic. On the other hand, the triplet
VEV v, will quantify its contribution to the electroweak symmetry breaking (EWSB) in the

following way: oo o

RS 5
Here [; is the SU(2), isospin, and I} is the third component for the scalar field i which
develops VEV v;. For the SM doublet Higgs ®, the isospin is I = 1/2, while I* = 41/2, and

we naturally have p =1, i.e.
[L(I+1) = 3(1%)*]v?

p=p NBEE (3.20)
The experiments strongly constrain this parameter to be small at a very high precision [23],
Ap=(0.3940.19) x 107°. (3.21)

For the isospin triplet I = 1, the third component can be I¥ = —1,0, +1. In a Higgs model
only involving triplet scalars (no doublets or other representations), such as Georgi-Glashow

SO(3) Model [52] generalized by T. D. Lee [53, [54], we would have
Ay —v? + 202 — 02 (3.22)
P= 00 +02) '
We can very easily get a non-zero contribution to this p-parameter if the triplet model is

not carefully constructed, which would be easily excluded by the experimental data. One
straightforward way to escape this constraint is to add a triplet together with the Standard

Model doublet H, and to take the triplet VEV to be small vao < vg. For example,
a2 2 _ .2 2
v+ 205 — v

2v
Ap = —, JAp] < T2 <107 = Upax < 4 GeV. 3.23
P oIl 02+ 02) d 02 ° ‘ (3.23)

Here we have used the total EWSB 0% + 4(v3 + v?) = v? = 246 GeV.
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However, this small triplet VEV bears a disadvantage when embedded into the Standard
Model. It behaves almost the same way as in the Standard Model, which makes it almost
impossible for the triplet signals to be observed above the Standard Model backgrounds. For
example, the doubly charged Higgs coupling to vector bosons,

Ia==wiw) = ig*vagh”, (3.24)
proportional to va, will disappear in the vao — 0 limit. Therefore, we need to come up with
a technique to increase the va value, without violating the p-parameter constraint. When
looking at the form of Ap in Equation (3.23]), we see that the Ap = 0 implies vy = vy, which
is a natural consequence of a global symmetry called custodial symmetry [55]. Starting
with the Standard Model, we need at least 2 more triplets: a real scalar giving triplet the
VEV vy with isospin 0, and a complex one giving v4 with isospin £1. This is the well-known

Georgi-Machacek (GM) model [24].

3.2.2 The Georgi-Machacek Model
In the GM model, we have one SM doublet Higgs H (Y = 1), one real triplet Higgs with
hypercharge 1, and one complex Higgs y with hyper-charge Y = 2. We can write these fields

in a matrix form as

XO* n—i— X++
0 + — 0 +

o [P ) ac|X T Y| (3.25)
o=, ¢° x o X

Sometimes, we also use (H, H°)T to denote the doublet Higgs. The matrix form transforms
under the global SU(2), ® SU(2)g symmetry as

d - U, 0U), A — UAUL (3.26)
Therefore, we can construct the scalar potential in a global SU(2); ® SU(2)g invariant way,

2 2
V(D,A) = %Tr(clﬂcb) + %Tr(ATA) + A [Tr(@TD))% + A Te(@1D) Tr(ATA) o)

+ A Tr(ATAATA)Y 4+ 0 [Tr(ATA))? — A Tr(@T 707 Tr(AT I ALY).
Here, the 7% and t®* are generators for the SU(2) group in the 2 x 2 and 3 x 3 matrix

representations, respectively, and a,b = 1,2,3. The original version of the GM model does

not contains the cubic term, as it violates a Z, symmetry. However, if we relax this Zs
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symmetry, we would allow 2 cubic terms as
AV = =M Tr(®Trdr°) (UAU oy — MyTr(AT ALY (UAUT) 4, (3.28)

where the matrix U is
—1/vV2 i/v2 0
U= 0 0 11. (3.29)

1/vV2  i/v2 0
We will see these 2 cubic terms are necessary when we supersymmetrize this model in Section
Bl
After the spontaneous symmetry breaking (SSB), both doublet and triplet scalars will
develop vacuum expectation values. As a result, the global SU(2);, x SU(2)g will break into

a subgroup. Since the vacuum conserve charge, only neutral components can allow VEVs,

<¢0>=%, 0O = v, (%) = v, (3.30)

Other charged fields’” VEVs are zero. Therefore, we would get the scalar potential in terms
of the VEVs as
V (v, vy, vp). (3.31)

As the VEV minimize this scalar potential, we can obtain the tadpole equations

O:a_v Oza_v 0_8‘/

) ’ - )
ovy vy, vy,

which will give us the VEVs. Similar to the treatment in the SM, we could also use these 3

(3.32)

tadpole equations to substitute 3 Lagrangian parameters with these 3 VEVs.
We have 9 free parameters in total in the scalar potential, which leaves us a enough
degree of freedom to impose a global custodial symmetry,
(@) 2% Up(@)U), = (@), (A) TS Un(A)UY = (A). (3.33)
That is, we require the left and right unitary matrix to be the same, U, = Uiz = Uy, in the

SU(2)r ® SU(2)g transformation. Under this symmetry, the VEVs must take the alignment

form as
VA 0 0
1 [fvg O
(®) =— , (A)=10 wva 0] (3.34)
\/§ 0 Vg
0 0 VA
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That is to say, the custodial symmetry is equivalent to the VEV alignment condition v, =
v, = va. We would like to remind that, the custodial symmetry is not a unique solution to
the tadpole equations, but a prior assumption to be imposed.

As we indicated before, this custodial symmetry will ensure the alignment of the triplet
VEV vy = vg. As a result, it naturally satisfies Ap = 0 at tree level. Both the doublet and
triplet VEVs will contribute to the EWSB,

vi 4+ 8vi = v® = (246 GeV)>. (3.35)
The EWSB will be associated with the global symmetry breaking SU(2), ® SU(2)gp —
SU(2)¢c. In terms of the Goldstone theorem, we would expect to obtain 3 massless bosons
to be eaten by the gauge bosons W*, Z to acquire mass.

We can shift the scalar field in terms of the the VEV as
0 ;40 0 -0 0 -0
¢0:U_H ¢r + 197 0 Xr T X7 no:UA+77R+“71

2 v X 2 V2

Then, the matrix form of the gauge eigenstates can be decomposed into the custodial basis.

=va + (3.36)
In terms of the 2®2 =103 and 3®3 =1@ 3 ® 5 decompositions, we will get 2 singlets, 2
triplets, and 1 quintuplet. The quintuplet is fully composed of the isospin triplet
+ -
X1 1 2
H;:izxii’ H?:T’ Hg:—\/gx%‘l“\/;no, (337)
with the squared mass
M 3
m2 = -+ 12Myua + SAsv2 + 8\g03. (3.38)
4UA 2

The physical E| triplets come from the mixing between the isospin doublet and triplet. In the

custodial basis, we can define the custodial triplet as

+ ot
X tn 0 0 + + 0 0
i =2— 60 =1" = o, = ¢;. 3.39
3 NG) 5 =X 03 =0 b3 = o1 ( )
The squared mass matrix is diagonalized into one zero eigenvalue, while another one as
m; = M(U?{ +8v3) + 5(”?{ +80v3) = (E + ?)027 (3.40)
which corresponds to one massless Goldstone boson and another massive triplet as
Gy =cpdy + sudy, G3 = cud) + suxy, 3.41)
Hy = —spdy +cudy,  HY = —su¢] + cuxj-
Here we have defined
2v/2
cg = cosfy = U—H, S =sinfyg = \/—UA. (3.42)
v v

!Here the physical state means the mass eigenstate.
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GM
scalar | pseudoscalar
singlet h, H
triplet G, Hs
quintuplet H;

Degeneracy

Table 3.1: The mass spectrum of the GM model

Similarly, we have the custodial singlets as
_ V2% +m

o N ¢ = O (3.43)
The squared mass matrix is
M3 M3
M= TR (3.44)
M3, M3,
where
V3
Mi, = TUH[_MI +4(2X2 — As)val, (3.45)
Mv?
M3, = 411) B 6Myva + 8(Xg + 3A4)0A.
A

Diagonalizing this squared mass matrix will give us the squared mass of the physical singlets,

h=cad) — 5400, H = 5,0° + ca0?, (3.46)
where the ¢, = cosa, s, = sina and the angle « is defined in terms of
9 M2 2 A2
sin 2 = #, cos 2o = %, (3.47)
and
1
= | M M M M+ (M| (3.48)

We summarize the physical spectrum of the GM model in Table[3.1} One of the singlets
in h, H can be interpreted as the SM-like 125 GeV Higgs, which can be either the lighter
one h or the heavier one H. We can count the parameters in this model. Starting from
the Standard Model, adding the isospin triplets, and writing the scalar potential, we have
quadratic terms u%s, cubic terms Mo and the quartic terms A;2345. With the tadpole
equations, we can replace two of them with the VEVs of the doublet vy and triplet va, and

we choose to replace u%ﬁ. The EWSB and the Higgs mass will fix two of these parameters
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as

v+ 8vh = v? = (246 GeV)?,  my iy = 125 GeV. (3.49)
As a result, we will have 7 free parameters in this model.

3.2.3 Bounds on the GM parameters
The parameters in the GM model are not totally free. For example, the quartic couplings
have to satisfy the perturbative unitary bounds on the 2 — 2 scalar scattering amplitudes,
] <1, or |Reag| < % (3.50)
Here ag is the zeroth partial wave amplitude, which is related to the matrix element M of

the 2 — 2 process by

M =167 (2] + 1)Ps(cosb)a,. (3.51)
J=0

Here J is the orbital angular momentum, and Pj(cos ) are the Legendre polynomials. This
unitary bound will constrain the magnitudes of the scalar quartic terms \;. Here we directly

take the results from Reference [56],

1 s 2 2 1 3
——T< A\ <, — T < A < -, — - < A3 < -,

1 1 8 8 '
— T < A\ < =, ——7T<)\5<§7T.

The Georgi-Machacek (GM) model can provide us with a lot of benefits. As mentioned
in Section [3.2.2] the custodial symmetry will give us naturally Ap = 0 at tree level, which
allow sizable contributions to the EWSB from the triplet sectors. Therefore, we can relax
the constraint of va < 4 GeV in Equatlon ) to get the following bound:

2
vA<\/ H<\/” — 87 GeV. (3.53)

This large triplet VEV va will give us large trlplet signals, such as the H¥*WTIWT vertex

mentioned above. In another example, the singlet Higgs h, H coupling to W boson can be

written as

8 8
grw+w- = 4o (CacH - \/;SQSH> y gaw+w- = 9o <SacH + \/;CQSH> ) (3-54)

where gy = ig3v/2 is the SM value. In the large va limit, i.e. sy — 1, we could even get a
larger h(H)W W~ coupling than the SM one, which can be easily measured at colliders.
Upon a more careful consideration, we find that the upper bound of the triplet VEV

va < 87 GeV corresponds to the doublet VEV vy > 0. However, same as in the Standard
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Model, the doublet VEV is responsible for giving nonzero masses to fermions through Yukawa
couplings. There is another perturbative unitary bound which constrains the fermion-fermion

scattering ff — ff, shown in Figure . The amplitude is

f
f
H
/ f
f

Figure 3.2: The fermion-fermion scattering through the intermediate Higgs boson.

1
M == ﬁgiyul 3 ﬂgiyv4. (355)
S m

il
The Mandelstam variable is defined as s = (p; + p2)?> = 4E?. In the high-energy limit

s> m?, we have

Touy = 2F, tigvuy =28 — M = —1/°. (3.56)
Then, we have a unitary bound
2
lag| = % <1, y<VIiém. (3.57)
T

If we include both up- and down-type quarks in the scattering, we would get the zeroth
partial wave amplitude as [57, [58],

G
[ —— ﬁ {S(mf +m3) + \/9(m§ — m3)? + 4m3im3(2 + sgﬂ . (3.58)

Here m; o are the masses for the up- and down-type quarks, respectively, and s¢ = sinf < 1

is a Cabibbo-like angle. When taking the degeneracy limit m; = my = m, we would get
5Gr o 5y?

|ao|max = mm = 6n (3.59)

If we have a pronounced mass hierarchy, such as m; > m,;, we would have
lag| = % <1 = y < +/167/3. (3.60)

The top-quark mass will give us a lower bound on the doublet VEV (vg):
my = 220 175 GeV = vy = Vg V2XATS ey (3.61)

V2 yve — \/167/3
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From this condition, we can get a more exact upper bound to the triplet VEV,
v2— vy

VA = < 84 GeV. (3.62)
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Chapter 4

Supersymmetry in the electroweak sector

In the previous chapter, we showed that the custodial symmetry existing in the Higgs
triplet model of the Georgi-Machacek type enforces the condition p = 1 at tree level, thus
circumventing an important constraint on new physics models imposed by experimental
measurements. In this chapter, we will discuss 1-loop electroweak corrections to the GM
model. We will show that a quadratic divergence that arises in the 1-loop correction to the

p parameter can be eliminated by introducing supersymmetry.

4.1 Quadratic divergence
As we discussed in section [3.2.2] the custodial symmetry in the Georgi-Machacek Model
will give us a sizable contribution to the EWSB without violating the p-parameter constraint.
The p = 1 condition (i.e., Ap = 0) is only held at tree level, as a natural result of the custodial
symmetry. When including higher-oder contributions, we would receive corrections to Ap.
As defined in Ref. [59], the p parameter is no longer directly related to vector boson masses.
Instead, it directly probes the gauge boson two-point functions at small p? as
Ap— HV;XQ;/(O) B anZéO)’ (4.1)
where Iy (V' = W, Z) is the coefficient of —ig"” in the vacuum-polarization amplitude of

the gauge boson,

5 (p°) = —ig" Ty (p?), (4.2)

which corresponds to the quantum correction to the transversal component of gauge-boson
self-energy. The scalar contributions to the self-energy of a gauge boson are depicted in Figure
4.1 The left diagram can be removed by the tadpole equations that shift VEVs. With the
power counting rules, the bubble diagram in the middle gives a logarithm divergence (In A?),
and the right one has a quadratic divergence (A?). The divergent behavior is systematically

investigated in Reference [60]. The respective contribution to Ap is

2.2
Ap = IL%H 52 (4.3)

4mrm?
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This is an explicit example of the custodial symmetry violation caused by hypercharge gauge
interaction U(1)y. The quadratic divergence comes from the scalars running in the right

loop diagram of Figure [£.1], and also from the fermions running in the middle loop diagram

of Figure [4.1]

Ve ~ // \\
4 N / \
! \ _ o= / \
\ / , N | |
\ / ANAANNL NANAN
N _ \ /
o No L7 \ 4
} - ANNANAAAANN
ANNANANNNANANNANNN

Figure 4.1: The self-energy of a vector boson contributed from scalars.

4.1.1 Quadratic divergence in the Higgs self-energy

Actually, the quadratic divergence emerging in p parameter is not a new characteristic.
It is well-known for a long time and arises from the corrections to the Higgs mass. In the
Standard Model, we have two kinds of quadratic divergences contributing to the Higgs self

energy, shown in Figure [4.2] Let us briefly review the SM Yukawa interaction for the

. . - - ~
iy/V2 iy/V2 —i3\w <« —i3lw N e 7
— > - — — - < - — - /N
N - A X
S - 7 s AN

Figure 4.2: The quadratic divergence contributing to the Higgs self-energy.

contribution of one fermion flavor f. After the SSB, the shifted Higgs field in the unitary

gauge can be written as ® = (0,¢)7 = (0, %)T The Yukawa interaction Lagrangian is

Ly = yfifad+hc = %hff + %ff. (4.4)

This interaction renders the fermion mass as my = yv/ V2 after the SSB, and the fermion-

scalar coupling as iy/v/2. Therefore, the fermion loop integral in the first diagram of Figure
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[4.2] can be written as

d*k i i
11/, (0 :—NC/ T
0 @ Sy Vo )
d4k k2+m d4k 1 2m? '
QyQN/ 2f :_2?/2NC/ 9 z{kz 5 T 12 f2 2|
f) (2m) —my ( _mf)

Here the minus sign is due to the antisymmetry of the fermion loop, and N, is the color
factor whose value is 1 for leptons and 3 for quarks. We perform the Wick rotation to the

Euclidean space,
ko — iko, k> — —k2 — k> = —k2, (4.6)
and compute the first integral as
/ d*k 1 / d*kp 1
_—— =
(2m)* k2 — mfc (2m)* —k%, — mfc
—i 1 —i [N kLdR2
= k3 dkpdQ = EE
(27’(’)4 / EUNVE 4]{72 m2 1672 /0 kJZE‘ + m?c (47)

f

—q A2+ m
2 JE— —_—
~ 1672 (A miylog m? ) ’

where we have used the surface area of a Euclidean unit 4-sphere: f d€Q, = 272, This exercise

tells us explicitly that the quadratic divergence emerges in the loop integrals of 1/(k?* —m?)
type, which is a simple example of the power counting [61, 62]. The Higgs propagator

can be written as the summation of series as

1 1 l
th:p2—m2 p2_m2Hhhp2_m2+--~
h h h
B i 1 B i (4.8)
pr—mpl— Hhhp2jm% p? —mjp — il
We obtain the quadratic divergence in the corrections to the Higgs squared mass as

—2y2N,
Amj = illp, ~ ‘ 4.9
M = P ™ T G (4.9)

At the same time, we can get the Higgs self-energy through the self-interaction (quartic
coupling A) shown in the second and third diagrams of Figure . In the unitary gauge, the

Higgs potential terms are

Ly = —p*h? — Mh?® — 2h4. (4.10)

The Higgs mass is my = v2p = V2 v. The Feynman rules for Higgs self-couplings should
be
A
thh = —i3!)\U, thhh = _Z4'Z = —i3I\. (411)
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where 3! = 6 and 4! = 24 are symmetric factors. Therefore, the self-energy contributed by

the two scalar loops is
4

d*k 1 1 d*k 1
S = [ = (igbae) — (—i3l\)) (i3I

4.12
—6)\/ d*k 1 . 60> ( )
R T PR (el

When summing over the scalar and fermion contributions to the self energy I, (0) +IT3, (0),

we would expect a cancellation of the quadratic divergence, if the scalar quartic coupling
and the Yukawa coupling are fixed by a specific relation, such as 6\ — 2N.y?> = 0. That is
exactly the condition predicted by the supersymmetry (SUSY).

4.1.2 Cancellation of the quadratic divergence in supersymmetry
Let us play with a toy model to demonstrate how the quadratic divergence is canceled
exactly. Under the SUSY, we will have the scalar superpartners fr, and fr that accompany
the chiral fermion f; and fr. The corresponding interaction can be written as
Lin= MOP(Te + o) = SNP(F + 1 FaP) + oAl + 1 FaP). (413)
Therefore, we obtain the scalar’s contribution to the Higgs self-energy as

; d*k 1 1
11/, (0) = — N\
nl0) / (2m)* (k T )
(4.14

) d4k’ 1 1
+ NC(/\U) / (27T)2 [(kz _ m?L)Q + (k;2 — m?R)QI .

Here mj, . are the mass for the scalars fr.r. If the SUSY is unbroken, we have

my=mj =mj,, A= —7 (4.15)

Therefore, when summing over the contributions from fermion and scalar (superpartner), we
get the Higgs self-energy as

11/, (0) + I1f, (0) = 0. (4.16)

Therefore, we explicitly verify the non-renormalization theorem [63]. Generally, in a
supersymmetric model, each spin-0 (scalar) or spin-1 (vector) particle has a spin-1/2 super-
partner, and each spin-1/2 (fermion) particle has a spin-0 (sfermion) superpartner. In such a
way, every divergence is canceled systematically. If the SUSY is broken softly, the coupling

relation A\ = —y? is still valid, but the mass of superpartners are not degenerate anymore,
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ie. my # mys . As a consequence, the quadratic divergence will be removed, while the

logarithm divergence remains.

4.2 The Minimal Supersymmetric Standard Model

We leave the details of the supersymmetry algebra and superfields to the textbook of
Quantum Field Theory (QFT) such as [64], 65], and move directly to the Minimal Super-
symmetric Standard Model (MSSM).

4.2.1 The superpotential

In order to supersymmetrize the SM, we need to introduce superfields for each field in
the SM, which will result in a superpartner for every particle. As a result, we would have
spin-0 sfermions, such as sleptons and squarks, that accompany spin-1/2 leptons and quarks.
We would also have Majorana fermions called gauginos associated with the gauge boson. For
the scalar Higgs, we will have fermionic higgsinos, such as neutralinos and charginos. All
the superfields are listed in Table [4.1] Just one reminder here: in the Standard Model,
we can have only one scalar Higgs doublet, which gives the mass origins to both up-type
and down-type fermion. The down-type fermions (down-type quarks and electron) couple to
¢, while the up-type fermions (up-type quarks) couple to the charge conjugate d = iT2d*,
When supersymmetrizing the SM, we would need to double the number of the scalar fields,
both for the up-type H, and down-type Hy E], and couple them separately to the up-type
and down-type superfields in the superpotential. It is required by the holomorphic principle
[63], which means that the superpotential can be only written as a function in terms of the
chiral superfields, but not their complex conjugates. Therefore, we need to introduce another
superfield H,, to take the place of ® to couple to the up-type fermions. A non-holomorphic
superpotential would lead to holomorphic anomalies that break the non-renormalization
theorem [66), [67].

Furthermore, the non-renormalization theorem also requires the superpotential to be at
most cubic. Therefore, we can only write down the following terms in the MSSM superpo-
tential to satisfy the gauge symmetry SU(3). ® SU(2), @ U(1)y,

W =uHy H,+XHy-LE + )Hy-QD + \'Q - H,U. (4.17)

'In the following, we will denote Hgy, as Hy .
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Superfield [ SU(3), | SU2), [ U(1)y
L= LV) 1 2 —1
E 1 1 2
e=(gn) | 3 | 2 |
i 300 1| —ap
D 3 1 2/3
HO
H; = @ 1 2 -1
d Hd
+
H, = guo 1 9 1

Table 4.1: The superfields of the MSSM.

The A terms give us the Yukawa couplings, while only the u-term is allowed for the Higgs po-
tential. Integrating out the anti-communicating coordinates {6,604} of the superpotential,

we get the F-term potential as

/d20W +he. — Vip=FF. = 'ZZ 2 (4.18)
In such a way, we get the MSSM F-term potential for the Higg; fields
Vi = i2(|af? + [haf?). (4.19)
Similarly, integrating the Kahler potential, we get the D-term potential as
/ d*0eTetVd — Vp = %[D% + D*+ D*D]. (4.20)
Here Dy, D, D* correspond to the groups U(1)y, %U(Q)L, SU(3)., resljectively:
Dy = —id' 6, D=-gd'to, D'= g0 (1.21)

where A\/2 are the generators for the SU(3). group, and \* are the Gell-man matrices. The
Higgs field does not participate in the color group, and as a result, only Dy = — gl(—hZ%hd—i-
h}:%hu) and D = —gz(h:&ghd + hughu) contribute to the Higgs D-term potential as

G? 2 21\2 9% T 2
Vp = §(|h1| — |ha|?)) +§]h1h2| : (4.22)
where we define
G*=¢?+¢2, g1 =Gsinby, go= Gcosby. (4.23)
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4.2.2 Soft SUSY breaking

Under supersymmetry, the particle and its superpartner must share the same mass values.
However, we have not yet found any superpartners of the Standard Model particles, meaning
that the SUSY is broken by some unknown mechanism. From the phenomenological point
of view, we can add an effective Lagrangian to break SUSY explicitly, which is called soft
SUSY breaking. In the MSSM, we can have the following soft breaking terms in the Higgs

sector,

‘/soft = m?|h1|2 —f- m2|h2|2 + (Buhl . hg —+ hC) (424)

Here m; 5 is the soft mass term, and B, is the B-term corresponding to the p-term in the
superpotential.

By now, we have obtained all the pieces of the Higgs potential for the MSSM,
Vi =V + Vb + Viott

G2 2 e, 931, 2 2 2 (4.25)
=g al” = 1hal")" + [hi o™ + man|ha]” + mzn|haf” + (Buha - b2 + hc.),
where we redefine the mass parameters as m%zh =mi, + |l
The Spontaneous Symmetry Breaking will induce the VEVs as

1 [wn 1 (0
(h1) = — ;o (k)= — , (4.26)

\/§ 0 \/§ (%)

which minimize the Higgs potential,
1 1 1

V(vy,vq) = §G2(vf —v3)? + §mfhvf + §m§hv§ — B,v1vs. (4.27)

The tadpole equations will allow us to replace two parameters with the VEVs. Thus, we

choose m? ,, as

g_;/l =0 m?2, = B,z — %GQ(U% —v3), (1.28)
g—;/g =0 m%h:BHZ—;—i—%Cﬂ(Uf—v%).

The kinematical terms of the Higgs fields will give the W and Z boson masses as

G
R %U, my =S, v= \/ V2 + v = 246 GeV. (4.29)

We can define a ratio of two VEVs as

tg =tanf = vy/vy, vy =wsinf, v =wvcosp. (4.30)
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In the following, we will often shorten the trigonometric functions as sz = sin 8 and cg =

cos 3. We can rewrite the potential in terms of the shifted fields as

v1+hf+ih{ h+

_ V2 _ 2
=L = (4.31)

1 V2

The quadratic terms will give us the mass spectrum of the Higgs scalars and their compo-

nents. For the charged Higgs (h{, hJ), we have

o [ M+ 5G] —03) + Jg3vi By, + 1950102 hy
(b, hz) 12 o _ 120,22y 1.2 9 2
By + 1950102 myy, — 3G (v — v3) + 19307 h3
(4.32)
BH 1 9 + o4 U% V1U2 h;
= _+192 (hi,h3) ;
U102 V109 U% hy
where m? ,, are replaced by v 5. Diagonalizing this matrix, we will get the mass spectrum
as
B 1 g3v? B
2 2 p 2\ /2 | 2 2 1
Mmer =0, my+r=|——4+- vy +vy) = F— + ——. 4.33
G+ H* <v1v2 492)( 1 3) 4 Cs55 ( )

The corresponding physical states are

G* = cghf — sghf, H* = sghi + cghi. (4.34)
The massless Goldstone boson G* will be absorbed by the W bosons that will acquire
mass.

Similarly, the squared mass matrix for the pseudoscalars (hi, hl) is

mi, + $G*(v7 — v3) B, 5 YN 1
) s o | =B ) (4.35)
B, my, — gG*(vi — v3) 1 V1 /0y
Therefore, we have the mass spectrum
B
mee =0, m5y=—"—. (4.36)
CsSp

As expected, we have one massless Goldstone boson G, which is eaten by the Z boson.
Surprisingly, we obtain the squared mass relation
mie = miy +m’ = mpg > my. (4.37)

Doing the same to the scalar fields (hf, hlt), we get

M M3 M3, B, + %Gz(vi —v3) -B— %G2’U1?}2
M2, M2, —B, — :G?viv; B, + $G*(3v5 — )
(4.38)
_ mAss + mych —(m? +m%)spcs
—(m? +m%)spcs mAcs +mysy
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The squared mass for this neutral scalars (CP-even) is

1
miH =5 |:M%1 + Mgz + \/(M%l — M3,)? + 4(-/\/@2)2

4.39
= 16’202 + b F L \/6432 — 16 BG?v2 cos 43 sin 23 + G4 sin? 23 )
8 sin2f = 8sin2f '
We also have the relation of the squared masses:
1
P+ my = -G+ ———— = M, +m7. 4.40
mh“—mH 4 v +Sin/BCOSﬁ Z+mA ( )

The mass eigenstates (h, H) can be expressed as a rotation of the gauge eigenstate

(AT, h3):

H cosa  sina hit (4.41)
h —sina  cosa hE ' .
The rotation angle is defined from
sin 20 = 2M = — (mhy +m}) sin 23
\/(M% — M3y)% + 4(M3,)? mi; — mi ’
cos 2o = M, — M, =— (m% — m%) cos 23, (4.42)
\/(M%l — M3y)% + 4(M,)? My —my
2 M2 2 2 2 2
tan 2a0 = 2M12 5 :m‘24+m22tan25:%tan25
Miy =Mz, my —my my — Mz
We have used the following relations:
sin 2
My =~y ) sscs = (mf i) T2
(4.43)

M%l - M§2 = _(mQA - mQZ) cos 23.

One of the neutral scalars (h, H) will be interpreted as the SM-like 125 GeV Higgs [14], [15].

In terms of the squared mass relations and , we get the following mass hierarchy:
max (M, m%) < myy, mi < min(m?, MZ) < max(m?, M2) < m?,. (4.44)

Let us count the parameters in the Higgs sector of the MSSM. The superpotential only
contains 1 parameter u, while the soft-breaking terms have 3 parameters: two soft masses
m%’Q and one B-term B,, corresponding to  in the superpotential. The tadpole equation will
replace 2 parameters with the VEVs as miz — v1,2. In addition, the EWSB v = 246 GeV
and the SM-like Higgs mass my g = 125 GeV will fix two parameters. As a result, we only

have 2 free parameters in the Higgs sector of the MSSM. Usually, we choose them to be B,
and tan [3.
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Learning from the GM model, we may impose a custodial symmetry to obtain the aligned
VEVs,
v =v=v/V2 = tanf=1 — B:%. (4.45)

Therefore, we have ¢z = s3 =1/ V2, and the specific mass spectrum as
mys =miy +2B,, ma=2B,, mu,g=0m%+2B,. (4.46)
We only have one free parameter B, in such a custodial limit. When inspecting the spectrum
closely, we notice mild mass splitting in the approximate mass triplet (H, H),
my — Mye = my — my = ig%v? (4.47)
It means that the custodial symmetry is slightly broken by the hypercharge interaction
U(1l)y. If we take the g; — 0 limit, the custodial symmetry is restored. In such limit, the

gauge bosons W+ and Z share the same mass as my = gov/2 and form a gauge triplet.

We can take another limit B, — oo (i.e., B, > G*v?), which gives

M3 ~ My~ Mips ~ — 00. (4.48)

That is quv AgE > m?%. It means that all the non-SM scalar particles are decoupled from
the SM ones. In this decoupling limit, we have

my =mych, tan2a =tan2f = 2a —28 ==+m, cos(a — ) = 0. (4.49)

That is, we have | — 3| — /2, which is also called the alignment limit [68] 69, [70], since

the Yukawa couplings hf f are exactly identical to the SM ones:

_ Sa - C
hfafa: =2 =1; hfufu: =2 =1;
Cp Sp

v 7 (4.50)
Hfyfa: —=tg  Hfufu: —=—1/tg.
&% Sp

4.2.3 Neutralinos and charginos

The MSSM particles in the Higgs sector and the corresponding superpartners are listed in
Table . Starting with the Kahler potential ®Te¥'®, we can obtain the gaugino-higgsino-
Higgs coupling term as

—V2gT\*¢4* + h.c. (4.51)

where \* is the gaugino for the gauge group generator 7%, while £ and ¢ are the fermionic
and bosonic component of a Higgs chiral superfield, respectively. After the ¢ develop a VEV,

we get the mass matrix mixing between the gaugino and the higgsino. We can write down
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boson fermion
= (M = (1
, hy . hy
Higgs - hi higgsino 7 B;
+= =\
B boson B bino B
W boson Wi wino Wi

Table 4.2: Particles and the corresponding super-partners in the MSSM Higgs sector.

the charged gaugino filed (such as the wino) in the same form as the corresponding charged

gauge boson (such as W¥),

- 1 . .
W= = E(W1 FilWs).

In the soft-breaking Lagrangian, we have the Majorana mass term to account for heavy

(4.52)

undiscovered gauginos,

| B
L= -3 M BB~ MWW (4.53)

Therefore, we can write down the mass terms of the charged fermionic superpartner of the

Higgs sector as
__ 92

L= ﬂ(va%; + v, W™ hy +he) — (MoWrW™ 4 phihi + h.c.). (4.54)
With the definition of four-component chargino field as
W W=
Pt =1 , U= _ (4.55)
hs hy
The mass term can be written as
M V2 s
—L.= @ )"X¢Y" +he, X = ? wee (4.56)
ﬂmwcﬁ 2
When taking the custodial limit,
1 M. m
V=V = Sg=Cg=—7= = X = ? v (4.57)
V2 mw 2

We can diagonalize this mass matrix for fermions with 2 unitary matrices U and V:

M =VX' XV = U XXTUT =

0
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boson fermion
singlet h) = —shl + csh? h) = —shl + csh?
Wi = ht =
triplet hy = cghl + sghl hg = cghl) + shl
hy = h By = by
W boson | W* = (W!FiW?)/v/2 | wino =W's ZWQ)/\/_
Z boson Z =cywW? — swB zino Z = cwW?3 — sy B
photon v =syW?+cwB photino 5 = swW3 + cw B

Table 4.3: The MSSM particles in rotation basis.

1
M3y =5 | IMal? |l 4 2miy = [ (M2 + |f? + 23, )2 — dlpudly — i, sin2B12 | (4.59)

In terms of the mass eigenstates of charginos
+ W+ - W-—
N I IV i e e I e (4.60)
XEL h; X2 hy
the respective Lagrangian can be rewritten as
—L, = @)TUTU*XV VYT +he. = (x ) MxT + hee,
m; 0 (4.61)

0 Mo

M. =U'XV~ =

If taking the limit My > p ~ my, we expect to get a wino-like x{ and and a higgsino-like
X3 with masses

my ~ Mz, mo ~ ‘,LL| (462)

Similarly, we get the mass term of the neutralinos in the gauge eigenstate basis 1" =

(B, W A, h9),

1
L, = —§(¢0)TM¢° + h.c., (4.63)
where
M, 0 —MgzCcgSw  MzSgSw
0 M- mzcgc —MmySgC
M= ? Zrnw 2T (4.64)
—MzCaSw mzCaCw 0 —u
mzSgsw —mzspCw — K 0
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Next, we will express mass terms in the following rotation basis:

cw —S B hY c s Al
"= w w ) ’ ~3 _ B B i dl (4.65)
7z Sw Ccw w3 hd —sg ¢ hd
We list all the MSSM particles in this rotation basis in Table[4.3] In this basis, the neutralino

N

mass matrix becomes

Mic, + Mays?, (My — My)ew sw 0 0
(My — My)ew sw Myck, + My s, my 0
0 myz —psin28  pcos2p
0 0 L cos 23 psin 2

(4.66)
My 0 0 0

tan B=1,ty =0 0 M2 mz 0
%
0 my — 0

0 0 0 1
Here the limit corresponds to the custodial vy — v; and small hypercharge interaction

gl_>07

v
tanf=2=1, ty=2=
U1 g2

=0. (4.67)
In such a limit, the zino Z only mixes with the neutral component of triplet higgsino izg
Another point we see is that the masses of the higgsinos B‘ig remain of order of the mass
parameter p. In contrast, the masses of gauginos 7, Z are of order the Majorana mass M 1.2-
The mass matrix is symmetric and can be diagonalized using a unitary matrix 7,

Z*MZ' = M, = diag(my, mg, ms, my). (4.68)

The neutralino mass eigenstate can be obtained as
0 = Zy°. (4.69)
The lightest neutralino x? is the Lightest Supersymmetric Particle (LSP), which is very
stable and weakly interacting with the SM particles. Therefore, it can function as a WIMP-
like (Weakly Interacting Massive Particle) dark matter candidate — the possibility that we

explore as one of the future directions in the last chapter.
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4.3 Two-Higgs-Doublet Model
Up to now, we have discussed the MSSM, which contains 2 doublet scalars. If we for-
get about the superpartner sector and only focus on the scalar Higgs sector, it becomes a
specimen of the generic Two-Higgs-Doublet Model (2HDM). We can write down the most
general scalar potential with 2 complex Higgs doublets H; o as
Vg = M} HIH, + M3 HH,
+ M\ (HIH))? + N\ (HIH,)? + \sH| H HI Hy + \\H H,H} H, (4.70)
+ (MLHTH, + %H%HngHl +h.c.).
Using tadpole equations, we can replace M7, M3, with the vacuum expectation values vy 5.
Then, we can get the squared mass of pseudoscalar and the charged Higgs bosons as
wh = =0+ 20 ) b = —(PER L IR, T
Here the VEVs satisfy v? = v? + 02 = 1/(v2G;) = (246.22 GeV)2. Therefore, if fixing

Ay = A5, we will get degenerate masses my = mpy+.
The squared masses of the singlets are
mi gy = =M+ O+ 00)of /(M + O+ ha+ 202+ (= D)l (472
One of the (h, H) can be interpreted as the SM-like 125 GeV Higgs. The singlet Higgs

couplings to the W boson are
gnw+w- = gosin(8 — ), guw+w- = gocos(f — «), (4.73)

where gy = ig5v/2 is the SM value. We can see that these couplings are always smaller than
the SM one, which is different from the GM (or other triplet) model. Similar observations
apply to the H(h)ZZ couplings.

Again we can choose the custodial basis v; = vy = v/ V2. In addition, we can eliminate
the mass dimensional parameter M2 by imposing a Z, symmetry H;” — —H;*. In such a
case, the mass splitting for the singlets is

m%{ — mi = \/()\1 - )\2)2 + ()\3 + 2)\4)21}2. (474)

Therefore, we can choose a benchmark point A; = Ay, which gives m2, —m? = (A3 + 2\ )v?

by assuming A3 + 2X4 > 0. In such a case, all the Higgs squared masses are

A A
m; = (M — 33 —M)v% my = (A + 33 + A% mh = mie = =\, (4.75)
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and the squared mass matrix of singlet is

A 242
M2 = SRR 7] (4.76)
B+ A
Therefore, we get the rotation angle as
. 2M3, s
sin2a = ——5 =1 = a=—. (4.77)
mi — my 4
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Chapter 5

The Supersymmetric Custodial Triplet Model

Now, equipped with the knowledge of supersymmetry and the two-Higgs-doublet elec-

troweak sector in the MSSM, we will supersymmetrize the Georgi-Machacek model to obtain
the Supersymmetric Custodial Triplet Model (SCTM) [71].

5.1 The Higgs scalar potential

As the MSSM case, the holomorphic principle will double the scalar particle contents in

the GM model, as we are not allowed to write down the conjugate of a superfield in the

superpotential. Therefore, besides the 2 MSSM electroweak doublets,
Hy Hy
H1 = y H2 - y (51)
Hy Hy
we need 3 triplets X_, ¥o, ¥, with hyperchargess as Y = (—2,0,2) [71]. We write them
down in a 2 X 2 matrix form,

_ @Y

V3 ¢
We can organize the fields into bi-doublet and bi-triplet representations of of SU(2). X
SU(2)r,

X_ 40 (AN 0 _t

- V2 X N V2 ¢ N V2 ¢ (52)

- - x|’ * 0 AR B 0 '
oy w2

0
H, P2

\/52,

. Nk (5.3)
2 + 2

Here we put a bar above the fields to remind us that they are in the SU(2);, ® SU(2)g basis.
The superpotential can be written in terms of H and A as

I o L o

W=\ A H+ 52 Tr{AAA} +gH-H+M7ATr{AA}, (5.4)
and manifestly satisfies the SU(2), x SU(2)g global symmetry. Here, the antisymmetric dot
product is defined as

XY =e®e; X!X], %= —ey=1, (5.5)
where the upper a, b and lower i, j indices are acted upon by the SU(2), and SU(2)g groups,

respectively. We have dimensionless parameters A\, Ax and mass dimension parameters p, jia.
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With Vi = %—ZP, we obtain the F-term potential as

Vo= 1 BV + 4 Tr{ATA} + 20 (B
L (4 T{(AHY AR + (BT -

R (Tr{AwAA} - naian Tr{AA}) (5.6)
1.

M <H AU - LA B AR ¢ h.c.)

+ A (I:I ATH 4+ c.c.) + Aapa (Tr{ATATA} + h.c.) .
Also the D-term is derived from Kahler potential with Vp = %Dz. The D-term for hyper-

charge gauge is
g — — — —
Dy = —51 (H'YyH + Tr{AYAA})

(5.7)
-2 (—mi + HH + 2T { -3t 3_ 4+ 5i5, })
where
-1 0 -2 0
Yy = , Ya= . (5.8)
0 1 0 2
Similarly, we have a D-term for isospin weak gauge SU(2),
D= -2 (HTH + T{ATA})
92 (5.9)
-2 (Hm{l + HI7H, + Tr{z*jz_ + Rl + ELF&}) ,
where generator T = diag(7, 7) in the representations of H and A.

We can impose a G-parity condition:
U 0 1
H¢=CH" = diag(—im, —in)H", A°=CA"C = A", where C' = . (5.10)

-1 0
In such circumstance, we have
Hy= —inH, Y_=-%t, =3 (5.11)

More specifically, the component fields satisfy charge conjugate relations:
W =hy, bt =—hi,
XO* = ¢07 X_* = _1/)_‘_7 X__* = ¢++7 (512)
I

Therefore, we obtain Dy = 0 and D = 0 because of

iy =xty,, utm 4stes, =0, ZiFs,=o0,
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which means that D-term potential is zero (Vp = 0) under the G-parity.
Next, we introduce soft supersymmetry breaking terms. They also respect the SU(2); ®

SU(2)r global symmetry,
., _ 1 _ 1 _
Virw =m3HH +m3 Te{ATA} + (BH - A+ 5BATr{AA)
5.14)
o - (
+ AV -AH + SAST{AMA} +he),
Here m%, mQA, B, BA have dimension of squared mass, while A, Ax have dimension of mass.
We will see that B, Bo will help us to decouple the non-GM spectrum, similarly to the
MSSM that decouples the SM particles.
After the SSB, the neutral scalars will develop VEVs:
(HY) = v /V2, (H3) =vy/V2,
(0O =0 /V2, (@) =y /V2, (0°) = v/ V2.

VEVs for other charged scalars must be zero, as the vacuum must be neutral to conserve

(5.15)

charge. These VEVs minimize the scalar potential V'(vy, va, vy, vs,vy) and, therefore, we

have the tadpole equations,

oV oV oV oV oV
iRl et eetr relr il (516)

With these five tadpole equations, we can replace the Lagrangian parameters by the respec-

tive VEVs. As in the GM model, we can impose a custodial symmetry, which will require

the VEVs to be aligned, that is,

Vg = Uy = Vg, Uy = Uy = Up = Us. (5.17)
The Higgs kinematical terms will give the gauge boson masses as
/2 2,2
205 + 8v; = v? = (246 GeV)?, my = %, my = % (5.18)

Recalling that the EWSB in the GM model satisfies v + 8v4 = v?, we find from Equation
that the VEVs in the GM and SCTM models are related as

Vg = UH/\/§7 U3 = UA. (5.19)
Similarly, we can define the VEV angle 0y as

\/57}2 2\/51)3

cg = cosfyg = , Sg =sinfy =
v

. (5.20)

Let us count the parameters in the Higgs sector of the SCTM model. The superpotential
contains 2 cubic terms A\, Ax and 2 quadratic terms p, ua. Correspondingly, we have the 2
A-terms A, Ax and 2 B-terms B, B in the soft SUSY breaking terms. Furthermore, we have

two soft-mass terms m§,3 for the doublet and triplet, Consequently, we have 10 parameters
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in total. Two of them can be replaced be the 2 VEVs vy 3 — we choose to replace the soft

masses ma3 5,

1
m3 =5 [—3)\203 — 3M2(3X + A3) — 21% + 3vV2) s (2p + pa) — 2B + 3\/§Av3] )

1
m3 =50 {2)3(—2)\31)% + 3V2\3vspia — 2034 + A2 (—21}3(3)\ +A3) + V2(2u + ,uA)> (5.21)

— 2u3BA + \/521%/1 + \/51}%%14 .

5.2 The mass spectrum
We decompose the Higgs field representations as 2®2=1@&3 and 3®3 =143 @ 5:
H=h ®hs, A=06®I® 5, (5.22)

where the subscripts represent the dimensionality of the SU(2)y representations. Hence, we

can write the isospin doublet H in the custodial basis,
1

hO - HO + HO 7
1 \/5( 1 2)
1 (5.23)
b = HE W = ()~ HY), by = .
Similarly, the isospin triplet A can decomposed as
50 - ¢0 + XO + wO
1 \/g 3
Pt — ot A R
b =—F— =0 =2 5.24
3 \/5 3 \/5 3 \/5 ( )

+ + w-&- _2¢0 + wO + XO B ¢— - X" o o
6++ = ++7 5+ = ¢ 3 50 = ) 6 = ’ 6 = :
5 ¢ \/5 5 \/6 5 \/5 5 X
All fields components are complex. After the EWSB, the global symmetry SU(2);, ® SU(2)r

will break into a subgroup SU(2)y. We can shift the fields around the VEVs as

hY, +ih? 3 6%, + 36
RO = g, 4 AR 11’ 00 = [ 2y, 4+ 1R 11’

_ h3R+Zh3[’ _ 53R+Z(53I7 (a/: +,O,_), (525)
V2 V2
0t + 0
g2 = 2R (0= 4, +,0, —, ——).
V2
This custodial basis will help us to construct the physical mass eigenstates.

h 03

Let us start from the quintuplet. The quintuplet is fully composed of the isospin triplet,

and we can easily decompose it as scalar (CP-even) Fy part and pseudoscalar part F),, where
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letter F' stands for the fiveplet.

703 +057) 05 =657
505 +d57) 505 —d57)
F, = 5gR Y 5§R . (5.26)
705 +037) 705 —037)
7057 +0571) 50057 =6

The squared masses are
2A2u — —A 3
mg = UH[ ( o MA) )\} + —)\?}?{(AA — 2)\) \/ivA(i’))\A,uA + AA) - U2A>‘2A
V20a 2
2N (2 Al 1
v A2 o) + A “02(6) + \s) + 2V2\3uspia — 2Ba.
V203 2

Here Fj is the quintuplet that emerges in the GM model with squared mass m2, while F, is

(5.27)

MZ =

the mirror particle, with squared mass M?. We want to emphasize that the squared mass
M2 (capital letter) for the pseudoscalar field F}, has contributions from the soft B-term,
which will help us to decouple F}, from the low-energy scale particles. We have already seen

how this works in the MSSM case. The mass eigenvalue can be expanded around vz =~ 0 as

2 N2 — pia) — A 1
M? ~ v ACr—pa) = A op Ly v (A — 6)) + O(va). (5.28)
V2ua 2

The physical E| triplets also include two scalars and two pseudoscalars. The pseudoscalar

triplets show up in the GM model, while the scalar triplets are the corresponding mirror

particles. For the pseudoscalar triplets, we write down the mass term as

W ca M3 M3, hg; W aan [0 0 G*
(h317631) 9 9 = (G ,A ) 9 ) (529>
Mz M 057 0 mj At
where a = 0, &, and the squared mass matrix elements are given by

M2 = 205[= M3 (2X + As) + V2 2u + pa) + V24],

V2~ Aus(2) + Ag) +2\/§>\(2,u + pa) + \/§A]7 (5.30)

M%z =
M3y = M3y = 0a[Mus(2) + Ag) — V2A(2u + pra) — V24,
Diagonalization of this matrix will give us one zero eigenvalue, which corresponds the Gold-
stone Boson G%*, while another eigenvalue is for the pseudoscalar A%* with squared mass

2 4 2
2 A 0 — (20— Ag)u) — AL (5.31)

mea =
3 2U3

L As mentioned before, the physical means mass eigenstate.
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The mass eigenstate can be expressed as the rotation of the custodial pseudo scalar triplet,
G c S hg
), a=40,— (5.32)
A —SHg CH 551
The rotation angle is defined as ¢y = v2vy/v and sy = 2v/2v3/v.
Similarly, we write down the squared mass term for the mirror triplet (h$g,dsr) in the

custodial basis
Ml My [ RS Mg o0 (T¢
(W) |0 77| = () N o CE )
Mz M, 05 0 My 13
where a = 0, £, and the elements are

M2 = Gu3 + 2X(—4 v + M3 + 4pws) + 2B — 20s[A 4+ Mpa — Asva )],

M2, = 4G%v3 — [2Ba — 3M\A\3v3 + 2u3(Advpa — A3)]
1 (5.34)
— — 2205 (Mvs — ) — (Mg — 20305 ) pa — v3 A,
U3

M2, = M2, = 20— A+ v3(G? — 437 — AX3) + Al
Here G* = g2 for the charged scalars, while G = g7 + g3 for the neutral components. This is

an explicit example showing that the hypercharge group U(1)y breaks the custodial SU(2)y
symmetry, which will break the degeneracy among the neutral and charged triplets. When
we take the conjugate condition A = A and Hy = —iToH}, the D-term will vanish and make
the total mirror sector disappear. The model will return to the GM case. Similarly, we
see the B-terms in both diagonal elements M3, and M3,. We can obtain the squared mass
values by diagonalizing this matrix. We can expand the mass eigenvalues around the small

vz ~ 0 limit as
o Vi A2u = pa) — A)

1
M3/ ~ - 2BA -+ —A U?{(?))\A - 2)\) + O(UA),
V2ua 2 (5.35)
1
M =~ 51}%,(6’2 +2)%) + 2B+ O(va).
The physical states are given by
T cos o sin o hg
! == g ’ 3 ) a = +7 07 ] (536)
Ty —sinar  cosar Op
where the mixing angle can be expressed as
2 M2 2 g2
sin 2ap = My , cos2ar = Mz = My : (5.37)
VT2 M2 — 4 det M2 VT2 M2 — 4 det M?

Finally, let’s examine the singlets (hy,01). We now have real scalar singlets (CP-even)

that appear in the GM model, and the corresponding pseudoscalar singlets (CP-odd) as
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mirror particles. The squared mass matrix for the scalar singlet is written as
M M R mi: 0 S
(hig, 0%R) . N = (S1,852) " ! , (5.38)
M% M%Z (5?}2 0 qu SQ

—_

where
2 ay2.2
M7, = 6X703,

2
Uy

M2y = “2IN2p — pia) — Al + va|—As + Aa(dravs — 3ua)], (5.39)

VA

M3y = M3, = V6us[A + A(6Avs — 2A308 — 2 + pa).

The eigenvalues of this matrix give us the physical masses m%, - The eigenvectors correspond

to the mass eigenstates (h, H), given by rotating the custodial states as

. . 0
Sy sinag  sinag higr

, (5.40)

. 0
So —sinag cosag R

(537

with the rotation angle is defined analogously in Equation ). We can expand the mass

mi y and angle sin aig around vz ~ 0 as
2 2 2
mg, = 6A"v; + O(vs),

A2p — pa) — A
mg, = B = t) + O(v3), (5.41)

U3
sin g = —\/_ +O(v3),

These 2 CP-even scalars match onto the smglets in the GM model, and one of them can be

interpreted as the SM-like 125 GeV Higgs measured at the LHC [14, [I5]. This boson can
be either the lighter one h or the heavier H. We will explore the experiment constraints in
both cases.

For the mirror pseudoscalar singlets (hY;, 6?;), we have the mass term

M3 M: Ay MZ 0 P,
(h(l)b 5?1) 211 ;2 ;I = (P, P,) ! ) ! . (5.42)
My Ms, 01y 0 My Py
The mass eigenstates are expressed as
P sinap sina hY
= ! P (5.43)
P —sinap cosap 6%,

where the rotation angle is defined similarly to Equation (5.37). We expand the squared
mass eigenvalues M7 and M7 around vz = 0 as

2 IN(2u — — A
Mll ~ H[ ( H MA) )\] — 2BA + QA)\AU%{ + O(UA),
V20s (5.44)

M} =~ 2B.
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GM SCTM

Degeneracy scalar | pseudo scalar | scalar | pseudo scalar
singlet h, H S Py
triplet G, H; Ty G, A

quintuplet Hy Ly Iy

Table 5.1: The mass spectrum of the SCTM compared with the GM model

Finally, let us summarize the spectrum in Table 5.1 As we mentioned, we need 2
complex isospin doublets and 3 complex isospin triplets. In terms of the 2 ®2 =163
and 3® 3 = 1@ 3 @ 5 decompositions, we have 1 complex quintuplet, with the real part
(CP-even) matching on the scalar quintuplet Hs in the GM model, and the imaginary part
as its corresponding mirror particle F},. We have 2 complex triplets, of which the imaginary
parts show up already in the GM model as a Goldstone boson and physical triplet Hs, and
the real parts as their mirror-GM particles T} 5. Similarly, we have 2 complex singlets, and
the real part matching onto the physical singlets (h, H) in the GM model, and with the
corresponding pseudoscalar singlets P o being their mirror particles.

When looking at the squared mass of all the mirror-GM particles M527373,7171, in Equations
(5-285.35]5.44]), we realize that all of them contain the soft SUSU breaking B-terms B, Ba.
We have already seen this behavior in the MSSM. Therefore, if we take the decoupling limit
|B| ~ |Ba| — o0, all the masses of the mirror particles become large, while the GM-like
scalars remain light at the EW scale. Of course, we need to properly adjust the sign of
the B, Ba in order to avoid tachyons (negative squared mass states), as those indicates an
unstable vacuum. In short, in the large-B limit,

B — 0o, Ba — —o0, (5.45)
the SCTM behaves exactly the same as the GM model, and we dub this decoupling limit of
the SCTM as the Supersymmetric Georgi-Machacek (SGM) model [72], which gives a
weakly coupled origin for the GM model at the EW scale.

5.3 The Supersymmetric Georgi-Machacek Model
Let us count the free parameters in the Higgs sector of the SGM model. In the superpo-
tential of the SCTM, we have 2 cubic terms A\, A\x and 2 quadratic terms p, pia. Correspond-
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ingly, we have the soft SUSY breaking terms A, Ax corresponding to A\, Aa, and the bilinear
terms B, Ba corresponding to u, ua. Furthermore, we have 2 soft mass terms m§73 for the
isospin doublets and triplets, respectively. As a consequence, we have 10 parameters in the
Higgs sector of the SCTM model. We have taken the decoupling limit B = —Bx — o0
to get the SGM model, which eliminates 2 parameters. If we assume a gauge-mediated
supersymmetry breaking (GMSB) scenario [25], the trilinear soft SUSY breaking terms
are generated at two loops. Therefore, the A-parameters are much smaller than masses of
the scalars and the gauginos. We can safely set them to be zero in our phenomenological
applications,

A—0, Axr—0. (5.46)

As a result, the SGM Higgs sector contains 6 parameters. The electroweak measurements of
the Higgs and W boson mass [23] will provide us with

205 + 8v; = v? = (246 GeV)?,  my, = 125 GeV. (5.47)
Here this SM-like 125 GeV Higgs can be interpreted as one of the scalar singlets S; 2. As a

result, we have only 4 free parameters in total for the SGM model.

5.3.1 Map the SGM onto the GM model
Going back to the GM model, we can construct the bi-doublet and bi-triplet fields in

terms of

Al =A, Hy,=—inH;. (5.48)

Then, we can rewrite the Higgs potential as

I | - L 1o o -
Vau :§u§HTH+ Eug Te{AA} + N (HTH)* + (A2+ZA5)(HTH) Tr{AA}

~2 0 T{(BA)} + ( A+ \) To{BAY — A, AIAAH (5.49)
M, _._ _ _
+ 71HTAH +2M, Tr{AAA}.
When comparing it to the SCTM scalar potential Vscrm = VF + Vp + Viorr, we obtain the

mapping between two models,

1 1
A= 2)\2, he =N, g = _5)‘2Av Ay = 5)\27 As = 2M(Aa — 2),
1
My =4[A2p — pa) — Ay], My = 3

ps = 2(p* +m3y) + B, p3 = 2(pi +mi) + Ba.

(3\akia + Aa), (5.50)
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We will use these mapping conditions to define the SGM model Higgs potential in terms of

the GM potential in Equations (3.27)) and (3.28]).

In one sense, we can treat the SGM model as a doubled version of the GM model. We
can construct the SCTM in terms of (2,2) and (3, 3) representations of the global SU(2), ®

SU(2)r symmetry as

HO H+ XO ¢+ 77Z)++

o= | P 2L X= @ et | (5.51)
Hl H2 0
X ¢ v

which transform like & — U, LCI)UIT% and X — Uy X U;. The superpotential can be constructed
like

i 2 Tj A
W = 2) Tr [@%@%] UxuUl, — f Tr[X.t: Xt][UX Uy
(5.52)
_ gTr[CI)c(I)] n %A Tr[ XX,

where 7;/2 and t; are the dimension-2 and dimension-3 representations of the SU(2) gener-

ators,
010 0 — 0 1 0 0
1 1
thh=—721[10 1|, t2=—741|i 0 —i|,t3=]0 0 0 |- 5.53
1 NG 2 /2 1 7 3 ( )
010 0 2 0 0 0 -1

The matrix U is defined to rotate the matrix field X into the Cartesian basis,

—1/vV2  i/vV2 0

U= 0 0 1. (5.54)
1/vV2  i/v2 0
The complex conjugate fields are defined as
0 0 1
o, =71d'n, X.=0X"C, C=|0 -1 0. (5.55)
1 0 0

With these definitions, the fields X, and ®, are transformed in the same way as fields X7
and ®' under the global group SU(2);, ® SU(2)g. In terms of the fields (®, ®,., X, X,), we
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can write the F-term potential of the SCTM as
1
Ve =2 Te{@'®} + pi Tr{X'X} + N (Tr{clﬂcb}Q -5 Tr{e2} Tr{®/®"}

+ Te{X't;Xt;} Te{d'r;07;} + Tr{X'X} Tr{®'®} — Tr{X't;X} Tr{®'r,®}

Apa
— Te{X/t:X,} Tr{®}r®,} ) + 28 (Tr{@en®r} [UXTUT], + hie.)
A3 fy oyt Fy12 Az te 3yt
- 2 (B{XIXXIX}) - T{xX)) - 25 (WX} Tr{@re.n) + he)
Aspia
- 282 (me{x'Xt} [UXUT, +he ) = Ap (Tr{ofnen} [UXUT] +he. ),
(5.56)
The soft SUSY breaking terms can be constructed in a similar fashion,
B B
Viott = Mm% Tr{chcI)} +m3 Tr{XTX} + (TA Tr{X . X} — Bl Tr{P.P}
) 4 (5.57)
+ TA Tr{®, 707, (UXU),; — ?A Tr{X.t; Xt; (UXUN); + h.c.),
In light of the self-conjugation condition of the matrix fields,
X, =X, &, =0 (5.58)

which indicates Vp = 0, the SCTM scalar potential Vscrm = Vi 4+ Vp + Viorr can be totally
reduced to the form of the GM one,

Von = ’%%Tr{CDTCI)} + %g Te{XTX} + A Tr{ofe V' + 0 Tr{ole} Tr{xTx}

F AT XTXXTXY 4 Ay Te{XTX}? = A\ Te @ & 7} Tr{xTroxs ) (5:59)
— My Te{®'7® 7} (UXU ), — Mo Tr{Xt* Xt"}(UXU),
by applying the mapping conditions of Equation . We can see the cubic terms A(3)p(a)
in Equation and Ajy(a) in Equation are mapped onto the cubic terms in Equation
, which violate the discrete Z, symmetry.

If we take the SGM model to define a weakly coupled origin for the GM model at the
electroweak scale, the mapping condition implies the following constraints among the
five quartic couplings in the Higgs potential of the GM model:

A\ = zxz, A3 = =g, As = —4Xs + 24/200 )\, (5.60)
Therefore, the 5 quartic couplings of the GM model can be written in terms of Ay and A4,
henceforth defining a constrained GM model. Here we have made an implicit assumption that

the dimensionless parameters A and A in the superpotential are real. If these 2 parameters
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are complex, we would get the mapping conditions as

M= DR e =P A= oAl h = sPal A= 220a -2, (561)
Therefore, the holomorphic principle for the superpotential implies a bound 0 < A9y € R
on the couplings in a constrained GM model.

Once again, we will count the parameters, this time in the constrained GM model. We
have 5 quartic coupling parameters A;..; which can be written in terms of two of them, Ag 4.
The mass terms p3, 3 are responsible for the isospin doublet and triplet respectively. In
addition, we have 2 cubic terms M; » which is necessary when mapping the SGM model onto
the GM model. Therefore, we have 6 parameters in total for this constrained GM model,
which can be one-to-one mapped to that of the SGM model,

(A2, Ay, My, Mo, m3 m3) < (N, Aa, i, fia, m3, m3). (5.62)
The mass terms m3, m3 can be replaced by the VEVs (vq,v3), and those can be fixed from
the experimental measurements of the W and Higgs boson masses,
v =246 GeV, my g = 125 GeV. (5.63)
Altogether, we have 4 parameters in both the GM and SGM models.

5.3.2 The fermionic superpartners

Now, we want to compare the GM vs SGM models in the above 4-dimensional parameter
space. By the way of Equation , the spectrum and the couplings are exactly the same
in both models, which makes the phenomenology at the LHC quite the same, too. However,
the SGM model contains higgsinos and gauginos as the fermionic superpartners of the GM-
like particles. We will see that the masses of these superpartners are also at the EW scale,
which provides us the possibility to distinguish the SGM model from the GM model.

We list all the superpartners of the Higgs and gauge bosons in Table [5.2] We can write
down the mass matrix for these higgsinos and gauginos, together called electroweakinos as
well. Let us first look at the doubly charginos f~~ = =~ and f*+ = 4™, Their mass is as

simple as [/
Azvs
V2
2In this section, we replace symbols A, Aa as A, Az in order to distinguish from the quartic couplings A;...5
in the GM model.

—L=(f)"mfT +he, m=psr+ (5.64)
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boson fermion
0 N 0
H= (1 i = (1
1 1
+ . 7+
= (3 = (7
\ /g
Higgs o <X_\/5 _Xi)> higgsino & _ <X7§ _g})
- — X - c—— _X
X~ v X "
o+ ~ ¢ ot
w3 anfe
o o
vt ++ ~ vt T+
Yy = <\/g ww ) Yy = <~2 wvr )
T i
V2 V2
B boson B bino B
W boson W wino W

Table 5.2: Particles and the corresponding super-partners in the SGM Higgs sector.

We can see that, for this doubly chargino, the gauge eigenstate is the same as the mass
eigenstate, also the same as the custodial state that is shown in Table [5.3]

For the single-charged electroweakinos, we write down the mass term in the gauge basis

Jr= W RGN 0N, ST = (W kg 0 X0). (5.65)
The mass term is
M, gQT; —Gg2Us  G2Us
@20 A Ay, A,

(5.66)

—L=(f)"Mf*+he, M= | V2 V2 -

—g2U3 —Avy V2 JN

Asvg

g2Us3 Avy o

2
Similarly to the scalar particles, we can construct the custodial multiplets of the electroweaki-

nos as in Table [5.3] Then, we can rotate the single-charged electroweakino mass to the

custodial basis

fr= W hi o5, 68), f~ =W, h3,05,05), (5.67)
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boson fermion
singlet hy = (hg + hg)/\/§ hy = (hg + hg)/ﬂ
hi =ht h;f =ht
triplet | A= (1) — /2 B = ()~ Hh)/v2
hy =h, hy =hy
singlet | 67 = (0" +x* +¢")/V/3 5? = (@ + 3" +00)/V3
, 7 =@t —9")/V2 5 = (" —¢")/V2
triplet a3 = (X" —¢°)/V2 = (X" —4"/v2
L = (0" —x)/V2 = (0~ =X )/V?
5;r+ — w++ 5++ w-l——&-
ittt | o %= (01 1)/ RN
08 = (=20 + v° + x")/V6 08 = ( 20" +4° +X°)/v/6
0 = (67 +x)/V2 05 = (67 +X)/\/_
05 =X 03 " =X""
W boson | W*=(W'FiW?)/v2 wino Wt = (W1 FiW?)/V2
Z boson Z =cwW? — sywB zino 7 = cwW? — syB
photon ~ v =syW?+cwB photino 5 = swW3 + cwB

Table 5.3: The SGM particles in custodial basis

and get the block-diagonal form,

M, % —V/2g203 0
202 Av:
Ve — Ve " (5.68)
—V2gv3  —V2Avy  —ps + A3—\/%3 0
0 0 0 pg + A

P
We separate the singly-charged quintuplet 0F automatically in this basis. Similarly to

the MSSM case, the charged triplet gaugino W= mixes with the charged triplet higgsinos
(h5, 8%).
Finally, we go to the neutralino case. We first write down the mass term in the gauge

basis

UM O = (B Y L8000, (5.69)
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where the mass matrix is

M, 0 —% % —g1vU3 0 g1U3
0 M 2 — £z g2v3 0 —g2U3
—gE s VB e 0 S Vi
g g Mg \OAvy —V2An, A% 0 - (5.70)
—g1V3  gaUs3 0 —v/2Avy 0 —Ag—\/%?’ —A3—\/%3 + pa
givs  —gov3  —V2Avy 0 —AS—\/? + pa —A3—\/§3 0
Rotating it to the custodial basis,
o= (nY, 80,7, 2, h8,09,60), (5.71)
we arrive at a block-diagonal mass matrix
w— 3’% —V/3Avs 0 0 0 0 0
—V3Avy  ps —V2A3v3 0 0 0 0 0
0 0 M}y + Mssyy,  (Ma — My)ew sw 0 0 0
0 0 (M2 — Ml)chW MlS%V + MQC%}V C\;/v; \/iGl)g 0
0 0 0 e A V2Av, 0
0 0 0 V2Gus V2Avs  —ps + AS—/; 0
0 0 0 0 0 0 py + B
(5.72)

Here G = m for the neutralinos, while G = g5 for the charginos. We make an already
familiar observation that the hypercharge interaction breaks the custodial symmetry. Also,
the triplet higgsinos (ﬁg, 53?) mix with zino Z, and zino Z also mixes with photino 7, which
also has been seen in the MSSM already. A new phenomenon emerges that the singlet
higgsinos mix with each other, which does not happen in the MSSM, since it has one singlet
higgsino (neutral). Diagonalizing the block matrix for the singlet higgsinos, we get the

eigenvalues as
= Mﬁ —V/3Av,

Mo = —
' _\/gAUQ H3 — \/51\303
My = 211 2ju+ 1) — V20530 + 24) £ \/48A203 + (2(j1 — i) — V20s(3A — 204))2|.
(5.73)
If we take the limit of a small hypercharge interaction,
g =0, sw=0,cw=1 G=go, (5.74)
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the mass matrix for neutralinos becomes

e 3%13 —V/3Av, 0 0 0 0 0
—V3BAvy p13 —V2A305 0 0 0 0 0
0 0 M, 0 0 0 0
0 0 0 M e V29503 0 (5.75)
0 0 0 =2 % V2Av, 0
0 0 0 V2¢v3  V2Avs  —ps+ AW 0
0 0 0 0 0 0 g + A2

We obtain a block matrix for the singly-charged electroweakinos, which means that the
custodial symmetry gets recovered.

We can further assume the Majorana mass for the gaugino to be large, My — o0, to
decouple the winos W=, Z from the triplet higgsino:
—H A—\}Jg V2Avy

pr -
’ V2Avy  —ps + AS—\/%S

1
Mg = 7| = 201+ pg) + V20s(—~A + Ag) £ /32073 + (2(s1 — pis) — VIus(A + Ag))2|.

4
(5.76)
Let’s take the small triplet VEV limit v3 — 0, then the mass eigenvalues simplify as
1
myp = 5+ s £ \/12/\21)% + (1 — p3)?),
1
myg = S(—p— ps £ VA + (1 — pa)?), (5.77)
mfé) = Us.
By taking p = ps3, we will get
mygo = pu =+ V3| Alv,, myg = —pk V2| Alv,, Mo = 1. (5.78)

We can also take u = —pus to get

Mo = £1/30203 + 12, myge = £4/28%03 + 12, Mg = —p. (5.79)

Now let us examine how the higgsino mass behaves. First, the unitary bound (3.52) of
the GM model, associated with the map conditions ([5.50]), gives us the allowed parameter

space
1 3 m 2 1 2 1 1 3
—sr< =A<, —Sa< =A<, o< 3= —=AS < o,
R R A S A )
1 1 1 8 1 8 '
CCr <M= A< or —Sr A= —AAf oAy < o
sT <A = ghy <o, 3T <A (+2 3)<37T,
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Figure 5.1: Left: The parameter space (A, A3) allowed by pertubativity. The curved bound-

ary results from the constraint —%W < A5 =—AA+ %Ag) < §7r. Right: The higgsino masses

M, 55 [GeV] for singlet, triplet, and quintuplet in the 2-dimensional parameter space (A, ),

when taking p = —pus, vy =0.
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With these conditions, we roughly have |A] < 44/7/3 & 2.36327 and |A3| < 2y/7 ~ 3.54491,
which is shown in Figure . For this allowed A space, the higgsino masses my, ,; for the
singlet, triplet, and quintuplet are shown in the right plot of Figure 5.1, with

Ael, g\/ﬂ, 1= 15 € 0,200] GV, v5 = 0. (5.81)
We can see that the quintuplet higgsino mass follows the 1 parameter, while the singlet and

triplet higgsino mass roughly follows the A parameter. When Awv, > u, we roughly have
my, g, < A, given that vy ~ 246 GeV is fixed by the W mass.
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Chapter 6

Phenomenological applications

In the previous chapter, we have constructed the SCTM and obtained a decoupling limit
called the SGM model, which in turn gives rise to the GM model at the EW scale. In this

chapter, we will perform some phenomenological studies in these models.

6.1 Higgsino production at colliders

The first interesting question to explore is how we produce the new particles predicted by
these models. In this regard, we wish to single out the doubly-charged electroweakino f+.
Since it possesses two units of electric charges, its production rate through electromagnetic
interaction is enhanced by a factor of 2* compared to the singly-charged particles. Let
us calculate its production rate at the LEP with collision energy /s = 209 GeV. For the

electromagnetic interaction of f**, we have the coupling to photon as

gp++p——an = i(giew + gasw) v, = 1G sin 20y = 2iey,, (6.1)
where go = e/sw and ¢g; = e/cy . Similarly for the Z-boson interaction, we have
e
gp+tp——zn = i(—g1sw + gacw )y = iG cos 20y = 2’im%- (6.2)

For the photon-mediated process ete™ — ~v* — ™1 f~~ with the Feynman diagram depicted

in Figure the squared scattering amplitude is
1 2M* +T? + 2M*(S —T - U) + U?
M = (v + 925w (563 + 2ngaswen + g3si) - LA

16
(6.3)

where M is the mass of f** and S, T,U are the Mandelstam variables,

S=(p1+p)° = p3+p)* T =(pr—p3)° = (pa—pa)*, U= (01 —ps)® = (p3—p2)*. (6.4)
When we substitute the couplings e = gasyw = g1cw, we get

M = 2@42M4 + 2M?(S —;;— U)+T?+ U2'

Parameterizing the S, T, U in the center-of-mass frame of ete™ pairs,

S=Q* T=—-Q*1+p*—2Bcosh) /4, U=—Q*(1+ %+ 2Bcosf)/4, (6.6)

(6.5)
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where () is the collision energy, 6 is the scattering angle, and the Lorentz factor g =

V1 —4M?/Q?, we have

IM|? = e*(2 — p?sin? ). (6.7)

The cross section measured in the phase space d®, = o L£4Q is

do = —ch>2 Z IM|? = 4d935(2 — Bsin?0). (6.8)

spin

Here the prefactor %1 arises from averaging over the spin of the initial states, while the sum

runs over the spins of all final states. Integrating out the azimuthal angle, we get the total

B e'B(3 - 3?) o 4M?22M? + Q*
= 67T—Q2 =e 1— Q2 37]_@2 . (6.9)

The cross section in the (Q, M) space is shown in Fig. In the limit @ > M, we have

cross section as

140

120-

100-

80

M [GeV]

60r

40+

20+

0 50 100 150 200 250 300
Q[GeV]

Figure 6.1: Left: The Feynman Diagrams for ete™ — ~v*/Z — f** 77 Right: The cross
section o(ete” — 4* — fT*f~7) [pb] in the parameter space (Q, M).

B~ 1, and o ~ 1+ 2M?/Q?, that is why we observe the behavior that the cross section
decreases with the increase of collision energy in Figure
In order to obtain large amounts of numerical calculations, we need to invoke widely used

codes including SPheno [73, [74] and MadGraph [75]. In the following, we perform benchmark
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calculations to make sure these codes work correctly. We take a numerical point,
a=e/ar =1/132.2, M =119 GeV, Q =S =209 GeV, (6.10)

as a trial. The analytical cross section for this trial point turns out to be

olete” =~ — fTHf77)=8.57pb. (6.11)
MadGraph gives us the numerical values

olete” =" — fTf7) =8.54 ph. (6.12)
which agrees with our analytical calculation satisfactorily. Furthermore, we can easily get
the cross section

olete” = v — fTf7) =2.13 pb, (6.13)

from Madgraph, which verifies the ratio
o(f )0 F7) = (Qpes [Qpe)? = 4. (6.14)

These cross sections does not depend on the mixing angle (rotation matrix) because the
vertices 7 fs f5 are fully determined by the electric charges. If we include the */Z mixing,
the numerical cross sections from MadGraph become

olete” =" /Z — ftTf7) =116 pb, o(ete” = ~v"/Z — fTf7)=290pb.  (6.15)
Additionally, we can verify o(e*e™ — fOf%) = 0 in Madgraph to test Vioso..(z) = 0.

Next, let us explore the fermionic quintuplet couplings to charged vector boson,

V3 V2

Viggswe = _i7927u> Vigp-w+ = i792’¥”- (6.16)

The Scalar-Scalar-Vector (SSV) coupling in the convention Vi, = igssv(p1 — p2)* is

V2

Iuomzw+ = —i7927 Jui g —w+ = 1592 (6.17)
which is a result of supersymmetry. Similarly to v(Z)f5f5, the vertices HsHsV are fully
determined by the gauge couplings g., which is independent of the small v3 suppression.
Consequently, the processes pp — W+ — 1’-]50]-15E and pp — W* — f9fF dominate the HY
and fY hadroproduction rates. The production cross sections for the LHC 13 TeV, with
NNPDF 3.1 NNLO QED PDF [76] and pgr = pp = My, My, = 11.9 GeV, are given by

olpp — W* = fOfF)=5.14pb, olpp — W* — fEfFT) =3.42 pb. (6.18)

The ratio satisfies

2
olpp = W* = 1) ( Vissswe ) _3 (6.19)
2’ '

app = W= = f5157) \Virpows
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6.2 Higgs decay
The SGM and GM models introduce so a large amount of new Higgs (pseudo)scalars.
This subsection, we will examine the decays of these (pseudo)scalars, especially into the SM

particles.

6.2.1 The SM Higgs
To familiarize ourselves with the calculations, we start with the decays and production
of the Standard Model Higgs boson. First, let us calculate a simpler case for the process

H(ky) — b(kg)b(ks) at tree level, Feynman diagram shown in Figure The amplitude is

Figure 6.2: The Feynman diagram for H — bb decay.

my _ €My
M = — U2y
20 = 2MWsW
We have substituted My, = gv/2 and e = gsw. Then the squared amplitude averaged over

————U9V3. (620)

spins is given by

3am T 3am2m
DIMP =D (U203) Upls = T 5 5 Tr(fy — m) (F + 110)
52,83 8; 53 2 3W W (621)
amim amb 9
[Tr(Fols) — 4m?] = ——2—(4ky - ks — 4m3).
M2 2 273 b M2 12/V b

We have used Tr(y*) = 0 and Tr(yHv") = 49 (due to {y*,7"} = 2¢"*Z). We have the
momentum conservation as
kl = kg + kg = M2 = k% = (kg + k3)2 = m% + 2k2 . kg —|—m§ (622)

Therefore, we get

3am2m 3am2r
IM|? = b [2(ME —2m?) — 4m?] = b
2 WA= gy PO =2~ i) = g,

We have defined the phase space suppression factor 8 = /1 — 4m?/M%.

b oME 3R (6.23)
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The two-body phase space for system A(P) — B(p;) + C(pz) is very simple:

d3p1 d3p2
4¢(4

d3P1

4pYps

\/ml +p* - \/m2 2dde (6.24)

4p1p2
2
1 d(p—p*) p*dpdQ2

e
1 p p
— dQ=——"_dO
(2m)2 4(p} + ph) (2m)24M
The 3-momentum is obtained as

1 VA(M? ml,mz)

p= 2 (M2 —m? —m3)? — 4mIm3 = oM (6.25)

where \(a, b, c) = (a—b—c)? —4bc is the Kallen function. Then, we obtain the partial width

1

for the Higgs decay into bb pair,

- 1 1 P 3amin 3aMHm
I'H—b)=——[d® 2= dQ sz 2 b33
(=) =53, / IMI = o7 / @ity Yz sz M = e e
(6.26)
where we have used
N(ME, mZ, m? ML —4MZmi M
p= VAME,mi, mg) _ VM M Hg (6.27)

2My 2My 2
Let us move on to the 1-loop induced decay H — 7. In the Standard Model, all the

charged particles can induce a Higgs decay into a photon pair. The fermion induced decay
is dominated by the top quark loop, due to top’s large Yukawa coupling, and is shown in

Figure With FeynArts [77] and FormCalc [7§8], we can get the amplitude of these

- — > — - - o> —

y

Figure 6.3: The Feynman diagram for top quark loop induced decay H — ~~ decay.

diagrams to be
2acem?

= _— ' |(2By+ MiCy — 2M? 5 €3
M S omsn (2By + MpCo — 8Co0 + 2M 5z Cy)e; - € (6.28)

—2(Co + 4C12 + 40y +4Co)e;y - krez - Ky |
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The loop integral functions are defined in Section [A.T} Here we introduced B, C' functions,
B(0,m? m?), C(0,0, M3, m?, m? m?). (6.29)
For a massless vector boson (photon), we have k* = (E, k), where E = |k|. We define
k= (E,—k). So the polarization sum in |M|? is
_ _ kik; o
" k#k,/ + k,,ku —9Yij — W (Zaj =1,2, 3)
D cue B T
A=+1 0 (wand/or v = 0)

to the amplitude square (matrix element) |[M|?. For a massive vector boson, such as W/Z,

(6.30)

the polarization sum is

ke,
> e =g+ - (6.31)
A=0,+1

We can work in the center-of-mass frame of the Higgs boson for H(ky) — ~(ka)v(ks).
The 4-momentum for external particles are
k1 = (My,0,0,0), ko= (My/2,0,0,Mg/2), k3= (My/2,0,0,—Mg/2). (6.32)
Therefore, we can get the squared amplitude as

32a3m?
S M= AT mat ! oN7 st 250+ M2 Gy — 8Co0 + 2M2Cy?. (6.33)
A2,A3

In our special case for H (k) — ")/(k'g) (kg), we have M = My and p = Mpy/2. The decay
width is given by

1 2
Y=o, /d% > M|
A2,A3
1 My /2 32a3m}
T M / (2@54/]\4 W3 2 |230+M2 Co — 8Coo + 2M3Cy | (6.34)
H H
O{Bm? 2 2
T Om2 My M2, 52 5=[2Bo + M5 Co — 8Coo + 2Mp G,
wSw

Here we included a symmetric factor % in the front, since photons in the final states are
identical. Indistinguishability of identical particles restricts the integration to inequivalent
configurations, i.e., to dividing the integral by a factor of n! after integrating all the sets of
momenta E With the Standard Model parameter inputs [23], we have

I =7.8x107"GeV. (6.35)

Let us go to the W-loop induced H — v decay, shown in Figure[6.4, With FormCalc,

!Please refer Page 108 of Michael Peskin’s QFT textbook [61] or Page 316 of the book [79].
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Figure 6.4: The Feynman diagram for W= loop induced decay H — v decay.

we obtain
o’ M, / 2 2 2 2~ |?
D(tw) = —2 4By — 6B} + 4(— Mz + My, )Co + 20Cy + M;Cy + 4AM5Cy| . (6.36)
32MH7T2
Here the integral functlons are
Bo(0, My, M3,), By = Bo(Mz, M., Mg,), C(0,0, Mz, M, My, Mg,), (6.37)

respectively. After we plug in the SM parameters, we obtain

1.55 x 1072 GeV (= Mpy),
D) = ( ) (6.38)
5.97 x 107 GeV (1= My).

Here, the results strongly depend on the scale choice, which is mainly comes from the B
function generated by the third diagram in Figure . So we choose u = My(My) as
benchmarks. The analytical formula for Higgs decay into diphoton can be found in literature
[80]:

Gpa2M3 2
P(H = 77) = 128v/27 3‘2 NQF AT (1) + A (rw) |

Afp(m) = 2[7 + (1 = ) f(7)]7 72,

AH(r) = —[27% + 37 +3(21 — ) (7)), (6.39)
arcsin® /7 T<1),
I = VT (r<1)
1 [1Og LT m] (r > 1).

where the parameters 7, = M%/4M? for i = f,W for the heavy-loop particles. For the top

quark running in the loop, we have 7, = M%/4m? < 1. In turn
Gra” My ‘3 (2) 22[ + (7 — 1) arcsin® /7] 7~
— 12l 3 T+ (T — T|T
128v/273 17\ 3

which agrees with our calculation very well. For the W-induced part, we have

Gra*M?, ) 5|2 _
I'(tw) = 12F8\/§ 5 ‘— 272 +374+ 327 —1) arcsin? T}T 2‘ =1.62 x 107° GeV, (6.41)

D(H — yy) = =7.84 x 107" GeV, (6.40)
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which agrees with our calculation with the choice of y = Mpy. With these calculations, we
arrive at a conclusion that most of the H — ~v decay rate is contributed by the diagrams
with W= bosons running in the triangle and bubble loops.

Similarly, we can have a 1-loop top-quark induced decay H — gg, with the same diagram
as Figure[6.3] but with the photon replaced by a gluon. Then we repeat the 1-loop calculation
and get the decay width as

1 N 2
I'(H — gg9) = §4Mafj:1;282 ‘230 + M2Cy—8Coy +2M>%Cy| =214 x 1074 GeV. (6.42)
HMw T ow
This result agrees well with Ref. [80],
Gra?M3 |3 2
P(H — g9) = %‘ZAEZ(T)‘ =2.16 x 107* GeV. (6.43)
™

We obtain a slight difference from our value estimated in Equation (6.42]) because of the

choice of the renormalization scale in our calculation. In the limit 7 = M%/4m? = 0.13 < 1,

we have Aﬁz(ﬂ — 4/3, which gives I' = igi%éf’ = 2.03x107* GeV. At the next-to-leading
order (NLO), the digluon partial width of Higgs boson can be found in Ref. [81] as
(Np) (1)
s

PYe[H — 99(9), 4qg) = Tro[ad™ (w)](1 + ENF ), 61
6.44

95 7 33— 2Np 2

ENfF =" __N 1
R VA

Taking the scale y = My and Np = 5, we get the NLO corrections to the Higgs’ digluon
decay as a ratio

K= FNLO/FLO ~ 1.68. (645)

6.2.2 The Higgs decay in the GM and SGM models

Equipped with the tree-level and 1-loop induced decay of the SM Higgs boson, we are
able to apply the same calculations to the Higgs bosons in the GM and SGM models. Firstly,
let us reorganize the mass terms for neutral scalar (CP-even) and pseudoscalar (CP-odd) in

the gauge basis,
Loontase 0 L0042 40
Lo = _5( g) M Hy — §A9MA,gAg

Hg = (htl)Rv tha X(])?n ¢%7 ¢%>T7 Ag = (htl)lv hg[? X?v (b?? w[l))T

(6.46)
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We can rotate this gauge basis into the mass basis in one step, by jumping over the inter-

mediate custodial basis,
1 1
Lo= —é(HS)T(ZH)T Zh’/\/tfqﬁg(zf’i’)T z"H) — 5(Ag)T(ZA)T ZAME (2N ZAAY 617
1 1 '
With the rotation matrlces ZH’A, we get the diagonalized squared-mass matrices as

M, = ZHMELQ(ZH)T = diag(m3,,, myy,, my,, my,, my.), (6.48)

/\/li‘,m = Z“‘/\/11247g(Z‘4)T = diag(mil, mih,mig, m1244, m?%),
The physical states in the mass basis can be obtained by rotating the gauge eigenstates as

H), =Z"H), A), =Z"A), (6.49)
Similarly, the mass term for singly—charged Higgs in the gauge basis is
‘C (H+)TM H+ (h1*7h;—a _*7¢ ¢+ 1/)+) (650)
Diagonalizing this squared mass matrlx, we get spectrum for the singly-charged Higgs boson,
Lo = —(HONZH Z5M2,(24) 25 B = —(H}) M2 B, (6.51)
The corresponding eigenvalues and eigenvectors for the squared mass matrix are
./\/l2 = diag(mzli, miI;,mi@[, m?{f? mi]i7 ) H = ZiHi (6.52)

Numerically, we have m? ., = mil = 0, which correspond to the Goldstone bosons. The

Hi

doubly-charged Higgs mass term in the gauge basis is much simpler,

Lﬂ:ﬂ: — (H++)Mii gH;L+7 H;r+ — <X77*7 ¢++>T- (6.53)
After diagonalizing the squared mass matrix, we rewrite the mass term in the mass basis as
Liy =—(HNNZ) 25 Moy (25 ZH = —(H T )MLL HYT (6.54)

The eigenvalues, eigenvectors and the rotation matrix are

1/vV2  1/V2
Ms = diag(myee, miyes), Hi" = Z55HT™, 775 = / / . (6.55)

—1/V2  1/V2

These mass eigenstates are the same as that in custodial basis , with the masses are
the same as that in Equation ([5.27)).

So far, we have obtained all the numerical squared masses of the physical states, and
we can compare the specific values to pick out singlets, triplets, and quintuplets. Just a
reminder here: in the mirror-GM sector, the masses of the triplet neutral components T 32
are a little different from that of charged one Tf—;, which is the consequence of the custodial

symmetry violation due to the hypercharge gauge. However, in the decoupling limit, all the
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marror-GM particles become very heavy, which leaves that the small difference in the triplet
mass spectrum does not impact the GM-like particles at the EW scale.

Let us perform a benchmark study. As we mentioned before, we have totally 4 free
parameters in the SGM model. In addition, we can choose relations A = Ax and py = —pua
to fix 2 degrees of freedom. In such a case, we only have 2 free parameters, and we set them
to be GM-like triplet and quintuplet masses,

ms = 750 GeV, mjs = 500 GeV. (6.56)

We list all other numerical inputs here,

A= A3 =0 GCeV, B = —B3; = —(10° GeV)?,

A=Az, p=—ps Mg = My, = 1000 GeV, (6.57)
my, = 125 GeV, 203 + 8v3 = v? = (246.22 GeV)?.
We can solve the spectrum equations to get the SGM parameters,
1w=2896 GeV, A=1.08, wv3=33.6GeV. (6.58)

The mapping conditions (5.50)) between the GM and SGM models can help us to determine

all the GM Lagrangian parameters as
vx = 33.6 GeV, A =0.217, Ay = 0.290,

A3 = —0.145, Mg = 0.145, \s = —1.74, (6.59)

M1 = 1365 GeV, MQ = —341 GeV.
At this stage, we are able to calculate all the spectrum in both the GM and SGM

models, and we list the results in Table[6.1] We see a slight difference in the masses of the

GM SCTM
scalar | pseudo scalar pseudo fermion
singlet 125, 818 125, 818 | 1320, 1599 869, 997, 1000
triplet 0, 750 | 1432, 1588 0, 750 926(931), 956, 1030(1025)
quintuplet 500 500 1525 871

Table 6.1: Benchmark of mass spectrum [GeV] calculated with SARAH [82, 83] and confirmed
by SPheno [73] [74]). The numbers in the parentheses denote the charged component of the
triplet fermions, which quantify the custodial symmetry violation.

neutral and charged (numbers in the parentheses) fermionic triplet, which results from the
custodial symmetry violation. Here we have fixed the Majorana masses of gauginos to be

Mgz = My, =1 TeV. As a result, we obtain the masses for photino, zino-like and wino-like
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fermions as

ms = 1000 GeV, m; = 1030 GeV, my = 1025 GeV. (6.60)

The zino-like and wino-like fermions get small contributions from the gauge-doublet VEV as
Guy/ V2 and gauge-triplet VEV as v/2Gvs, where G = g5, \/m for the wino-,zino-like
charginos. The lightest supersymmetric particle (LSP) is a singlet fermion with mass as
my, = 868.9 GeV, and next-to-LSP is a neutral quintet fermion fY, whose mass can be
determined analytically as

A;%?’ — i = —871 GeV. (6.61)
We have discovered the Standard Model (or SM-like) Higgs [14], [15], whose mass is less

mye; =

than twice of that of W, Z bosons. It means tree-level decays H — W*W¥ and H — ZZ
are threshold forbidden. The Higgs boson can only decay in this channel to an off-shell state,
such as H — ZZ* ,Z* — IT1~. However, in the GM and SGM models, the Higgs masses
can be larger than twice of W, Z boson masses. Under such a circumstance, we can obtain
the Higgs’ di-Boson decay at the tree-level, which may dominate the Higgs branching ratio.
With the rotation matrix Z, we obtain the vertices IHovv (V = W*Z) as in Figure ,

where the index 7 indicates the mass ordering from the lowest to the highest.

W+

1B3waZll + v, Z8 + 20a(Z8 + 225 + Z]1))]

Figure 6.5: The Feynman diagrams for decays HY — W+*W ™~ and HY — ZZ.
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Here, we choose the quintuplet Hs(F;) with mass ms = 500 GeV in our benchmark
example, with index ¢ = 2 from Table With FeynArts [77] and FormCalc [7§], we

obtain the squared amplitudes as

Eooswrwo P = L (1o dms  ms ZH 71y 4 op(ZH 4 271 & 7H)]?
IM(F, — )| = + [U2< 51 + Za) + 203(Zoz + 2755 + 25)}7

1672\ 77 a2 T g
1 4m2  m?
\M(F, — ZZ)|* = 1—6(ng2 + swag1)’ (12 - W; + Mi) [va(Z8 + Z38) + dvy (28 + ZE)]".
Z Z

(6.62)
Considering the fact that quintuplets are totally composed of the gauge triplets, we determine
the corresponding rotation matrix elements as i
Z3h 5 =0,0,—1/V6,2/V6,-1/V6, > (Z35)* =1, (6.63)
which simplifies the squared amplitudes as -

1 4m?2 4
IM(Fs — WHW )2 = — g3 (12 - E—gv) [205(2/V/6)]%,

=92 2
16 M,
. W e . (6.64)
m m
M(F, = ZZ)P = —(ewgs + swar)* (12— = + == ) [4vs(~2/v/6)]"
16 Mz My
In the small hypercharge coupling limit, we have
1
G ~0 = sy~0, My~ My, = |[M(F, = WW)*~ ZM(FS — ZZ)]%.  (6.65)
Integrating out the phase space, we obtain
1
L(F, > WW™) ~ §F(Fs — ZY77). (6.66)

We want to remind that for the Fy — ZZ case, we have a symmetry factor 1/2 due to the
identical particles in the final states. Inputing the numerical values, we get the results from
FormCalc as
[(Fy, - WTW™) =347 GeV, T'(F,— ZtZ)=6.65 GeV. (6.67)
We implement the SGM and GM models in SPheno [73] [74], which gives us the total width
and branching ratios as
Lot (Fs) = 17.03 GeV  Br(F, - WTW™) =0.204, Br(F, — ZZ) = 0.403. (6.68)
Therefore, we have
[(F, — WTW™)=347GeV, I'(F,— Z7)=6.86GeV. (6.69)
In such a way, we get an excellent agreement with the results of FormCalc. In such a way,
we validate our numerical calculations in SPheno.
In Table[6.2, we list the total decay widths and the dominated branching ratios of GM-like
particles in both the GM and the SGM models. We can see that the SGM model reproduces
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States Channel GM SGM
oo 3.71E-03 3.65E-03
h WHW—* | 2.46E-01 2.50E-01
bb 5.41E-01 5.49E-01
oot 2.62E+01 | 2.62E+01
I tt 1.90E-01 1.90E-01
WHW- | 5.41E-01 5.41E-01
77 2.67E-01 2.67E-01
Tiot 6.63E+01 | 6.63E+01
tt 1.05E-01 1.05E-01
A(Hj3) F.Z 3.32E-01 3.32E-01
FrWw- | 2.62E-01 2.62E-01
F-W+ | 2.62E-01 2.62E-01
oot 5.26E+00 | 5.26E+00
F,(Hs) WHW— | 3.42E-01 3.42E-01
77 6.58E-01 6.58E-01

Table 6.2: The total decay width I'yy [GeV] of the GM-like particles and the corresponding
dominant branching ratios.

the GM model very well in our benchmark case, which can be understood in terms of the
decoupling of non-GM particles. As shown in Table [6.1], the masses of non-GM scalars are
around m;M ~ 1500 GeV and the masses of the electroweakinos are around my ~ 1000
GeV. The mapping conditions ensure the spectrum and the coupling vertices of the
GM-like particles are exactly the same in both models. The non-GM particles in the SGM
model are decoupled at high scale, and do not affect the low-energy EW scale physics, which
behaves the same as the GM model.

6.2.3 How to distinguish the SGM model from the GM model

By now, we have calculated the decay of the GM-like particles in both the GM and
SGM models. As a benchmark study in Section [6.2.2] we obtained the same spectrum,
decay width and branching ratios in both models. The next question for us is whether we
can distinguish the SGM model from the GM model. To answer this question, we need to
perform a systematic analysis in the full parameter space. In the ten parameters of the
SGM model, two B, Bo — o0 are taken to be large in order to obtain the decoupling limit.
Furthermore, we have adopted the gauge mediated supersymmetry breaking scenario [25],

which fixes A = Ax = 0. With tadpole equations, we can replace two of the Lagrangian (or
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superpotential) parameters by the VEVs of the gauge doublet vy and gauge triplet va. In
some cases, we use vg3 to denote the VEVs, as well. With the mapping conditions ,
we have the one-to-one correspondence relationship between the SGM and GM models,
(A, A, 1, fin, U2, 03) < (Ao, Ay, My, Mo, vg, va). (6.70)
We remind readers that the A = Ax = 0 is not strictly necessary in other SUSY break-
ing mechanisms, such as supergravity [84] or anomaly mediated supersymmetry breaking
(AMSB) [85]. We take this condition only for simplification while without qualitatively
changing the results. We may consider relaxing this constraint in a more comprehensive
analysis in the future.
Furthermore, we take the experimental measurements of the Higgs and W boson mass
[23], which would fix 2 degree of freedom in the parameter space,
v =246 GeV, m;, = 125 GeV. (6.71)
These two inputs will allow us to eliminate the isospin doublet and triplet VEVs in both the
SGM and GM models. As a result, the six-dimensional (6D) parameter space in Equation
(6.70) is reduced to a four-dimensional (4D) one, and we choose the free parameters to be
(A, Aas ity pin) < (Mg, Ay, My, Ms). (6.72)
As we used in Equation before, we furtherly reduce this 4D parameter space down
to a 2D one by imposing the conditions A = £Aa and pu = £pua. We have to carefully
choose the signs in order to avoid the negative eigenvalues of the squared mass matrices
for scalars, which represent the unstable vacuum. Finally, we obtain 2 benchmark scenarios

which provide us with a safe scalar spectrum,

Point 1: A= Aa, 0 = —pn;
(6.73)
Point 2: A = —Aa, 0 = pa.

Thus, we have 2 degrees of freedom in our systematical analysis, and we choose them to
be the GM-like triplet and quintuplet masses ms 5. All other parameters are determined
self-consistently.

We remind the reader that the (ms, ms) parameter space is not totally free. We have
to confront several constraints. The first one is the perturbative unitarity of the 2 — 2
scalar field scattering amplitudes, which requires the quartic couplings in the GM model to

satisfy the conditions (3.52)). Combining these with the mapping conditions (5.50)), we get
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the constraints on the coefficients of the cubic terms in the superpotential, as in Equation
(5.80). The allowed (A, Aa) parameter space is depicted in Figure . The second set of
constraints is coming from the unitarity bounds on the Yukawa couplings, as in Equation
(3.60). Together with the top quark mass m; = 175 GeV, we get a lower bound on the
isospin doublet VEV to be vy > 60 GeV as in Equation , and the upper bound on the
isospin triplet VEV to be va < 84 GeV as in Equation (3.62). The last set of constraints
is from the non-negativity of the eigenvalues of all the scalar squared mass matrices, which
constrains the combinations of all the Lagrangian parameters. We summarize these three
constraints as follows.

e Perturbative unitarity of scattering hh — hh constraints on quartic couplings \’s

requires
1 3 m 2 1 2 1 1 3
— < hM=—-AN<o, —Za<h=-A<In, —-m<A=—-A< =
T - L K - S L - A H
1 1 1 8 1 8
——r<M=-A<om, — o< =—-AA+ZA3) < -
5l MT RIS TR (A+5hs) < 3m
(6.74)
e Perturbative unitarity of ff — h — ff constraints on Yukawa couplings requires
16
w < ,/Tﬂ — vy > 60 GeV, va < 84 CeV. (6.75)
e Non-negativity of the eigenvalues of scalar squared mass matrices requires

Here, due to the mass degeneracy, the Hf,ﬁ must share the same masses as three HY

and three A%, Hi; must share the same masses as two H:

7 7

one HY, and one AY in
order to form one scalar quintuplet F and one pseudoscalar quintuplet F,.
First, lets us take a glimpse at the approximate mass hierarchy structure. Starting with
the GM-like triplet and quintuplet, we have
m3 —m: = AQ(gv2 — 17v2) + 5vV2Awsp. (6.77)
Here we have already used the relation 2v3 + 8v3 = v? = (246 GeV)?2. Therefore, if A > 0
and g > 0, we roughly have m? > m2 when vz < v\/3/34 = 73 GeV. We do not consider
about the negative triplet VEV case v3 < 0, as the negative sign can be rotated away with a
phase factor e™. For GM-like singlets, we interpret the lighter one as the SM-like m;, = 125
GeV Higgs. The heavier singlet Higgs mass my is derived from the eigenvalue of squared

mass matrix M%l ,» Which involves the square root when solving the quadratic equations.
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We take the small gauge triplet VEV limit v3 — 0 to expand these square roots, and get the
value referred to the quintuplet mass as
92A?  15Auw
2 2 3
my —ms = +
H 5 4 \/5
Therefore, we roughly get myg > ms if v3 < v/4/20 = 55 GeV. Similarly, we get the relation

— 45A%03. (6.78)

of the SM-like Higgs A when compared with the scalar quintet,

Aviu 15A%0?
m? —m?2=— + + 2V2A s + A2 6.79
h 5 2\/§U3 4 ILL 3 3 ( )

We will see that the sign of this difference is uncertain, as it can flip in our numerical scan.

We also estimate the difference of the squared mass of the heavier singlet and the triplet as

3A%0%  5A
m —m2 = 4” + \g’?’ — 28A%2, (6.80)

and we get my > m3 when vy < v4/3/112 = 40 GeV. To summarize, the mass hierarchy

approximately goes as

ms, My S M3 S M- (6.81)

The sign of the squared mass difference between the quintet m? and SM-like Higgs singlet
m3 is unknown. All the mirror-GM particles are very heavy in our SGM model, when we
take the decoupling limit B = —Bx — 00.

Now, to perform the numerical calculations, and we will choose the mass parameter
range 0 < mg 5 < 2my, = 250 GeV. We focus on the mass range below 2m;, for two reasons.
First, we limit ourselves to be within the threshold forbidden region for the S — 2h decay.
The partial widths I'(S — hh) are related by the triple Higgs couplings Vi, [86], and we
reserve it for a future study. Second, a new Higgs scalar with mass below 250 GeV can be
well-probed at the current and future Large Hadron Collider (LHC), which can provide us
powerful and robust data for direct search of the Higgs bosons in this range [87, [88].

Let us first take a look at the physical parameters for our two benchmark points in
Equation (6.73]), which are shown in Figure . Here we plot the masses for the heavier
singlet Higgs my and the Lightest Supersymmetric Particle mygp, and the gauge triplet VEV
v3. As we discussed before, the upper boundary of the allowed parameter space (ms,ms)
indicates the approximate hierarchy ms < mg, and the blue lines representing the heavier
singlet mass indicate that ms < mpy. In the left figure corresponding to Point 1, the LSP

mass is roughly within the same range of the GM-like scalar masses. In contrast, the right
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Figure 6.6: The heavier Higgs mass my, LSP mass mpgp and isospin triplet VEV vz for
Point 1 (left) and Point 2 (right).

figure (Point 2) shows the LSP mass is much smaller when compared to the GM-like scalar
masses ms 5 . Also, we obtain a different trends about the mpsp when (ms, ms) goes from
the left-upper corner to the right-lower direction, which indicates a phase transition. We will
see this phase transition will have an effect on the cross-section of LSP-nucleon scattering in
the Dark Matter direct detection (DD) experiments in Chapter

Even though we have not found any new particles beyond the Standard Model yet, they
are still allowed within the current experimental uncertainties. The smoking gun to discover
the GM-like particles is to observe the doubly-charged Higgs through same-sign W boson pair
decay H** — W*W=. The doubly-charged Higgs is one component of the mass quintuplet,
which has the neutral partners HY. Let us look at this neutral component of the quintuplet
H} first. We have calculated the total and partial decay width for one benchmark point
in Section [6.2.2] already. Now, we can perform a systemically scan in the parameter space
0 < mss5 < 250 GeV for Point 1 and Point 2. The total decay width is shown in Figure
[6.7. We can see for the Point 1 case, we have roughly the same decay width for the neutral
quintuplet HY in both the GM and SGM models, in spite of that the decay width of the

SGM HY is slightly larger. In contrast, the HY decay width for the Point 2 in the SGM

SGM

model is significantly larger than the GM one. The I")5" can even be a few order higher
5
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Figure 6.7: The total decay width of the neutral quintuplet HY for the Point 1 and Point

2.

than I‘%\{I, ie., FISLIGQM > Fglé\f[ It is because of the light LSP mass for this point, which
opens up the new decay channels, HY — f; fj These channels do not exist in the GM model.
As a result, we would expect the branch fractions for the standard decay channels, such as
HY — vy, WTW~, ZZ, should be lower down significantly.

Let us look at the quintuplet decays to the vy and ZZ pairs. We are interested in di-
photon decay because it is a very powerful direct search for the new particles, which have
been proved to be very successful in the SM-like Higgs discovery [14], [15]. Meanwhile, the
LHC has produced robust diphoton data up to now and will generate more in the future
runs. It provides us a very good battlefield to pursue the BSM particles predicted by various
new physics models, such as H? in the GM and SGM models. The branching fractions El of
Hs — ~~ for Point 1 and Point 2 in the GM and SGM models are displayed in Figure [6.8

As we expected, for Point 1, we have roughly similar branching fractions of Br(H? — ~v)
in both the GM and SGM models, while totally different ones for the Point 2. For the Point

2, Br%fgw < Brlcfllé\)/I —yy CAN be understood easily. We have very low LSP mass in this case of

2The branching fraction, also be called as branching ratio, is defined as the fraction of a partial width I';
in the total width I't., while the total width sums over the partial width of all the possible decay channels,
Iy r;

Br; = = . 6.82
Ftot Zj Fj ( )
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Figure 6.8: The branching ratios Br(HY — ~v) for the Point 1 and Point 2 of the GM and
SGM models.

the SGM model, which opens the channels of HY decay into the fermionic superpartners of
the GM and mirror-GM scalars. These new decay channels enter into the total decay width
of H? and lower down the branching fractions of HY — v in the SGM model. However,
the LSP is much heavier in the Point 1 case, which forbids the HY on-shell decay into
the fermionic electroweakinos. Remind that we have taken the gaugino mass to be large as
My = My = 1 TeV. Here we want to point it out that in the upper-right coroner of Figure
left plot, the Br%iél\iw e Br%lé/l _,» Which contradicts to the new decay channels open in
the Point 2 case. This can be understood as new charged particles (chargios and doubly
charginos) enter into the triangle loops in Figure to induced the H? — ~v decay. As
a result, we expect the effective couplings C'po, get an enhancement from the constructive
contributions of these new charged particles, especially the doubly charginos. Therefore, the
partial decay width T'(H? — ~~) increases, which is confirmed by Figure In the next
Chapter, we will use this effective coupling method to explore the new particles’ constructive
and destructive contributions to the diphoton decays of light exotic Higgs.

Let us move on to HY — ZZ decay. The ZZ pair production attracts a lot of experimental
interests, as the ZZ — 41 mode provides very clean final state signature, which can be used
to fully reconstruct the Higgs mass with excellent detector resolution, including both electron

and muon channels. It is one of the main channels contributing to the Higgs discovery in
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Figure 6.9: The partial decay width I'(H? — ~v) for the Point 1 and Point 2 of the GM
and SGM models.

both ATLAS [14] and CMS [15] experiments. Furthermore, this channel is an excellent
instrument to study the spin and parity of new resonance, since the full decay chain and
intrinsic property can be reconstructed from the angular and invariant mass distribution of
the final states [89]. The branching fractions for Hy — ZZ* in both the GM and SGM
models for Point 1 and Point 2 are shown in Figure [6.10] We expect that the branching
ratio for H? — ZZ* behaves pretty much the same for Point 1 of the GM and SGM models,
while for Point 2, the SGM Br(HY — ZZ*) is much smaller than that of the GM model, as
the low LSP mass in the SGM model open new decay channels. However, the HY — ZZ*
decay happens at the tree level, shown in Figure The mapping conditions ensure
that the vertex of gpoz, is exactly the same in the GM and the SGM models. We would
expect the partial width of T'(HY — ZZ*) is the same in the GM and SGM models, even
though the branching fractions can be very different.

The experimental searches for this neutral quintuplet suffer a lot from large uncertain-
ties, including the luminosity and the backgrounds. However, we can come up with some
ratio or double ratio observables which cancel a lot of systematic uncertainties, including

experimental and theoretical ones (such as renormalization and factorization uncertainties).
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Figure 6.10: The branching ratios Br(HY — ZZ*) for the Point 1 and Point 2 of the GM
and SGM models.

The Higgs golden ratio is such an observable defined as [90]
BrBSM_ /B BSM
,DBSM h—)’y’y I'nzz (6.83)

” h—>’yfy/ Brh—>ZZ 7
where we use Bry™t 5y = 0.228% and Bri™ ., = 2.64% [23]. This observable can be measured

very precisely as many uncertainties from the production side cancel. We would expect the
experimental measurements of D.., to reach O(1%) precision in the future colliders, such
as high luminosity LHC. We show the contours of this Golden Ratio D, in the 2D space
(m3, ms) in both the GM and SGM models in Figure[6.11] Same result as before, we obtain
similar contours in both models for the Point 1 case, while totally different for the Point
2. Good to see that in both cases, we got large parameters space close to the Standard
Model value D,Sy,l\y/[ = 1, while large deviations from this value may be excluded when the

measurements become more precise.
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Chapter 7
Light Exotic Higgs

We have talked about the Georgi-Macachek (GM) and Supersymmetric Georgi-Macachek
(SGM) Models as examples of isospin triplet extensions of the Standard Model Higgs sector.
As discussed in Section [3.1.2], this triplet VEV can provide the neutrino mass through the
Type II seesaw mechanism,

m, = QyUA' (71)

As we know, the neutrino mass is constrained by m, < 1 eV [46l 47, 48, 149, 50], which
means either the Yukawa coupling is very small, or the triplet VEV is small. We manually
impose the Custodial Symmetry in the GM and SGM models, which allows us to obtain
triplet VEV to be large as long as va < 84 GeV in Equation (3.62)). Under these conditions,
the Yukawa couplings must be bounded as tiny as y < 107!, It means the isospin triplet
scalars’ couplings to the Standard Model fermions are extremely suppressed or even vanish.
As a result, these models give us exotic fermiophobic scalars, which cannot be produced via

gluon-gluon fusion mechanism [87, 88]. In this chapter, we take the GM and SGM models

as examples to talk about a more general exotic Higgs.

7.1 Exotic Higgs production channels

The current Higgs searches strongly depend on the vector boson fusion (VBF) and Higgs
associated with vector boson production (VH) mechanisms, shown in Figure . The cross
sections for both types production of the exotic Higgs are proportional to the square of
coupling gy vy, which is proportional to the exotic Higgs VEV ve. Similarly to our previous
definition of the triplet VEV angle 65 in Equation and , we can define a SM
doublet-exotic Higgs VEV mixing angle as

VH Vex

co=cosl = —, sp=sind=—, vy +v:, =v>=(246 GeV)>. (7.2)
v v
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Figure 7.1: The. Feynman diagrams for VBF and VH production.

If this VEV angle sy is small, both VBF and VH production quickly become highly sup-
pressed. In such scenario, both VBF and VH searches become obsolete.

However, in comparison with VBF and VH production, we have a new production mech-
anism through Drell-Yan (DY) Higgs pair production, shown in Figure which is not
present in the Standard Model because of no charged Higgs [87, [OT]. The cross section of
this channel is determined by the Higgs-Higgs-Vector boson couplings, which can be param-

eterized as

gvan = —ig2Cvan(p1 — P2)u, (7.3)

where the coefficient Cypy is fixed by SU(2)y custodial representations (N, N). For ex-
ample, in the GM model, we have the mass triplet Hg’i and quintuplet Hg’i’ii, with the

couplings to W= boson as

1 V3 1

CWngFHg ~ o CWiH;FHg ~ 90 CWngzHqu: = ﬁ (7.4)
The mixing representations Cy g, such as Cyy Hy by is proportional to sy defined in Equa-
tion . Similarly, Z boson mediated neutral Higgs pair production channel also mixes
different custodial representations, with Czy g (such as C’ZhHg) proportional to sy as well.
Although experimental measurements of the SM-like 125 GeV Higgs couplings [92] still
allow exotic Higgs VEV contributions to the EWSB, they constrain ve, well enough at low
masses. As a result, the DY Higgs pair production dominates when compared with the
single Higgs production channels such as VBF or VH, which is suppressed by the small vey.
We take HYH, 5* as an example of DY Higgs pair production and compare its Leading Order
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Figure 7.3: The cross section for Drell-Yan Higgs Higgs production [87].

cross-section with VBF at various sy in Figure|7.3 Furthermore, we also include the cross-
section with assuming a 100 GeV mass splitting between the neutral and charged scalars
M HE > My, (solid orange curve) to account for some custodial symmetry violation effects.
The cross section of Z boson mediated H%HY production (solid blue curve) with the same
mass splitting is significantly smaller than the W mediated channels. We see clearly when
s9 < 1, the cross-section for VBF production channel quickly become highly suppressed
relative the DY Higgs pair production. Similar behavior occurs to the VH production chan-

nels, whose cross sections are typically smaller than the VBF ones expect at very low masses

[93, 941, 05).
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Figure 7.4: One-loop contributions from W< loops to the HAV~(V = Z,) effective cou-
plings defined in Equation (7.9).

7.2 Fermiophobic Higgs Diboson Decays
In addition to VHH couplings, the neutral fermiophobic Higgs H% couplings to the
WW and ZZ boson pairs, which are generated through EWSB and proportional to the
exotic Higgs VEV v.,. We can parametrize these couplings with the VEV angle sy as
LD SQHT%(meQZZ“ZM + gwmiy WHW.), (7.5)
where g7 and gy are fixed by SU(2)y custodial representations of H%. For example, in the

GM and SGM models, we have the mass quintuplet HY,
4 2

szﬁa 9W2%~

The mass triplet couplings are zero as it is CP-odd property, while the couplings to the

(7.6)

singlet H, h involve the rotation angles o. We can define a ratio of the couplings

Az = 9w/ 9z, (7.7)
which is fixed the custodial symmetry at tree level to be

1, HY = H, h,
Awyz = (7.8)
1/2, HY— HO.
The factor of sy is implicitly canceled in this coupling ratio.
Starting at one-loop level, the charged particles will generate the effective couplings to

photon, shown in Figure[7.4] As a result, we would expect the following effective operators

HO
Lo l(%F“”FMV n %ZWFW), (7.9)
v
where field tensor is defined as V,,, = 9,,V,, — 9, V,,. Again, we can define coupling ratios
)‘V’y:CV'y/927 VZZ?V? (710)

to absorb the implicit factor sy. Any charged particles will contribute to the effective cou-

plings in Equation ([7.9), including the W* boson, charged scalars and also charged fermions
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Figure 7.5: The Branching ratios of H% as a function of its mass by assuming Ay,z = 1.

The solid curves corresponds to effective couplings cy., only generated by W=* loop, while
dashed curves is calculated by taking effective couplings as A,, = Az, = 0.05 in Equation

(7.10) [R7].

as well. In such case, the effective couplings can be enhanced when the charged particles in
the loop carry large chargers such as H**, f** and interface constructively with other loop
contributions. However, these effects are in principle expected to cannel to lead small ¢y,
effective couplings [96), [97].

We illustrate effect of these effective couplings with the branching ratios of the fermio-
phobic Higgs in two scenarios in Figure [7.5] The solid curves correspond to the effective
couplings ¢y, generated only by W¥ loops, in which Ay, ~ 0.005 — 0.01 depending on the
Higgs mass. In the second scenario, we take the effective couplings cy as free parameters
and set ¢z, = ¢y, = 0.05 to plot the branching ratios as dashed curves in Figure [7.5] Under
the threshold of (2) My 7, the branching ratios are obtained with the 3 or 4 body decays in
HY — V~y — 2y and Hy —» VV — 4l.

7.3 Diboson and diphoton searches at the LHC

Combining the fermiophobic Higgs boson production and decays, we can examine the
possibility to search for fermiophobic Higgs bosons with diphoton and diboson searches at the
LHC. As we discussed the before, no gluon fusion channels are available for the fermiophobic

Higgs production, and single Higgs production channels such as VBF and VH associated
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Figure 7.6: The products of the cross section o(pp — W* — H%H3) times the branching
ratios BR(H% — WW,ZZ), compared with the 95% exclusion limits from CMS diboson
searches [98].

production are suppressed by the small VEV angle sy. We only consider the DY Higgs pair
production mechanism pp — W* — H]T,H%, where HY% and H can have a degenerated
mass or large mass splitting. The cross sections for VBF and VH production are suppressed

through a small angle of sy, which can be seen in Figure|7.3

7.3.1 Diboson probing intermediate masses

Recently, the CMS collaboration has published the search results for a heavy boson in
the H - WW and H — ZZ decay channels based on /s = 7 and 8 TeV data [98]. No
significant signal of new Higgs boson has been found yet, but the upper exclusion limits at
95% confidence level on the production cross section times the branching ratios have been
obtained, shown as dashed lines in Figure 7.6, The data only constrain the Higgs in mass
range 145 < My < 1000 GeV. When compared with the DY Higgs pair production cross
section o(pp — W* — HiHY%) and the branching ratios BR(HY — WW, ZZ), we see the
CMS 748 TeV exclusion limits are not quite sensitive to constrain our fermiophobic Higgs
HY. However, if the 13 and 14 TeV data can improve the current limits by an order of
magnitude, these two channels will become quickly sensitive to probe fermiophobic Higgs

boson in the intermediate mass range (2 2My,z) and up to ~ 250 GeV.

7.3.2 Diphoton to probe light masses
In contrast to the diboson WW, ZZ channels, the diphoton can probe very light mass
range as no threshold effect at all in this channel. The ATLAS collaboration has performed
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Figure 7.7: The production cross section of o(pp — W* — HY%Hy) at 8 TeV times the
branching ratio BR(H% — ), compared with the ATLAS 95% exclusion limits [99].

the analysis of the 8 TeV data of possible scalar particles decaying into two photons in
the mass range 65-600 GeV [99]. Similarly, no significant signal for new scalars has been
observed, and the results are presented as 95% exclusion limit of the cross section times
branching ratios, shown in Figure [7.7. When comparing with DY Higgs pair production
pp — W* — Hx HY times the branching ratios BR(H% — ) by assuming only W+ loop
contributing to the effective couplings cy,, we realize the fermiophobic Higgs masses below
~ 115 GeV is ruled out by this ATLAS 8 TeV data. Recently, the latest 13 TeV data from
both CMS [100] and ATLAS [I01] have come out, but both groups only analyzed data up
to 110 GeV diphoton invariant mass. In the future, we would expect the 13 TeV data could
push the bound up to 125 GeV when all the diphoton data are released.

However, the exclusion limit m gy 2 115 GeV relies on various assumptions. The first
one is that the neutral Higgs HY has a degenerate mass with charged Higgs Hy. If we
allow the charged scalar to be heavier than the neutral one M HE > My, which quantifies
the custodial symmetry breaking effects, the cross-section of the DY Higgs pair production
o(pp — W* — HEHY) will decrease, shown as the blue dashed curves in Figure As a
result, the bound on the neutral fermiophobic Higgs mass can be lowered down. Another
assumption is that we only include the W= boson in the loop contributing to the effective
couplings cy. If other charged particles such as charged scalars H]j\t, or charged fermion f*

enters into the loops in Figure [7.4] we would expect constructive or destructive interfaces
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Figure 7.8: The allowed custodial quintuplet branching ratio into photons in the GM (blue)
and SGM (orange) models [102].

with the W¥ loops. By taking Ay, = 107 to quantify the destructive effect, we would
lower down the bounds to Mpyo Z 90 GeV, shown in Figure On the contrary, if we
allow large charged particles such as doubly charged scalars H** or fermions f** to run in
the ¢y, loops, or the new charged particles contribute to cy., constructively by the interface
with W loops, we would expect to get large effective couplings cy,. For example, with
Avy = 0.05 shown in Figure the bounds on the neutral fermiophobic Higgs mass can be
as large as M HO 2 160 GeV. We want to mention that VBF production mode by assuming
sg =~ 1, this ATLAS 8 TeV diphoton searches would rule out the SM-like scalar with masses
below ~ 140 GeV. But this production mode becomes less sensitive when sy < 0.1, which is
constrained by the measurements of the exotic contributions to the EWSB.

Besides the mass splitting from the custodial symmetry violation and new charged parti-
cles’ contribution to ¢y, loops, there is another possibility which can help us to lower down
the exclusion limit of the fermiophobic Higgs mass, which is the invisible decay into the dark
sector. Taking the SGM model as an example, we have a whole sector of fermionic superpart-
ners accompanying with the scalars in the GM model. If these fermionic superpartners are
light, which is quantified by the LSP mass, we would expect the GM-like scalars to decay into
the fermion higgsinos, which would lower down the branching ratios of the neutral scalars
HY. decay into photons. As a result, we could allow very low mass neutral fermiophobic
scalars as long as the invisible LSP mass is even lower than the neutral Hy. Here in Figure

[7.8 we show the allowed branching ratios of the quintuplet emerging in the GM and SGM
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models, by dividing the latest CMS 8+13 TeV 95% exclusion limit of o x BR(H — 77)
[100] with DY Higgs pair production cross section o(pp — W* — HYHZ). We can see
a lot of points with low quintuplet mass ms are stilled allowed by the current LHC limit,
which corresponds to the LSP mass in the SGM model. Furthermore, we have projected
the current LHC limit to the future by assuming two orders of magnitude improvement in
sensitivity, which is beyond the future LHC diphoton searches, but achievable at future high
energy colliders, such as CLIC, ILC, HL-LHC, etc [103].
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Chapter 8

QCD factorization theorem

In the first part, we explored Higgs triplet models as a window to the physics beyond
the Standard Model, and we used them to predict a large number of new particles, including
the Higgs scalars and the superpartners. A remaining fundamental question is how we can
directly detect these BSM particles in laboratories. The most powerful experimental machine
is the hadron collider, offering the most efficient way to push the energy up to the highest
frontier. The physics at hadron colliders strongly relies on our understanding of the proton
structure in the framework of quantum chromodynamics (QCD), which is the main subject

of this part.

8.1 Factorization theorem

In the last chapter of Part I, we have discussed Higgs production through vector-boson
fusion (VBF), associated with vector boson production (VH), and the Drell-Yan (DY) Higgs
pair production, see Figures [7.1] and [7.2l However, the primary production mechanism for
the SM-like Higgs boson at hadron colliders is gluon fusion gg — H, shown in Figure [8.1]
In this section, we will take the gluon fusion as a starting example to demonstrate the QCD

factorization theorem.

8.1.1 Higgs production through gluon fusion
With the notation

k=0, ks =0, (ki + ko)> =p* = 5= Mj, (8.1)
the partonic cross section can be expressed as
1 d3p

5 H)=— [ ————©2n)*%*(ky + ko — 2, 2

og ) = 5z [ Gy @m)'5 k4 ks = M| (52
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Figure 8.1: The Feynman diagrams for Higgs production through gluon fusion at the lowest
order.

The amplitude square |M|? already shows up in Equation (6.42)). Therefore, we can express

the LO partonic cross section in terms of the partial decay width as
872 d*p
I'(H — — 0Ky + ky —
NQQMH( gg)/E (k1 + ko — p)
2

™ N ~
= T(H — 99)d(3 — M) = 000(5 — Mp),
SMpy

(99 — H) =
(8.3)

where the partial width is )

3 , (8.4)

4

and
Aypa() =2[1 + (1 = 1) f(7)]772,

arcsin® /7 (r<1) (8.5)
fr) = 14171
1:/1—:% —am| (7 >1).

—% log
The 7 parameter is defined as 7 = M% /4m?, where m denotes the quark mass running in the
triangle loops. The main contribution is from top quark, due to its large Yukawa coupling.
Hence, we can safely ignore other SM quarks and only focus on top quark. In turn, we have

the final partonic cross section of gluon fusion as

Gra?M3 |3 ? ) ) )
o — H)=——"2|-A5(11)| (58— Mz)=00Mz6(5— Mz), 8.6
(99 ) 28821 |4 1/22( t)| o i) oM i) (8.6)
where the prefactor is defined as 6¢ = 2?;\;% %Al /2(7%) ‘2. In the large top quark mass limit

my — 00, i.e., 7 — 0, we have

4 GFOé2
— O _— A = - — Fn = S .
fn) Vel =3 = 00 = S e

(8.7)
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The gluons come from the initial hadrons (e.g. protons), shown in Figure . In

Figure 8.2: The gluon fusion pp — H in proton-proton collision.

the picture of the parton model or its QCD improved version, the gluon momenta can be

parameterized as

kl = .Tlpl, ]{?2 = ZEQPQ, (88)

where

S S

o[
o[

P =Y2(1,0,0,1), P, =+-(1,0,0,—-1), s = (P + P)?, (8.9)

where we neglect the proton mass and work in the center-of-mass frame of the initial-state
protons. Here we only consider at the LO to demonstrate the QCD factorization. At a higher
order, the gluon can come from splitting of initial-state gluons or quarks. The ¢ function in

Equation gives us
Mg =p* = 5= (k1 + k2)? = 21755 (8.10)

In the QCD improved parton model, the hadronic cross section can be obtained by weighting

the partonic cross section 6(gg — H) with the parton distribution functions (PDFs) f/,(),
olpp — H) = /dildx?fg/p(xl)fg/p(xQ)&@g — H) = 60Mf; Lyg( M), (8.11)

where we define the partonic luminosity as [104]

dl’l
Loy (M) = [ dordeafyy(o0) a6 = M) = = [

S T

fg/p<$1)fg/p< ) (8.12)

-
x1
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with 7 = 129 = M7 /s at the LO. In many cases, we shorten the gluon PDF as g(z) =
Sorp().

8.1.2 The factorization formalism

The hadronic cross section in Equation (8.11]) reflects the factorization theorem of Quan-
tum Chromodynamics (QCD). It was first pointed out by Drell and Yan that Bjorken scaling
[105] and Feynman’s parton model [106, 107], which was developed for deep inelastic scat-
tering (DIS), can be extended to hadron-hadron collision processes [108]. As an example,
a massive lepton pair production through quark-antiquark annihilation, or Drell-Yan (DY)
process q7 — 11~ can be formulated as

o(AB) =Y / Arads fuya(@a) for5(@0) 5 (8.13)
where fq/4(x) is the parton distriblii;bion function that in early 1970s was extracted from the
structure functions in DIS, and is now extracted from the global analysis of QCD processes.

However, problems arise when perturbative corrections to Equation from real and
virtual gluon emissions are included. Large logarithms from the collinear gluon emission spoil
the perturbation convergence. It was quickly realized that these large logarithms should be
absorbed into the redefinition of the parton distribution functions via DGLAP evolution
equations [109] 110} [TTT) 112], which explains the phenomenon of the scaling violation of the
structure functions. The magic is that all the logarithms appearing in the collinear parton
emission in the corrections to the DY process can be absorbed into renormalized PDFs.

It has been rigorously proved that inclusive scattering cross section of the DIS and DY
processes dependent on one typical energy scale @) > 1 GeV can be systematically factorized
into the short-distance and long-distance parts [113, [I14]. The short-distance part absorbs
hard interactions of partons that can be calculated as a perturbative series in the QCD
coupling strength. In contrast, the long-distance part absorbs the nonperturbative effects.
It is parameterized by functions describing the distribution of partons in the hadron. For
other single-scale QCD observables, we have no rigorous proof of the factorization theorem

yet.
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Beyond the leading order (LO), we expect the perturbative corrections to the hadronic

cross section of Equation (8.13]) to be schematically written in the form
o= Z/dxadxbfa//x(%, pr) foys(xs, ip)[60 + as(pr)o1 + - -] + O(Agep/Q).  (8.14)
a,b

Here pp is called a factorization scale, symbolizing the scale to separate the long- and short-
distance effects, and pugr is the renormalization scale for renormalization group equation
(RGE) running of the strong coupling a,. Formally, the all-order cross-section, which is a
physical observable, does not depend on the choice of the factorization and renormalization
scales. That is to say, the cross section calculated to all orders in Equation (8.14)) is invariant
when varying the artificial parameters pur and pg. However, obtaining the complete set of
higher-order corrections is impractical, which forces us to make a reasonable choice of the
two scales to ensure the predictivity of our theoretical calculations. The standard choice is
to set the two scales equal to the physical energy scale ) of the hard scattering processﬂ7 to
avoid large logarithms, such as ur = ur = Q) = My for the DY process. Varying these scales
yields the scale uncertainty, which can be used as an estimator of the unknown higher-order

corrections.

8.1.3 Drell-Yan process

As we mentioned above, the Drell-Yan process corresponds to the lepton pair (eTe™
or uu~) production in a hadron-hadron collision. In the basic process, a quark and an
antiquark annihilate to produce a massive virtual photon, which decays into a lepton pair,
qq7 — v* — 11~ as shown in Figure The total partonic cross section for the DY process
at the LO can be obtained from ete™ — p™p~ in QED by inserting the appropriate color

and electric charge factors,

e? 4o’
- "l * l+l_ — 5 —q 5 = 1
olqq =" = 117) Goyr 0= 5 (8.15)
Here e, is the fractional electric charge of quarks: e, = 2/3 and eq = —1/3, and N, = 3 is

the color factor.
As in Equation (8.8), the momenta of the initial partons in the lab frame can be

parametrized as
k‘l = ?(ml,0,0,xl), k’g = \/75(.1'2,0, 0, —[IZ'Q). (816)

!Sometimes, we multiply by a factor of order unity. That is, up r = £Q, where £ ~ O(1).
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Figure 8.3: The Feynman diagram for the DY process.

At the LO, the momentum conservation gives us the invariant mass of the final-state lepton

pair as

Cﬁ»
S

i = = (ki + k) = z1295. (8.17)

With the definition of rapidity of the lepton pair as

1. O4pd 1
PutPi_ 20, Tt (8.18)

we have

x1=——¢€Y, xg = —e V. (8.19)

In terms of the factorization formalism (8.13]), the LO hadronic cross section takes the form

62

o= /d$1d$2 > law(wr, M) e, M) + Gi(1, My)gic (22, M) 60%- (8.20)
K

C

where we choose the factorization scale to be the invariant mass of the lepton pair, ur = Mj.

Substituting the integration variables as

(1, x2) 5 |
dridry = | =————=|dM;dy = -dM;d 8.21
r1dT2 6(Mﬁ,y) u4y Pl Y, ( )
we can get the double-differential cross section as
do 5’0 _ _
dMﬁdy = N.s Xk:ei [ (21, M) Gy (22, M) + Gp(21, M) qr (22, M)] . (8.22)
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8.2 Deep inelastic scattering

As we mentioned above, deep inelastic scattering (DIS) is another process in which the
factorization theorem has been proved rigorously. Because of its relatively simple structure, it
has been extensively studied since the SLAC experiment [115, 116, [117], both experimentally
and theoretically. DIS is very important for the QCD factorization in two aspects. First,
it was the first experiment to see partons as point-like particles inside the hadron, which
stimulated the formulation of the parton model [106] [107] and Quantum Chromodynamics
(QCD). Second, DIS experiments provide the most precise data to determine the parton
distribution functions, which will play a key role in searches for new physics beyond the

Standard Model in the future.

8.2.1 Kinematics

The Feynman diagram for deep inelastic scattering at the Born level is illustrated in

Figure 8.4: The Feynman diagram for deep inelastic scattering e (k1) N(p) — e~ (ko)X

Figure [8.4l The particle momenta defined in the rest frame of the proton are

p=(my,0), k= (Eki), k= (Esks). (8.23)
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We can define the Lorentz-invariant variables as
S=p+k)" =p +2 ki :m§+2mpE1,

v=p-q/m,=E; — Ey, (8.24)

Q% = —¢* = 2k; - ky = 2, E5(1 — cos ),
where we have used the zero-mass approximation for lepton k? = k2 = 0. We can introduce

the dimensionless variables

2 2 . E
2p-q  2myv ki-p  E; Ey
which satisfies
0<x<1, 0<y<lLl (8.26)

Hence, all the Lorentz variables can be expressed in terms of S, z and y.

Q* = 2xp - q = Sxy, (8.27)
p-q_ Sy/2 1

¢  —Szy 20
Then, we can integrate the phase space
4P — d3k, 1

(27)32E,  (27)32E,
yS Y 2
amp o = Tl

where we have integrated out the azimuthal angle [ d¢ = 2. The differential cross section

for DIS is

2rd cos 0 E5d By

(8.28)

1 d3k2 4 ¢4 1 2
do = o> (2m)'04 (g —p—px)5 ) IM|

F (27T)32E2
X (8.29)
~ oL, Swm
- 28 Mg '
Here FF = 4F M = 25 is the flux factor in the hadron rest frame. The matrix element
1 et y
5 00 IMP = L () LX) (XL H ) (8:30)
contains the leptonic tensoef L, that for m. = 0 takes the form
1 _ _
Luw = 5 2 [lkryu(ks)alks)yu(k))
Se (8.31)

1
= 5 Tr[k/lfyuké%] = 2(kl,ul@,z/ + kl,ukZ,u - g,ul/kl ' k2)'
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We define a structure function of the hadron as
W (q.p) = Y _(2m)*6* (g + p — px)(H(p)|JL| X)X | Ty | H (p))
X

oAV
= (—g" + 1

q p-q v p-q,
> )W1+(P“—?qu)(l? T YW

i (8.32)
= (9"Q° +d"¢") _Q12 +
W1 W2

— (M wov 2t (201 vy ''2

(9" Szy + ¢"q )—_Snyr( zp! +¢")2ep” + ¢") 3,

where we have used the identity (px — p)(X|J}|J(p)) = 0, and in turn ¢, Wy (¢,p) =

W4 (g, p) = 0 because of the U(1)gm Ward identity. Since ¢*L,, = ¢"L,, = 0, we have

L, Wi (q,p) = 2SzyW; + S*(1 — y)Wh. (8.33)
So, we have the fully differential cross section,
do ya
S|2 1-— .34

which can be also written in terms of (z, Q?),

do yo 1—vy 27, 1—y
= 2 —_— = F + F 8.35

Equation (8.35]) contains the structure functions Fj(z, Q?) that are commonly introduced in

modern DIS calculations:
Fi(z, Q%) = Wy /4, Fy(z,Q*) = SyW, /8. (8.36)
For the charged-current neutrino DIS process,
vu(k1) + H(p) = p (ko) + X, or (k1) + H(p) = p' (k) + X. (8.37)
we derive the cross sections by following Ref. [118]. We just need to change the propagator

and EW couplings in the amplitude,

e 1 ¢ _Gr miy

- s == 8.38
@ 8my —q¢  V2mi + Q2 (8.38)
If Q* < m3,, we can write the differentlal cross section as

dUVH,DH G3 1
Tdedy 2—7‘:2ME[(1 — ) F5 (2, Q%) + 2y’ Fi (2, Q%) £ ay (1 — §y)F§E($,Q2) - (8.39)

8.2.2 The parton model
Similarly to the hadronic cross section defend in Equation (8.13)) at the lowest order in
QCD coupling ag, we can obtain the hadronic tensor by weighting the partonic tensor with

the parton distribution function as

W Q) =3 [ e (a2 (3.40)
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where w” denotes the partonic tensor:
w (2, Q%) = (g J"| X )(X|J"]q) = Z/dCD;c!M(W — X)|* = 2Im M(yq = 7q), (8.41)
X
where we have applied the optical theorem. Therefore, inserting the amplitude of “deeply

virtual Compton scattering”, we obtain the hadronic tensor as

WW@@%=mm/%ﬁmw—5n1w7—fi%;g o

2 w+a) (8.42)
dx pr“:np + xptq” + xpqt — g ap - 7
=2Im f
2xp - q — Q2 + ie
Using the imaginary part of the expresswn
-1 7 Q?
I =7m0(2zp-q— Q%) = —=0(x — 8.43

we obtain 5
wh = f (w)is(pr“pr” + 2xphq” + 2xp”q” — 9" xys)
xry

o (8.44)
= (o) os ] = (0 Smy+ ag") + (a0 + ") 20" + )]
By comparing to the Equatlon ”, we get the structure functions as
27‘(’
wy= L0 20 e T 2T g fayan
x yS x yS (8.45)
W:f()27r42_8f() m
2 x yS yS

Substituting W » into the Equation (8 , we get the fully differential cross section for DIS

as

d
dmZy ;QZ [2J:yf( )2+ S(1 — y)8f(x)xy%]

_ %%Sf(x)x[?f +2(1 - y)} = QWSESf(x)x[l +(1- y)2]‘

With the definitions of the structure functions in Equation (8.35]), we have
Fi(z, Q%) _:_Zek ar(z) + ai()],

SyW2

(8.46)

(8.47)

Fy(z,Q%) = = 22 F (z, Q%) —xZek ax(7) + ()]
We can define the longitudinal component with the comblnatlon of F; and F5 as
Fr=F, —2zF;. (8.48)
At the leading order O(aa?) that we are working, we have Fj, = 0.

We can express the structure functions in terms of PDF's for individual flavors:

FP(z,Q*) =z {g [u(m) + ﬁ(a:)} + %[d(:{;) + CZ(JJ)] } +oe (8.49)
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where the dots represent the contributions from heavy flavors. Partons inside of the proton
include both valence and sea quarks,
ful@) = u(z) = () + Usea(), fa = U(r) = Useal), - - (8.50)
Considering that a proton is made up of three valence quarks, sea (anti)quarks, and gluons,
the PDF's in the proton satisfy three sum rules reflecting the quantum numbers of the proton:
® isospin
1

E/dx(u_u_dw):%; (8.51)

e strangeness
/dx(s —5) = 0; (8.52)

e clectric charge

%/dx(u—u)—%/dx(d—d)—%/dx(s—s)zl. (8.53)

Consequently, we can obtain the flavor sum rules

/dx(u—a):/dxuvzz, /dx(d—cz):/dmdv:L (8.54)

For the charged current (CC) DIS, the basic scattering subprocesses are

W*: vd— p u, vi— pd,

(8.55)
W~ vu— ptd, vd — ptu.
Following the same derivation, we get the structure function for CC DIS at LO as
FY? =22 (u+d), FyP =2z (d+a). (8.56)
Therefore, we obtain the Adler sum rule [119]
d _ _
/—x(FQVP—F;p):2/dx(u—u—d+d):2. (8.57)
x
Similarly, we can derive the Gross-Llewellyn Smith (GLS) sum rule [120] as
/dx(u+d+s—ﬂ—J—§)—N(q)—N(cj)—3, (8.58)

which is also referred to as the baryon number sum rule. With the isospin symmetry between

the proton and neutron, we would expect the structure function of neutron to be

" =u E(u + ) + g(d + J)] : (8.59)

Comparing with the proton structure function in Equation (8.49)), we obtain the Gottfried

sum rule [121]
I |

SG—/dx(erp—an)—%/dm(u+a—d—d)—§+§/dx(a—d). (8.60)

X
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If the quark sea were SU(2)gavor Symmetric, we would have @ = d, and Sg = 1/3. However,
the NMC experiment measured the value Sz = 0.2281 4+ 0.0065 at Q = 4 GeV for the
integration interval 0.004 < x < 0.8 [122, [123| [124], which implies a flavor-asymmetric sea.

Finally, the total momentum carried by quarks is given by

(x), = /dmc Z(q +q)=1—¢, (8.61)

q
where the € = [zgdr = (z), indicates the gluon momentum. Experiment measurements

tell us that (z), = 0.465£0.023 at @) = 15 GeV [125], indicating that a large fraction of the

proton’s momentum is carried by gluons.

8.2.3 QCD corrections

From the quantum field theory point of view, the quark fields in the electric charge
currents J* = Y gy*q were effectively free, which is justified by the asymptotic freedom
of QCD. However, the radiation of hard gluons from quarks or gluons splitting into quark
pairs breaks the naive picture of the parton model, leading to logarithmic violation of the
Bjorken scaling. For example, in Figure [8.5] an approximate scaling is observed in the
DIS data at = =~ 0.1, but apparent scaling violation happens for the lower and higher x.
This scaling violation can be systematically explained by including the higher-order QCD
corrections. The diagrams of next-to leading order (NLO) correction are shown in Figure
.6l

Starting at NLO, the DIS structure function is generalized as the convolution of the
coefficient functions and the corresponding PDFS,1 )

Fe@) =Y cofi=Y | d—ja(g, /%)fxy, ur), (8.62)

where ® denotes the convoluti(;n integral, anid ,l;; is the factgrization scale. The structure
function, which is a physical observable, should be independent of the choice of factorization

scale pr when computing to all orders in a,. That is to say, F(z,Q?) is invariant when

varying jip,
dF dC; dfi
Cdlnpz dlngd @hitte dlnp2

(8.63)
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Figure 8.5: The inclusive NC e*p and e~ p cross section together with fixed-target experi-
ments, BCDMS [126], 127] and NMC [128], compared with the predictions of HERAPDF 2.0
NNLO [129].
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Figure 8.6: The next-to leading order (NLO) corrections to the DIS e~ (k)N (p) — e~ (ko) X.

We implicitly sum over the repeated index i = ¢, ¢, g. The factorization scale dependence of
PDFs is governed by the DGLAP evolution equations [109] 110, 11T, 112,
dfi Qs (/ﬁ%)
= =7 ;. 8.64
dln p or Y @i (8.64)
Here we evaluate the QCD coupling strength a, at another “renormalization” scale ugr that

is generally different from the factorization scale pp. When solving the DGLAP equations
numerically, we normally set the two scales to be the same, yr = pp. In the Wilson coefficient
function, both scales pr and pg are normally chosen to be of order of the hard scale @), even
though they don’t need to be equal. The strong coupling a;; evolves with the renormalization

scale according to the renormalization group equation (RGE),

dOés/47T Qg 2
Tz =B == () + (8.65)
where fy = 11 — 2N;/3.
If we use a shorthand notation,
Q? O‘S(/ﬂ)

L=In Fa a'(/“'L2) = Ax ap = (I(QQ), (866)
we can expand the running strong coupling a, PDF f, splitting functions P and coefficient

functions in terms of strong couplings ag. Let us start with the running strong coupling a:

a=ag+ Ajaj + Asal + - . (8.67)
The RGE for a, can be rewritten as
da
VA a(foa + Bra® + - --). (8.68)
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Substituting Equation (8.67) into Equation (8.68)), we could determine the expansion co-
efficients Aj ... Therefore, we obtain the perturbative expansion for the scale-dependent
coupling as

a = ag+ BoLajy + (85 + Bi)ag + - . (8.69)

Similarly, we can expand the splitting function P and the PDF f in terms of ay,
o= 10+ a0+ [Pa 4 -
P = P(O)a + P( Ja + P(.Z)a2 +

= Pag + (BoLP + PP)ak + |(B3L2 + )P + 2B LB + PP | af+ -
(8.70)

where we have substituted the result of Equation (8.69)). Please be careful, the expansion

coefficients of splitting functions PO are defined in terms of a, not ag. The DGLAP

)

equation can be written as
dfi
dL

= —2aP; ® fj. (8.71)

Plugging in the expansion (8.70]), we get the perturbative coefficients as
1 =13

iV =-LPP @ 19 + £7), (8.72)

£ _ %(L2P'(') ®]Dj§]g> 2PV — 5,12 P) ®fk LP<° ®fj +fz-(,?
Please note, f o is the PDF expansion coefficients at the initial scale § = Q?, while fi(k) is
the coefficients at any scale . In our practical PDF parameterization, we have the freedom
to choose the initial conditions for DGLAP equation as fi(7 = fi0, and set f;q (k>0) — 0.

Now, with the scale invariance condition , we obtain the structure function at any

scale as

F(p?) = F(up), ie. C(p*) @ f(1?) = Cg) ® f(115). (8.73)

We can expand the coefficient function at any scale as

k
Cilz, as(p?), L) = > d* <c§."> +y cg’“”")Lm) . (8.74)

k=0
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The ™ can be calculated perturbatively, such as cgo) = §(1 — ), while céo) = 0. The first

order corrections cgl) are calculated in Ref. [I30]. The coefficients of L™ are
021,1) :c§0) ® PO

=" P+ @ (P - Budj),
1

2.2) _ 2 (LD o (Pj(z.o) — B0dji),

¢ 5%

(8.75)

This way, we can get the coefficients at each «a;, order recursively. In the next chapter, we

will apply this recursive relation to the coefficient functions for heavy-flavor production in

the framework of the intermediate mass (IM) scheme up to N3LO.
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Chapter 9

Heavy-flavor production in deep inelastic scattering

As we mentioned before, DIS data play a crucial part in probing the parton structure,
which is described by parton distribution functions (PDFs). In the next two chapters,
we will focus on a practically important question of QCD theory: computation of radiative
contributions with massive quarks in deep-inelastic scattering, heavy-flavor hadroproduction,
and other such processes. The quark masses arise in perturbative QCD expressions as
additional mass scales: modern precise calculations must be based on a QCD factorization
formalism that properly accounts for relevant mass effects in the whole range of accessible
energies. In the asymptotic region where the physical energy scale @ (such as photon
virtuality) is much larger than the heavy-quark mass, Q) > m,(q¢ = ¢, b, t), the heavy quark
behaves effectively like a massless parton. The large logarithms o™ log”(Q?/ mg) spoil the
convergence of the perturbative expansion and, therefore, need to be resummed into heavy-
flavor PDF's. In the threshold region, () ~ m,, quark masses may be non-negligible both
in the phase space factor and scattering amplitudes. For instance, DIS at the ep collider
HERA has successfully probed the proton structure function at as low as x ~ 107° [129].
Contribution from charm quark scattering can be as much as 20% of the total DIS cross
section, especially at small x. HERA collaborations have published combined measurements
of semi-inclusive charm production in DIS, ep — eC' X, where C' is a charmed meson such
as Dy [131]. For these processes, we have to correctly deal with the heavy-quark mass terms

in the DIS structure functions.

9.1 Fixed-flavor number scheme

When the mass of a heavy quark m, is of the same order or larger than the hard scale
Q, its radiative contributions may be included only in the hard cross section, in which the
heavy-quark mass is retained; but not in the running QCD coupling, MS masses, or PDFs.

That is to say, at such () values, the heavy quark is included solely in the short-distance cross
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section, and does not contribute as an active parton flavor [[] This common theoretical
approach is referred to as the fixed-flavor number (FFN) scheme. When such a scheme
is applied to DIS, heavy quarks can be only produced through virtual photon-gluon fusion
into heavy-quark pairs (7*g — c¢), which is also called flavor-creation (FC) process. The
active flavors are renormalized by MS subtraction, and inactive flavors by zero-momentum
subtraction. In the decoupling limit when masses of heavy quarks are much larger than
the physical scale of the process, m, > @, graphs involving heavy quarks are suppressed by
a power of ()/m,, which can be safely dropped. The PQCD computations presented in the
previous chapters were done for particles whose masses were much smaller than the physical
energy, Q% > m?, so that we could neglect the quark masses by introducing errors of order
O(m?/Q?), which corresponded to the zero-mass (ZM) Scheme.

However, neither the zero-mass nor the FFN scheme works perfectly in the region when
the physical energy is about the same as the quark mass, Q? ~ mg. In such a case, we
need a composite scheme composed of a sequence of subschemes, which transits from the
decoupling region, Q* < mg to the asymptotic region Q2 > mg smoothly. A heavy-quark
scheme proposed by Collins, Wilczek, and Zee (CWZ) [132] realizes this idea. In the CWZ
scheme, heavy quarks are inactive when Q* < m?, and become active when Q* > m?. In
the threshold region Q? ~ mg, heavy quarks switch from inactive to active flavors when the
physical energy scale crosses the transition point Q% = mg. In such a way, the CWZ scheme
realizes a smooth transition from the N subscheme to the Ng + 1 subscheme. Therefore, it
is a variable flavor number (VFN) scheme. This scheme has become a standard [133], 134]
and was extended to deal with the PDF's for massive quarks under the name of the ACOT
scheme [135], 136}, 137, [138], [139]. In the subsequent subsection, we will take the charm-flavor

production in DIS to demonstrate the idea of the ACOT scheme explicitly.

9.1.1 Massive Nr = 3 scheme vs. massless Nr = 4 scheme
Q? > m? When the photon virtuality is much larger than the charm quark

mass, we can safely take the charm quark to be active, both in PDFs of proton and also

! Active flavors refer to the quarks that contribute as partons to scale dependence of the QCD coupling,
particle masses, and the parton distributions inside the hadrons. Light quarks with m < @ can be safely
treated as active, and heavy quarks with m > @) are inactive. Quarks with mass m ~ @ can be treated
either active or inactive, depending on the specific scheme.
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g
Figure 9.1: The Feynman diagrams contribute to charm production in the massless 4 flavor

scheme.

in the running of «; (i.e., the oy and PDFs are evaluated with Np = 4 active flavors).
The leading order (LO) process comes from flavor excitation (FE) of the initial charm
parton. The next-to-leading order (NLO) corrections involve virtual loops and the real
radiation of an extra gluon, and also the flavor creation (FC) of c¢¢ pairs. We show the
representative Feynman diagrams of the LO and NLO charm production mechanisms in
Figure [9.1 Furthermore, we can work in the massless Ny = 4 approximation by setting
m. = 0, which simplifies our calculations significantly. However, when the energy scale @)
goes down towards the threshold region () ~ m,, the zero-mass approximation becomes
unreliable, because the missing higher-order terms O(m?/Q?) are no longer negligible. The
qualitative behavior of the applicability and uncertainty of structure-function Fs(z,Q) as a

function of @), for moderate z, is illustrated in the left panel of Figure [9.2]

4-flavor O (a) NLO 3-flavor O (a2) Vo]
a2In2()
S

FE(x,Q) FLxQ)

MO NLO

Q2 Q2
Figure 9.2: The expected reliable regions of the 4-flavor (left) and 3-flavor (right) schemes
(taken from Ref. [140]).
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Q? ~ m?2. When the physical energy scale is of the same order as the charm quark
mass, the charm quark must be treated as a massive particle. As the charm PDF that
resums collinear logarithms In(Q?/m?) in the limit of @* > m? does not carry real physics
near the charm production threshold, the hadronic cross section is best computed in the
massive Ny = 3 scheme. The leading order of charm production comes from the flavor
creation (FC) of a c¢ pair shown in the first diagram of Figure . In this massive Np = 3
scheme, we have to keep the charm mass m, explicitly through all the calculations, and we
use thick lines to denote propagators and external legs for particles with non-zero masses in
the Feynman diagrams. In comparison, the thin lines refer to the partons which are treated
as massless (i.e., quark masses are neglected in the respective quark wave functions and

propagators). The gluon is always massless. In the Ny = 3 FFN scheme, the LO Feynman

2

) (shown in Figure

diagram is order of aay, and the NLO diagrams corresponds to O(a«

as well). They are much more complicated due to charm mass, m., dependence, as we

2

will see in following sections. We would expect this FFN scheme to apply when Q% ~ m?.
However, when the physical energy goes much larger than charm mass ¢ > m., FFN
calculation becomes invalid because the omitted terms O(aZ* log" g—;) become large and ruin
the convergence of perturbative expansions for the Wilson coefficient function. In the limit
m. — 0 or () — oo, these logarithmic terms are no longer infrared safe. As a result, we

would expect that the uncertainty expands in the Ng = 3 scheme when the physical energy

increases to () > m., as demonstrated in the right panel of Figure (9.2

(0O000000"

o

|

q q

Figure 9.3: The representative Feynman diagrams contribute to charm production in 3 flavor
scheme.

119



9.2 Variable Flavor Number scheme

As we discussed above, neither the zero-mass Np = 4 scheme (mainly FE) nor the massive
Np = 3 scheme (mainly FC) works perfectly across the full energy range. But either of them
individually works well in its own region of validity. Therefore, it is very natural to come
up with a composite scheme that reproduces the advantages of each scheme in its respective
kinematic limit. In this new scheme, the active flavor number varies when the energy goes
from low Q(~ m.) up to high Q(>> m.), and therefore, it is a variable flavor number
(VEN) scheme. A naive idea is to implement a hard switch from the massive Ny = 3 scheme
to the massless Np = 4 scheme at some intermediate “switching scale”, ), above m.. But
perturbative QCD does not predict the switch point (Qy, and also this approach will create
a discontinuity in the hadronic cross section at the switching point.

In order to overcome this discontinuity of the “hard switch” approach, we need to come
up with asymptotic subtraction terms in order to get the massive Nr = 4 scheme of the
ACOT family [135, 136], 137, 138, 139], which naturally switches from the massive Np = 3
scheme (mainly FC) to the massless Ny = 4 scheme (mainly FE) when @ increases, in the
following way:

ACOT = FE — Subtraction + FC. (9.1)

Ideally, the subtraction terms will get close to the FE terms asymptotically in the low energy
limit (@ ~ m.), and approach to the FC terms in the high-energy limit (@ > m.). In such
a way, we can realize the switching smoothly as

e () ~ m,, Subtraction ~ FE, ACOT ~ FC, massive Np = 3 scheme;

e () > m,, Subtraction ~ FC, ACOT ~ FE, massless Nr = 4 scheme.
This idea in Equation is depicted in Figure The first diagram represents the FE
terms, which are the main contribution in Nrp = 4 scheme. The third diagram stands for
the FC terms, in which we have to keep charm quark mass. The middle diagram represents
the subtraction terms, which come from the convolution of the gluon splitting function with

the Wilson coeflicient functions of flavor-excitation terms.
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.

A

&
Figure 9.4: The realization of subtraction in VFN scheme. The thick lines indicate the

m. dependence, while think lines represent massless quark. The black point means the
convolution in ACOT scheme.

Note that all three terms on the right-hand side of Eq. are evaluated by assuming
Np = 4, so that the scheme presented in Equation (9.1 is a general-mass Np = 4 scheme.
By its construction, its prediction reduces to the massive Np = 3 at ) ~ m,.

To accommodate bottom quarks and even heavier flavors, the practical ACOT scheme
increments the number N of active flavors as 3, 4, 5,... when () crosses heavy-quark masses
Mey, My, ... H Therefore, the complete ACOT scheme is a general-mass variable-flavor-
number (GM-VFN) factorization scheme that consists of a series of subschemes with incre-
mented Np, and with the FE and Subtraction terms introduced like in Equation .

In the original version of ACOT scheme [135], 136, 137, 138, [139], the heavy quarks are
treated as massive in both the FE and the FC terms. Soon, it is realized that we can treat
the heavy quark as massless in the FE terms, which simplifies the calculation significantly
but without losing the accuracy, which is called Simplified-ACOT scheme [141], [142]. In such
a scheme, the FE terms in Equation exactly correspond to the massless Np = 4 scheme.

Since the ACOT scheme was proposed as the first realization of GM-VFN scheme, many
other similar implementations have been developed for photo-[143], lepto-[144], 145, 146, 147,
148| T49] and hadroproduction [I50] of charm as a heavy flavor. Different VFN implemen-
tations adopt different subtraction scheme, but the key underlying ideas are the same as

Equation ((9.1)).

2The switching from Ny =i — 1 to Nz =4 need not to happen exactly when Q = m;.
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9.2.1 Subtraction term
Let us examine the the inclusive structure function for charm production in DIS to
demonstrate explicitly how the subtraction works in the (Simplified-)ACOT scheme. In
terms of the factorization theorem, we gan \;vrite down the structure fL21IlCti2011 as
Ple.@) = [ FCE T a o) + Ol 25, 05) (9.2
Here f, is the parton distribution function, and C, is the corresponding coefficient function
which can be calculated perturbatively up to some order (such as n) of a,. For charm

production, we can write the leading order expression explicitly as

2 1 d
Fle.Q) = (0. @)~ aslog 2y [ 0P, (%) gt

! T M,
+Oés/x Cg(l) (;7a> g(zvl’[’)y

where we have neglected the power suppressed terms proportional to A2 ~ 1GeV?, and the

(9.3)

convolution is defined as
Ldz T
C®f= / —c (;) £(2). (9.4)

We can shorten Equation (9.3)) as

E,=CY®c—a,log %Céo) @ Py @9+ 0430551) ®g. (9.5)
The first term is the FE term. In the lowest order, its coefficient function can be written
as Cé?c) (r) = €25(1 — z). The third term indicates the lowest order of the FC term, which
is the gluon fusion shown in the right panel of Figure 9.4, The second term corresponds
to the gluon splitting into the charm, which is counted twice both in the resummed charm
PDF and the hard cross section of ¢¢ production shown in the right panel of Figure [9.4]
Therefore, we have to subtract it in order to avoid double-counting, which is the key point
of the (Simplified-)ACOT scheme.

In the Simplified-ACOT scheme, we have neglected the quark mass in the FE terms,
which destabilizes the numerical cancelation between the FE and the subtraction terms in
the threshold region, due to the divergence behavior of log(Q?/m?) when m, — 0. In order to
amend this numerical problem, Tung et. al. proposed a rescaling x = z(1+4m?/Q?) variable
[140], which captures the threshold effect, enforces the momentum-energy conservation in
production of the heavy final states, and, therefore, improves the perturbative convergence

of the ACOT scheme in the region close to the threshold, () ~ m.. It can be understood in
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terms of the DGLAP equation for the heavy-flavor PDF. In the first-order approximation, we
have Pc(}_)q(a:) = 0. Together with the initial conditions ¢(x, m.) = 0, the DGLAP equation
for charm PDF reduces to )

%CMQ = %Pa_g ®g = c~ aglog TZ—%Pa_g ®g. (9.6)
In the region p ~ m,, we would naively expect the cancellation between flavor-excitation and
subtraction terms. However, in the small-z region, the gluon PDF diverges as 77 due to
the parameterization guided by Regge theory or In(1/z) from BFKL resummation effect. It
spoils the cancelation between ¢(z, up) and P..,® g, because of the mismatch in the higher-
order collinear logarithms that they contain. The rescaling variable x = z(1 + 4m?/Q?)

pushes the small = up to the kinematic allowed region, which improves the perturbative

convergence.

9.2.2 Cancellation between the flavor-creation and subtraction terms

We have introduced a rescaling variable y = z(1+4m?/Q?) in the previous subsection. In
the large @ limit, this rescaling variable reduces to the Bjorken x variable, y — z(Q — o).
Meanwhile, we would expect that the flavor-creation term is dominated by the subtraction
term asymptotically, since m. — 0. Let us demonstrate this behavior explicitly.

We follow the notations used in Ref. [I5I]. We consider the hadronic part of the DIS
cross section (i.e., the cross section for scattering of the virtual photon scattering on the
nucleon). So, for the heavy-quark production in DIS, we have

V(@) + g(k1) = Q(p1) + Q(p2). (9.7)
The corresponding Feynman diagram is shown in the right panel of Fig. . With k? = 0

2 we can define the Mandelstam-like variables,

=s—¢=(q+k)—¢=2q ki,

andp%:pgzm

tl =t — m2 = (kl — p2)2 — m2 = —le * P2, (98)

u =u—m?=(q—ps)’ —m?=—-2q-py+ ¢,
which satisfy s’ +t; +u; = 0. In D = 4 + € spacetime dimensions, the two-body phase space
is
dD—lp1 dD—lp2

dd, =
S (2m)P12 (2m) P 12p

(2m)P6) (g + ky — p1 — pa). (9.9)

123



Repeating what we have done before, we work in the center-of-mass frame of v*¢g system,

q+ ki = (M,0) = (. 51) + (05, 52) = (V/m? + p*, ) + (V/m? + p*, —p). (9.10)

So, we have

Pl =py= % p= \/MMQQJL?’W) = % 1- %mj = %B- (9.11)
The 2-body phase space is o
40y = Gy P o S+ 1 a8 1)
_ L b —p)
(2m)P=2 apiph E+ 5 (9.12)
B 1 pP3 0,
Cr)P 2 10+ 1)
We can integrate it out to get the volume,
VP = / dDy = W%ﬁ(%ﬂ) " ap, 2=t ﬁgﬁ (9.13)

Here dQp_; = d¢sin? 2 0d#, where 6 is the angle between p; and ¢'in the v*¢ center-of-mass

frame. We have

q= (qO,O,O,(T), kl - (k(l)aoa()? _q_> - ‘q_.‘(laovoa_l)a (9 14)
M M :
p1 = 7(1, 0,5sinf, fcosh), Po = 7(1, 0, —fsinf, —f cosb),

where we have used k} = (k{)? — |q]*> = 0. Therefore, we have

s=M=(q+k)*=("+1q)° ¢ =(")—q"=-Q (9.15)
Solving these equations, we get

M2 _ QQ M2 + Q2

o M= _ e
¢ =~ |q] I (9.16)

Previously, we obtained p = M 3/2. Then, the Mandelstam-like variables take the form
s'=2q- ki =2/q(¢° + ) = 2/qIM = M* + Q*,

M s
t1 = —2ky - po = —2—|q](1 — Bcosf) = ——(1 — Scosb),
2 2
M (9.17)
up = =2¢-p2+q* = =2--(¢" +|qBcost) + (¢")* — |qI*
/
=—M|q|(1+ Bcosh) = —%(1 + B cosb);
and we can verify the relation s’ + t; + uy = 0.
In order to explore the infrared-divergent phase-space integral, we go back to Fig. [9.4]

We wish to demonstrate the collinear divergence only appear when m — 0, which can be
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also regulated by a finite quark mass m. First, let us consider the propagator
i B i(f, — Pyt m) (kl P, +m) N 1
kl—pz—m—l—ie_(/ﬁ p2) —m2+ie =2k -py+ie  tp +ie
Here, we used on-shell condition k% = O and p3 = m?. We have the phase space factor

) 1 1 (M \D3 b
/dq)g‘./\/” /( D— 24M( ﬁ) dQDil (2]€1 ']72)2

2m)
/(27T)1D 2 . (Mﬁ) ) d¢sinD39d9(%)Q(1 —1ﬁ0089)2 (9.19)

1 1 /M \DP-3 2\?
M (2 . s),

(27T)D_24M<2ﬁ> ™\y) 15
where we define the factor Z(D, ) as

1
_ . D-3
Z(D,p) = /0 sin ¢9d6’(1 ~ Feosb)?

(9.18)

_ 9.20
VAE DD - 2B (1 252D~ 2 2 - 3+ 0 -3)] O
(8=1)(8+1)T(5)
The hypergeometric function is defined as
*° o 1, n = 0;
o Fi(a,b;c;2) = Ol where (q), = (9.21)
n=o  \On T glg+1)---(g+n—1) n>0.

We expand this integral Z(D, 3) around D = 4,
> (D=[B2+7+v0E) - (1- 2

)} +0 ((D - 4)2), (9.22)

I(D,B) = — +
SN 1)
where 1) (2) = T"(2)/T'(z). We can easily to see that, when D = 4, the integral becomes
2 1 1 1-
1(4,8)=— = I el (9.23)

g2—1 1—-p 2 4
For the massless particle m = 0, we have the threshold function § = 1, which results in

infrared (IR) divergence. In contrast, if we assign a small mass to the massless particles,
such as m., for photon, which will serve as an infrared cutoff to regulate the IR divergence.
Similarly, if we impose a cutoff for the transverse momentum (p7) of this massless particle,
which serves as an effective mass, and regulate the IR divergence in turn.

With the assumption m = 0, the integration becomes
1

T s 1
IZ(D,1)= in”30df—F—— :/ in”?~10d cos }———=
(D,1) /0 S (1 — cosh)? 0 S o8 (1 —cos6)?

1
1 Vrl(e+1)
= 1 —2z?)4d = . (Ree>1
/_1< Ay T D17 Ree Y
where we have set D = 4 + 2¢. The condition Ree > 1 means this integral only converges

when D > 6.

(9.24)
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Equipped with these results, we can write down the partonic structure tensor for v*(q) +

g(k1) = c(p1) + c(ps2) as

1 1 1
W =— M, Mdd,. 9.25
W0 (14 e) N2 — 17 v (9:25)
We can decompose this structure tensor as
W/u/ :dO-T <_g/u/ + @) +
K (9.26)

ko - kiog \ —dg?
(kllu - ];]—2qqu> <k1y — ]-quqV) 8,2(] (dUT + dO-L)

With projection operators g" and ki'kY, we can decompose the partonic cross section as

LW A2
dog = —2(1 n E)g“ Wy, dop = —gkfkl W (9.27)
The transverse partonic cross section can be obtained via
1
dor =d ——doyp. 9.28
or =doG + 5o don (9.28)
In the following, we write a universal expression for the cross section

where ¢ = GG, L. The squared matrix elements are written in terms of
|Ma|? = —g"" My(v"g — ce) M (v"g — ce),
2 (9.30)
2 4q wiv * - * * —
|ML|* = —?’ﬁ kY M, (v*g — ce) M (v"g — cC).
The constant prefactor is
1 1 1 1
OZ' = a; — )
2(14+¢€) 2¢2(14+¢€) N2—1
With the the algebraic calculations in FormCalc [78], we obtain the squared amplitudes as

ag =1, ap, =2(1 +¢). (9.31)

|M;|* = 8¢%(ece)’N.Cr B;, (9.32)
where
B.-W N b N 2¢°s N 4m?s’ 1 m2s’ N 2m2q? 9 _ s"?
¢ tl Ul t1u1 t1u1 t1u1 t1u1 t1u1
2 1.2 4 2.2 .12 2
te(-1+—4 2L L _TIY )22 9.33)
t1u1 t1u1 t1u1 tlul 4t1U1
4q2 m28/2
BL = s <S — s
S t1u1

with e, = 2/3, and Cp = (N? — 1)/2N, = 4/3. Comparing the structure tensor (9.26) with
our old definitions for the structure functions in Equations (8.32]) and ({8.36)), we can obtain

the structure functions written as
2

Fk = 47T2agk(k = 2, L), 09 = 0g + 30'L/2. (934)

We remind readers that the longitudinal structure function is defined as Fj, = F;, — 2xF}.
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At the lowest order, we have

Qo / Lot Dyged). x= ol +amt/Q),  (03)

" dmm?
where the lower boundary y arises from the threshold effect. In the asymptotic limit Q% >
m?, we have Yy — z, and the coefficient functions become very simple,

2
1y, @
Ciy(z ) = Tr[162(1 - 2))
e Ly 11— 20 4 222) (L 2w 1 4432z — 3222
2’9(2’W)_ F4(1 — 224 227) nﬁ—l— n(l—z)—Inz)—4+32z—322°|,
where Tr = 1/2. We know that the splitting function is P ,(z) = Tr(1 4 22 — 22%), and

(9.36)

the leading order coefficient functions are
) =0, O (z) = 8(1 — x). (9.37)
Therefore, in the large @ limit, the subtraction term in Equation (9.1)) can be written as

Q* [ dy tdz Yoo (Y
Subtraction = —a;In — [ —4(1 — —) —Tr|142=-2 (—) g(z, 1)
Y Yy Jy = z z

m x
Q> [(tdz x A
= oty [ T 1+2——2(—> g(z, u)

which exactly cancels the large logarithm term in Equations (9.35)) and -

(9.38)

9.2.3 The Intermediate-mass scheme

From the last subsection, we learn two lessons. First, we have demonstrated the complex-
ity of treatment of the mass-dependent coefficient functions of the flavor-creation terms. Sec-
ond, the threshold effect in the exact FC terms like Equation inspires us to introduce
the rescaling variable in the SSACOT-y scheme [140] in the flavor-excitation and subtraction
terms as well. When the higher-order corrections to DIS with full mass dependence are not
available, we can combine the rescaling variable x and the massless coefficient functions as
an intermediate step to approximate the full mass dependence that would be predicted in
the general mass (GM) scheme. This idea was first introduced as an intermediate-mass (IM)
scheme in Ref. [152], which employs the zero-mass coefficients and the rescaling variable to
approximate the quark mass dependence due to phase space in DIS at NLO and beyond.

Furthermore, we can generalize the rescaling x to a more flexible variable (()\) defined

as the solution of

B ¢
1+ CMm2/Q*

(9.39)
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Factorization Mass dependence  Mass dependence of the  Introduce heavy-quark
schemes in the FC terms ~ FE and subtraction terms PDFs at large @

FFN Exact N/A no

M None None yes
IM Approximate Approximate yes
GM Exact Approximate yes

Table 9.1: Treatment of mass dependence in various heavy-quark factorization schemes.

As the purpose of the rescaling variable is to approximately reproduce in the FE and sub-
traction terms the kinematic constraint from integration over mass-dependent phase space
in the FE term, we introduce a new parameter A\, which allows us to tune this approximate
mass effect better, depending on the specific values of Bjorken z and (). In the limit A = 0,
the new variable becomes the traditional rescaling variable, y = ((0). In the opposite limit
A — 00, we have ((00) = x, which corresponds to no rescaling in the plain S-ACOT scheme
[141, 142]. The practical numerical value of the A parameter can be obtained by fitting the
full mass dependence in the general mass cross section, if available. Usually, the exact FE
and FC terms are very difficult to calculate, especially at high orders of a,. In the IM scheme,
we can extract the A value from a lower-order calculation and apply it to approximate higher-
order coefficient functions using the zero-mass coefficients. Treatment of heavy-quark mass

dependence in the FFN, ZM, IM and GM factorization schemes is compared in Table [0.1]

9.3 Structure functions at N3LO in the IM scheme

The ACOT scheme was applied to compute inclusive and semi-inclusive DIS cross section
with massive quarks at NLO in Refs. [135] 136, [137]. Its simplified version [141], [142] that
uses the rescaling variable [140] was extended to compute these DIS cross sections at the
NNLO level [153]. Equipped with the techniques of the intermediate-mass scheme, we are
able to extend this calculation up to N3LO level O(aa?). Here we summarize the N3LO

calculation for DIS in the IM scheme performed together with Bowen Wang and previously

reported in [154].
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9.3.1 The flavor structure
Let us start with the solution to the DGLAP equations that govern the evolution of PDF's

with the factorization scale u:

aﬁlii Z/ Zo2) filz 2. (9.40)

J=4,3,9
With the following definition of convolution,

o= [ Cr(2) o = / l%ﬂz)g (5). (0.41

we can write down the DGLAP equations as

=Y P;®f; (9.42)

0 111 12
J=a,3,9
The splitting functions have the following symmetry properties [155],
Pyqi = Pogy = Pyq qu-qzc:Pfiiqk:‘Sika‘i‘P;qv
1 (9.43)
Ppg = Pgg = mpqg? Poa, = Pga, = 5ikp;§ + P;CT

Therefore, we can decompose the DGLAP equations (9.42)) in terms of the singlet quark
PDF g5 and the non-singlet quark PDFs g,, ‘1557

NF NF
=) (G+a), @w=> (6—a) ¢=(a+a) — (¢ +q). (9.44)
i=1 =1
Equation (9.42)) becomes
a QS P P qS a v aql
vl O Rl WA S B vl LT TRk L
o \y Pyq Py g H p?

with the combination of splitting functions as

Py = P, + P+ Np(P,,+ Py), P, =P, — P+ Np(Py, — Py), P =P, £ P (9.46)
As a result, we get the non-singlet PDFs qif and gy evolve independently, and the singlet
PDF evolves together with the gluon PDF. For a specific flavor, we can introduce the linear

combinations as

_ 1
G =G+ G O = 6~ 74 (9.47)
F
Then Equation (9.45)) becomes
8q-+ aq._
ins _ pt oo i _p @ 9.48
dln ,U/2 ns ® qz,ns? dln ,LL2 ns ® 4; ( )

We do not consider the minus component g; here, because it only arise in cross sections that
are asymmetric with respect to crossing symmetry, such as F3’ N+7N in neutrino scattering
through W-boson change. Therefore, we leave out the + sign in the non-singlet PDF and

denote them as ¢, ,s without causing any confusion.
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In this singlet and non-singlet basis, the structure functions need to be decomposed

accordingly as
NF NF

1
Fy(z, Q2) =7 { E G?Ck,ns ® Gins + o E ef [Chs ® Qs + Cg ® g}} , k=2 L. (9.49)
A F )

The e; is the electric charge of a quark flavor, i.e. +2/3 for up-type quarks, and -1/3 for

: L 4 .
down-type quarks. With the definition of ¢; ,s = ¢;" — ng,

NF NF'
1
Fk(x’ QZ(x) =2 { EZ 6?0]@,”5 &® q;r + N_F EZ 612 [(Ck,s — Ck,ns) (%9 ds + Ck,g X g]} . (950)
Therefore, we can define the pure singlet [156, [157], with the coefficient functions as

Ck,ps = Ck,s — Ckns, k= 27 L. (951)

we have

9.3.2 Flavor classes

In Equation , scattering contributions for quarks of different flavors in DIS at
N3LO will be associated with Feynman diagrams of several topologies. Let us review the
topological classes of Feynman diagrams that will arise. We follow Refs. [156, 157] to
category the Feynman diagrams into 5 groups, and show the representative 3-loop diagrams
in Figure 9.5, Here, the handbag diagrams are the cut ones, corresponding to the terms in
squared amplitude MH* M,

We first define the electric charge matrix as
Q= diag(—%, g, —%, ), TrQ = Zei, TrQ? = Z e (9.52)
The charge matrix Q) consists of vertex factors e; fo; the photon couiplings eieA,qi"q; to
quark flavors 7. Q arises in squared amplitudes with virtual quark loops. An internal quark
loop, with one or two external photon attached to it, runs over N active quark flavors, and
therefore contributes with a factor Tr Q or Tr Q2. If a virtual loop with a quark propagator
is attached only to the gluons, as in the gluon polarization diagram, all active contributes
equally, given rise to a prefactor Nr in the contribution of this loop to |M 2.
With the help of charge matrix Q, we are able to classify all the Feynman diagrams with
massless quarks and up to three loops into 5 groups or flavor classes (FC). The first flavor
class, F'(Cy, represents diagrams with both external photons attached to the same external

quark line, as shown in Figure [0.5a After summation over all quark and antiquark flavors,

they contribute with an overall prefactor QQ. Classes F'Cps contains Feynman diagrams in
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B N

a) FCy : Q? b) FCip: QTrQ ¢) FCpy : Tr Q?

Ligix

d) FCY : Tr Q? e) FCY, : (TrQ)?
Figure 9.5: Representatlve 3-loop diagrams for dlfferent flavor classes. The expressions after
the colon signs indicate the corresponding flavor factors.
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which both photons couple to one quark loop, as shown in Figure[9.5c| Their sum contributes
with a flavor prefactor Tr Q2. The FCi; flavor class contains Feynman diagrams in which
one photon is coupled to a closed quark loop while another photon is attached to the external
quark line. The corresponding flavor factor is Q Tr Q The diagrams that have initial-state
gluon legs must contain a gluon splitting into quarks. The quark flavors in these gluon
diagrams are summed over. If both external photons are attached to the same quark loop,
as shown in Figure m, the flavor factor is Tr Q?, the respective flavor class is called as
FCY. 1In contrast, the FCY, class stands for diagrams in which photons are attached to
different quark loops, and quarks need to be summed separately in each loop, as (Tr Q)2

The non-singlet PDF's were defined as

~ 1 _ 1 _
ins = (G + @) — N = (% + @) — e Zj:(qj +q5). (9.53)
In terms of the vector ¢ = (¢1 + @1, ¢ + G, - qny + qnp)’, We can express the i-th
component of non-singlet PDF' as
4 ‘ Np —1 1
ins = '+ @, where X' = diag(—g, -+, =+ =5 (9.54)

That is, the i-th diagonal element of diagonal matrix \* is (Np—1)/Np, while other diagonal
elements are —1/Npr. When performing the sum over quark flavors (i.e. taking the trace
of the operators), the non-singlet coefficient function for F'Cyy class does not contribute to

the cross section, because its contribution is proportional to

_ 1 . i
;%,ns = ; [(qz +q) — N—Fqs] =qs—qs =0, ie. Tr X' =0. (9.55)
Therefore, the nonzero non-singlet contributions are only from flavor classes F'Cy and F'(C';.

The traces of the F'Cy and F'CY; classes are, respectively,

Tr (QW‘), Tr (Qx’) TrO. (9.56)
A simple calculation shows that
Tr (Qx‘) — 3Tr (QW). (9.57)
Therefore, we can normalize all the flavor factors in terms of a reference factor Tr (QQ)\’) as
Tr@w‘) ™0

S 20, @ gy = | s (FC) + Cins(FC1) | @ D Tr(Q2) gl

Tr (Qw) (9.58)

= Ckns @ Gns;

132



Flavor class FC, FCy FCyy FCY FCY,

Flavor factor fls fli floz 1 i
Flavor structure Q2 QTrQ ITrQ?> Tr@Q* (TrQ)?
Non-Singlet 1 3(e) 0 - —
Singlet 1 (e)?/(e*) 1 1 (e)?/{e?)

Table 9.2: The flavor factor values for 5 flavor classes.

Here we redefine the coefficient ¢ s which does not depend on the flavor index ¢, and
modified non-singlet PDF is ¢,, = >, Tr <Q2)\i>qfw. With the standard normalization, we

have perturbative expansion Cy = 1+ > ¢,a?. We denote the prefactor as
Tr (Q/\j > Tr Q 3
. =) e =3(e). (9.59)
Tr <Q2)\j ) Np

For the convolutions with the singlet PDF gg = > ".(¢;+;), we also extract the overall nor-

flin =

malization prefactor from the FC, class. Summation of the flavor structure Q? gives 3 €2 =
Np(e?). Tt is very easy to obtain all the corresponding flavor factors flo, floo, fli1, f15, f11;
(respectively corresponding to flavor classes F'Cy, FCoo, FC11, FCY, FCY,), listed in Table
. We have normalized two of these factors to unity, fI5 = flo = 1. We choose this con-
vention of flavor factors in order to reduce the singlet flavor factor to unity when replacing

() matrix by the identity matrix diag(1,1,---).

9.3.3 Further classifications and rescaling variables

As we mentioned before, apart from the quark-photon couplings, we have another flavor
structure involving the quark-gluon vertex. In the cut diagrams MM* a virtual quark
loop in the gluon polarization diagrams will contribute a factor Ng. If the loop is cut into
final states corresponding to the gluon splitting into a real qq pair, we may end up with
flavor-dependent threshold effects in this subgraph. Specifically, the gluon splitting into
heavy quarks requires more threshold energy than that for light quarks. In the general
mass scheme, the light- and heavy-quark contributions are intrinsically different, as the
coefficients are fully mass-dependent. However, as we know, the mass-dependent coefficient
functions are very difficult to calculate, and we only have the 2-loop massive calculations up
to now. In contrast, we have the massless N3LO coefficients functions, obtained from Ref.

[156, (157, 158].
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In terms of the Np dependence, we can classify each flavor class into several different
(3)

2.n

types. The 3-loop component c;,, of the non-singlet massless coefficient function can be
written as

Sy = o (FCy, Ty) + Npcs) (FCy, Ty) + NS (FCo, Ts) + flit naCsng(FC11). (9.60)
Representative Feynman diagrams for 7} 5 3 of the F'Cs class are shown in Figure . The
coefficients for each type can be extracted from [156] 157, [158], and are explicitly tabulated

in Ref. [I54].

Figure 9.6: Representative diagrams from F'C; class.

The DIS subprocesses of order O(a?) may produce up to two distinct quark flavors in
the final state, as can be seen in the diagrams of and subsequent figures. We denote the
masses of two types of quarks as m; and ms. The presence of two distinct masses at this order
modifies the kinematic dependence of key diagrams at N3LO, as compared to (N)NLO, and
it modifies the form of the rescaling variable x = z(1 + 4m?/Q?) that was introduced in the
S-ACOT-x scheme at (N)NLO [140] [153]. in order to capture the threshold effect in phase
space integration. A more general form than x can be used for the rescaling variable, which
is denoted by ¢ and is implicitly determined from the condition z = ¢/(1 + (*4m?/Q?). We
will now construct approximate flavor-creation and flavor-excitation coefficients for neutral-
current DIS up to N3LO using the approach of the intermediate-mass scheme [152] and the
individual 3-loop massless coefficient functions for five flavor classes that we identified in the
previous section.

To approximately reproduce the unknown mass effects, we estimate zero-mass coefficient
functions in the diagrams with heavy-quark lines using the appropriate kinematic variable

as the input. For the flavor class F'C5, we have diagrams of 3 different types, corresponding

134



to different final states, shown in Figure We can see that in these cut diagrams, the
kinematic behavior varies with the quark’s mass, so that it depends on the quark’s flavor. For
example, for the Ti-type diagrams, the threshold constraints give us the rescaling variable

as Y = z(1 + 4m?/Q?), while for T} 3-type diagrams, phase space integration is constrained

by
- (2m1 + 2m2)2 . ( (Zfs mz)g)
(S m) = (14 ST ) e T (9.61)
> s (1 ) 6

where fs indicates to sum over all the final states. Accordingly, the generalized rescaling

variable ¢ should be written in an arbitrary scattering channel as

T = ¢ . (9.62)

B 14 ¢ (Zfsmi>2/Q2

We have introduced a parameter \ to tune the magnitude of the mass effect. The value

of A can be fitted to reproduce kinematic dependence of the exact (massive) lower-order
calculations. When the parameter A varies in the interval 0 < A < oo, ¢ changes smoothly
from x to y. We set the sum of a final state masses as a parameter to denote the generalized
rescaling variable in any channel by {(> fs m;).

By approximating the mass effects using generalized rescaling variables, we can obtain
the intermediate-mass coefficient functions as

02(3) (FC27T1) = Cg?%s(FCm Ty, C(2m1)),

ns

cs)

ns

(FCy, Ty) = &) (FCs, Ty, ((2my + 2my)), (9.63)

02(3) (FCQ, Tg) = }‘céil,s<F027 T37 <<2m1 + 2m2))

ns

Here, we use the capital letters to denote the coefficient functions with mass effects from the
generalized rescaling variable, and the N7, is the number of the quark flavors in the uncut
quark loop in Figure[0.6¢, The IM coefficient functions in this subsection, including Equation
and subsequent equations, corresponding to the factorization scale y = ). In the next
subsection, we will show how to include the scale dependence in the IM coefficient functions.

The FCh; class is shown in Figure The rescaling variable in this channel is of the
form ((2m; + 2my).

Returning to the singlet-quark coefficient function, we have to decompose it into a non-

singlet and a pure singlet parts, i.e. ¢y s = Cp s+ Crps [1006, [157]. Similarly to the non-singlet
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|
Figure 9.7: The representative diagram for F'C}; class.

case, we can decompose the massless pure singlet functions as follows:
Cops = NFCSI))S(FCOQ, Tl) + Ngcé?}),s(FCom TQ) -+ flll,psNchi))s(FCH)~ (964)
Two topologies of the Feynman graphs of the F'Cy, class are illustrated in Figure The

IM coefficient functions can be written as

O3 (FCoo, Ty) = e (FCi, Th, ¢(2m1 + 2ms)), (9.65)

CQ pS(FCOQ, Tg) = Cst(FCO27 TQ, C(le + 2m2))

Their full expressions are presented in Ref. [154].
|
ém&’
(a) Th (b) T3

| |
L om1 {ﬁ LLL, ' m1
Figure 9.8: Representative diagrams from F'Cy, class.

m2

C T

The massless gluon coefficient function is
chly = Nicyy(FC3, Th) + Nichy(FCS, To) + fUy Nichy(FCH). (9.66)
The 3 types of Feynman diagrams of the FCY class are depicted in Figure . The
corresponding generalized rescaling variables are ((2mq),((2my + 2my), ((2my + 2ms). A
representative FCY, diagram is are illustrated in Figure and its respective rescaling
variable is ((2m; + 2ma).
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s _—

1 =

§ | 5
(a) Ty (b) Ty (c) T3

Figure 9.9: Representative diagrams from F'CY class.

Figure 9.10: The representatlve diagram for F'CY, class.

We can repeat the same calculations for the structure function, Fr,. Decompositions of
its 3-loop coefficient functions is in the massless case are listed as follows:

C(Lg)ns Cf)ns(FCb? Ty) + NFC(L?’LS(F@, Ty) + N} Cf’fm(FCm 13) + flnsNFCg)ns(FCH)'

3
Cipe = Nrct),

(FCoo, Th) + N2cP) (FCo2, T) + fINpcs) (FCy),
&) = Npcl?) (FCY,Th) + Nicy) (FCY, Ty) + flf;Nic) (FCY,).
(9.67)
The representative Feynman diagrams and the rescaling variables for Fy(z, Q%) are that for
Fy(x,Q%). We summarize the subtypes of different flavor classes and the corresponding

generalized rescaling variables in Table 9.3}

FCQ7T1 (
a,ns

I

(2m1))

FCy

137



C

FCT2((2((ma + ma)))

Cae ™ (C2((my +my)))

~

cECoTL(((2(my + ma)))
FCOQ LLL’ ! . Iﬁﬁ
g
% : §m3
" T (((2(my + my))
FOy ibs (C(2(ma +my)))
5 T (E2my))
Fo3| o owm P
§ | 3 chg® ™ (E(2(my + m2)))
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CN

§ ETE2(my +m)))
%// m1 :
FCi, § | g g 2 (C(2(my + m)))

Table 9.3: Summary of the generalized rescaling variables for different types of flavor classes.

9.3.4 Scale dependence of N3LO structure functions in the IM scheme

The previous subsection presented approximate IM expressions for the 3-loop coefficient
functions in neutral-current DIS at the factorization scale y = (. We will now derive
logarithmic contributions to these functions that arise when p # Q.

We have introduced the perturbative expansion of the DGLAP equation in Section
and the singlet and non-singlet flavor basis in Section [9.3.1] Extending perturbative ex-
pansions for the PDFs and splitting functions in Equation to N3LO, we obtain their
3-loop perturbative coefficients as

1 1
1 = l—éLZ‘P( ‘o P @ Py + 56 LR @ P + PP @ P

(2

1

-

JL + B L3P — B L*PyY — LPlf)} ® £ (9.68)

1
+ (5L21%§-°> & PY — 6oL’y — LPY ) ® fio —LPY @[3 + £y
Also, the scale-dependent parts of Wilson coefficient functions in Equation (8.75) can be
extended to N3LO as

3,1 0 2 1 1 2 0
V=06 P o (P - )+ e (P - 2805

1
053’2): 5{05-1’1) ® (Pji — Bidji) + e’ 1) ® (P(O) - 250%’}, (9.69)

J
Next, we decompose the DGLAP equations in the singlet, non-singlet basis as in Equation

33) 1 (22 0
ot = §C§' "o (P — 2B005).

(9.45). From Equation , we can obtain all coefficients of the scale-dependent logarith-
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Figure 9.11: The p dependence in the IM and GM scheme up to NNLO (left) and N3LO
(right).

mic terms at 3 loops, composed from non-singlet, pure singlet, and gluon components. Full
expressions of the 3-loop scale-dependent terms for p # @ can be found in Ref. [154].

From the results presented in the last two subsections, we can construct full coefficient
functions with heavy-quark mass dependence in the intermediate-mass scheme up to N3LO.
The upside of the IM scheme is that allows to construct massive N3LO terms that exactly
coincide with the ZM-VFN result when Q? > mg, and they retain a plausible (but not
exact) dependence on massive terms of order O(m;/Q?) when Q* ~ m?. The downside
of the IM approach is that, since its mass-dependence expression for N3LO DIS structure
functions is still approximate, the dependence on the factorization scale and rescaling variable
at N3LO DIS is not reduced in the IM scheme compared to NNLO. In contrast, when
we construct S-ACOT-yx functions with the exact massive FC terms, by construction the
dependence on the factorization scale and the form of rescaling variable in the FE terms are
systematically reduced when higher-order terms in ay are included. See numerical examples
of such reduction in the SSACOT-y scheme at NNLO in Ref. [153].

Let us illustrate this discussion by showing numerical results for DIS structure functions
in the GM and IM schemes. In Figure [9.11], we first show the scale dependence of the NNLO
and N3LO predictions in the intermediate-mass scheme. We fix A = 0.3 for this comparison,
and show predictions for the factorization scales p? = Q% Q% + 2m?, Q% + 4m?. We can see
the scale uncertainty is slightly reduced when increasing the perturbative order from the IM

NLO to N2LO and N3LO. But it converges much slower than the GM N2LO results, which
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Figure 9.12: The A dependence in the IM scheme (left) and the ) dependence in the FFN,
ZM, IM and GM schemes (right).

means that the incomplete dependence on terms of order m? play an important role near
the threshold region. The strong coupling o, and the PDFs are only evolved up to NNLO,
introducing a mismatch in the N3LO coefficient functions.

In the left plots of Figure 9.12, we show the A dependence in the IM scheme. The A = 0
corresponds to the rescaling x variable in the S-ACOT-y scheme. We see that the NNLO
IM scheme with A = 0.2 ~ 0.3 reproduces the GM NNLO results. Knowing that the best
A =~ 0.2 value captures the missing mass effect in the IM scheme at NNLO, we use the
same A\ value at N3LO, and we compare the structure functions in various schemes in the
right subfigure of Figure [9.12] We see that the FFN scheme underestimates the GM VFN
structure function at large (), because the FFN structure function totally misses the higher-
order logarithmic terms resummed in the charm PDF in the GM VFN scheme. At small
@ values of a few GeV, the ZM scheme overestimates the massive predictions for Fy(x, Q)
because it does have proper energy-momentum conservation in the heavy-quark threshold
production region. Our intermediate-mass scheme for the first time estimates the mass

effect on the heavy flavor structure function at the N3LO level.
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Chapter 10

Heavy-flavor production at hadron colliders

In Chapter 9, we reviewed factorization schemes for QCD processes with heavy quarks
and applied the S-ACOT-y and intermediate-mass schemes to describe deep inelastic scat-
tering at NNLO and approximate N3LO, respectively. The massive factorization schemes
such as S-ACOT-x have been most extensively studied in the context of charm and bottom
quark production in deep inelastic scattering, the process in which typical photon virtuality
() accessible in the experiments are of the same order as heavy-quark masses, m.;. In the
last few years, measurements of heavy-quark production at hadron-hadron colliders become
increasingly precise, and the relevant NNLO computations are anticipated in the near future.
As in the case of DIS, perturbative convergence of QCD calculations in the ACOT and other
GM-VFN schemes at small momenta comparable to m¢ can be significantly improved by
physical treatment of kinematics in flavor-excitation and subtraction terms. This consider-
ation gives rise to the SACOT-MPS (SACOT with massive space) factorization framework
for heavy-quark scattering processes at hadron-hadron colliders. The SACOT-MPS scheme
is an equivalent of the SACOT-x scheme, but applied to hadron-hadron, rather than lepton-
hadron kinematics. In this chapter, we will introduce the SACOT-MPS scheme on the

example of single-inclusive heavy-flavor production at the LHC.

10.1 Hadroproduction of heavy flavors

LHC measurements of heavy-flavor production, pp — QX provide very interesting in-
formation to test various aspects of quantum chromodynamics (QCD). The cross section
for this process is perturbatively calculable due to the presence of heavy-quark mass (mg)
which pushes the physical energy scale up to the perturbative region of QCD. In a typical
measurement of this kind, either a heavy meson or a hadronic jet containing a displaced
decay vertex is observed in the detector. Main features of experimentally observed cross

sections can be understood by computing heavy-quark production cross sections at the par-

142



ton level, the approach that we will adopt in this paper. To obtain the observable cross
sections, the parton-level cross section must be combined with a fragmentation function of a
fragmentation model describing the decay of the heavy quark into the observed final state.

When the final-state heavy quark has a relatively small transverse momentum, (pr <
mg), the pr distribution can be computed in the fixed-flavor number (FFN) scheme [159,
160, 161, 162], because the heavy quark can be treated as an inactive parton, and only
emerges in the final state, which means that the power terms (p7/mg)P can be treated
correctly in the perturbative series for the hard-scattering cross section. However, this FFN
scheme calculation becomes unreliable when pr >> mg, where terms of order o log" (p3./ mé)
need to be resummed to all orders to get the reliable predictions. In this case, the Zero-
Mass (ZM) Scheme [163] applies, in which the large logarithms of this kind are resummed
inside the initial-state parton distribution functions (PDFs) and final-state fragmentation
functions (FFs). In this kinematic region, the heavy quark is treated as an active parton
that contributes to the scale dependence of the running QCD coupling as well as the PDFs.
In the intermediate region (pr ~ mg), several composite schemes that retain key mass
dependence, resum collinear logarithms, and thus match the FFN and ZM schemes, were
developed, including the Fixed-Order plus Next-to-Leading Logarithms (FOFLL) [164) [165]
and an ACOT-like General-Mass Variable Flavor Number Scheme (GM-VENS) [163], [166].
Recently, 1. Helenuis and H. Paukkenen [167] introduced the SACOT-my scheme to treat
the D-meson hadroproduction that follows the organizing principles of the Simplified-ACOT
scheme [141], [142] in DIS.

So far, the LHC Run I data on heavy-flavor production rates [168], 169, 170] [171] demon-
strate good agreement with theoretical predictions within the estimated systematic uncer-
tainties [165], 166} 172, 173]. Since a significant reduction of the statistical uncertainties is
expected as more data are accumulated in high-luminosity LHC runs, the theoretical uncer-
tainties gradually become a limiting factor both for precision tests of the Standard Model and
searches for new physics. Some theoretical uncertainties include dependence on the choices
of the renormalization and factorization scales, uncertainties in the heavy-quark mass and
PDFs, as well as (in the case of composite schemes) dependence on the matching prescription

between Np and Np + 1 flavors. Specifically, at a small transverse momentum (pr ~ my,
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Q@ = ¢, b), the NLO scale uncertainties on ¢, b hadroproduction cross sections estimated with
FONLL may reach 100 (50)% [174]. At such pr, the QCD coupling is usually evaluated at
low renormalization scale such as pugr ~ |/p% + mQQ, and varies rapidly when pp changes. In
traditional VEN scheme such as the ACOT, the NLO scale dependence remains sizable also
at pg > mg.

Measurements of charm and bottom production cross sections in the regions of small

pr and large rapidity y of the heavy quark are sensitive to the PDFs at both small and

2 2
\ pT+mQ eiy

NG ), where the PDFs may not be covered well

large momentum fractions (x4 ~
by by other experiments. For example, the charm or bottom quark produced in the rapidity
range 4 < |y| < 4.5 in a pp collision at /s = 13 TeV can probe the momentum fraction
region z < 107°, and, for pr = 40 GeV, this kind of data can probe z > 0.2. The preci-
sion measurement of heavy flavor production at pp collider can provide especially sensitive
constraints on the gluon PDF since the relevant production channels are dominated by gg
initial states. Ref. [I73] recommends presenting heavy-flavor production data in the form of
normalized cross sections for purposes of PDF studies, since the absolute cross section suf-
fers large theoretical uncertainties due to the uncalculated higher-order corrections beyond
NLO. On the contrary, the normalized cross section can provide a significant cancellation
of the theoretical uncertainties. Another similar idea is to constrain the PDFs using the
ratios 0(X, Ey)/o(X, Ey) of cross sections at different collision energies [I75], which cancels
the luminosity uncertainties on the experimental side and some theoretical effects, such as
dependence on the fragmentation b — B in bottom meson production. We can even take a
double ratio to normalize the 13-over-7 TeV cross section ratio to some fixed rapidity value,
combining the advantages of normalized cross sections and the ratio variables between 2 dif-
ferent center-of-mass energies. This idea is exploited in Ref. [I74], which shows a significant
reduction of theoretical uncertainties in the ratio of LHC forward heavy quark production
cross sections at /s = 7 and 13 TeV. As a result of cancelation of QCD scale dependence in
the cross section ratios, the PDF uncertainty dominates above other unknown factors, which
provides a good chance to constrain the gluon PDF by including the experimental data on

the ratios into the global PDF fits. Now, B* production cross section in the format of cross

section ratios has become available, e.g., from LHCb collaboration [169].
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Heavy-quark-mass dependence is important at small pr and, in general, in kinematic
regions sensitive to mass-dependent modifications in phase space available for radiation of
QQ pairs. In theoretical computations, threshold suppression of the phase space is controlled
by a factor § = /1 — 4mg2/5. The FFNS presents the most economical theoretical approach
to describe these special regions. A viable GM-VFN scheme must be constructed so that
it reduces, in a robust way, to FFNS in these limits, it resums collinear logarithms away
from the threshold region, and any differences between the GM-VFN and FFN schemes are
systematically suppressed by including higher-order terms in as.

In this chapter, we construct such a streamlined and systematic general-mass scheme for
heavy-flavor hadroproduction, called the S-SACOT with Massive Phase Space (SACOT-
MPS) scheme. We follow principles of the S-ACOT-x method originally developed for deep
inelastic scattering [140, [I53] but extend the consideration to the case of hadron-hadron
scattering kinematics. Then, we apply the SACOT-MPS formalism to make predictions for
the LHC. The results are presented at the next-to-leading order (NLO) in the QCD coupling

strength, but the extension to higher orders is straightforward.

LELA

Figure 10.1: The representative Feynman diagrams for pp — QX production: (a) LO Flavor
Creation (FC) terms; (b) NLO FC; (c¢) Flavor Excitation (FE); (d) subtractlon (SB) terms.
The thick (thin) lines indicate massive (massless) propagators and external-state spinors for
heavy quarks. The black blob indicates a collinear splitting term for g — QQ.

In the ACOT approach, we classify the relevant Feynman diagrams into flavor creation
(FC) and flavor excitation (FE) contributions. The representative diagrams are shown in
Fig. [10.1] The overlapping heavy flavor-initial parton generated by the gluon splitting at

this order (NLO) is subtracted out in order to avoid double counting. In the Flavor Creation
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terms, the heavy quark only appears in the final state, which enables us to use the full
quark-mass dependence calculations both in the phase space and the matrix elements. The
hard cross sections can be simplified in the FE channels by neglecting the m¢ dependence
without loss in precision, which corresponds to the approach of S-ACOT scheme [141], 142].
Similarly to the x variable introduced in S-ACOT-y scheme [140], we invoke the massive
phase space in the Flavor Excitation term to approximate suppression of the available phase
space near the heavy-quark production threshold. We dub this novel scheme as SACOT-
MPS scheme, in which MPS is short for Massive Phase Space. Here MPS plays a similar
role as myp in the SACOT-my scheme [167].

At the NLO, the Feynman subgraphs of heavy flavor coming from the collinear gluon
splitting appear in the Flavor Creation terms, in which they are resummed as a part of the
heavy-quark PDF, and in the Subtraction (SB) terms, defined as the perturbative expansion
of the respective FE terms to the same order in «;, as the FC terms. The full cross section
takes the generic form:

o =FC +FE — SB. (10.1)

The SB term is subtracted from the sum of the FC and FE terms to eliminate double-
counting of collinear-splitting contributions. In the high-energy limit (5 > sz or pa > mé),
the SB term is expected to cancel enhanced collinear contributions in the Flavor Creation, in
order to reproduce the ZM scheme calculations in this region. Conversely, in the threshold
region (8 2 4mg or pr < mg), the FE terms that contain the initial heavy-flavor PDF
generated perturbatively by DGLAP equation will cancel the SB terms, so that the cross
section reduces to the FC contribution, which is equivalent to the FFNS cross section up to
a small higher-order correction.

The remainder of this chapter is organized as follows. In Sec. [10.2] we describe the
framework of our theoretical calculations and compare it with the other available calculations,
such as FFNS, FONLL, GM-VFM, and NLO+PS approaches. Our theoretical predictions for
LHCb B production are presented in Sec. [10.3] We will also discuss the potential impact of
experimental heavy-flavor production data on the PDF global fitting in this section. Finally,

we conclude in Sec. [10.4]
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10.2 Theoretical calculations

The fixed-flavor-number scheme (FFNS) calculation of heavy quark pair production was
first achieved at the Next-to-Leading Order in Refs. [159, 160] and repeated in Refs. [161],
162]. As its name indicates, the FFNS assumes a fixed number N of active parton flavors.
The heavy-quark species of our interest is consistently treated in the FFNS as an inactive
flavor in the running coupling, masses of active partons, initial-state PDF's, and final-state
fragmentation functions. Take pp — bX as an example. The inactive b-quark means
no b-quark PDF in the initial proton at all. Meanwhile, the strong coupling should be
renormalized in the Ny = 4 MS scheme. As discussed in Sec. , this calculation for
the pp distribution is reliable only when pr < mg. In the Feynman graphs like the one in
Figure [10.2] the b quark that runs in a virtual loop contributes to the hard partonic cross
section in the NLO Np = 4 FFNS calculations. In such a calculation, both the ag(u)

J
()

Figure 10.2: The heavy quark running the virtual loops whose contribution should be added
back to the hard partonic cross section in the NLO Np = 4 FFNS calculations.

and PDFs f,/,(x, 1) are consistently evolved using Np = 4 active flavors. However, some
of the available calculations in literature were performed by taking as(Np = 5) while using
Np = 4 PDFs. This mismatch creates a conceptual inconsistency between the Ny values of
the strong coupling used in the hard cross section, on one hand, and in the DGLAP evolution

of PDFs, on the other. As already mentioned in the Sec. [10.1], the FENS is only valid when

2 2
pr S mj.

To predict cross sections at all pr values, including the p2 > m? region where FFNS
eventually becomes inadequate, several general-mass VFN schemes are available on the mar-

ket. In FONLL [164] [165], the NLO massive and massless calculations are matched in terms
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of
FONLL = FO + (RS — FOMO0) x G(m, pr). (10.2)

Here FO is the Fixed-Order calculation in the massive scheme. FOMO represents the Fixed-
Order results in massless limit, which is analogous to the subtraction term in SACOT. RS
is resummed cross section by using the formalism of “perturbative” fragmentation functions
(PFFs), D;q(x, ) [I76, [177], which describe a light parton ¢ goes into the heavy quark.
The behavior at intermediate pr is determined, in part, by a matching function, which is
chosen to be

Glm,pr) = T (103

P2+ c2my’

with ¢ = 5 in order to suppress RS-FOMO for pr < 5mq. G(m,pr) approaches 1 at large
pr and 0 at small py. Here, FO differs from the FFNS in that its running couplings and
gluon evolution are computed assuming N = 5 rather than Nr = 4 consistently for bottom
production.

Differently from FONLL, the GM-VFNS is designed to resum large logarithms as heavy-
flavor PDFs. The general structure of the GM-VFNS cross section from Refs. [163], [166] can
be expressed as

0 =0p,+0y—05, or 0 =0+ 0y—0> (10.4)

m*

Here o,, is the massive FFN calculation, while oy is the same cross-section in the limit
A

2) are the massless (massive)

m — 0, in which m is kept in the logarithmic terms. The o5 (o
subtraction terms deduced by a comparison between the heavy flavor hadroproduction and
massless QCD jet production at the same order. The original version of GM-VFNS [163],
which should have been called ZM-VFNS at that time, performs the calculations of subtrac-
tion terms o5 in the massless limit, which is valid at high py. Subsequently, it was extended
to include the finite mass effect by evaluating the massive subtraction term o2 [166]. In ad-
dition, the GM-VFNS has embedded fragmentation functions, such as f, ,p+(z, ), in order
to deal with cross sections for hadronic final states.

In contrast to the GM-VFN and FONLL’s resummation calculations for the inclusive

production of heavy quarks and mesons, Monte Carlo generators based on Parton Showers
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(PS) and string (PYTHIA [178]) or cluster (HERWIG [I79]) hadronization models can describe
completely exclusive final states. The NLO calculation with showering effects was performed
with MC@NLO [I80] by combining the NLO QCD corrections in the hard part with the im-
proved leading-logarithmic parton shower in HERWIG and subtracting the double-counted
terms properly. This approach was further developed in POWHEG [I81], which simplifies the
subtraction terms, avoids the negative-weight events possible in MCONLO, and allows one to
match to the PYTHIA parton shower as an option. However, both MC@NLO and POWHEG are
based on massive Nyp = 4 NLO calculations, which treats heavy quark as an inactive parton
in the PDFs. But both codes adopt Nr = 5 in the running of strong coupling, which gives a
mismatch, similarly to the FFNS, as we discussed above. As a result, this approach can be
only applied to the small and moderate pr ranges, since it is inconsistent in computing the
large logarithms when pr > my.

In this work, following the idea of Simplified-ACOT-y scheme in DIS case [140] [153], we
develop the SSACOT-MPS scheme for the heavy flavor production in the hadron collisions,
which is closely similar to GM-VFEN calculations [I66]. A similar scheme has been proposed
under the name of the SACOT-my scheme [167], but our MPS scheme differs in two aspects.
Firstly, we take a massive phase space for the flavor excitation and subtraction terms in order
to closely capture the threshold behavior of massive heavy-flavor production. In contrast,
SACOT-my scheme just substitutes py with my in the z; o integration limits and scaling
variables 7 5 [167]. By its construction, the SACOT-MPS cross section smoothly approaches
the FENS calculation in the pr — 0 limit. The SACOT-m7 calculation is undefined in the
pr — 0 limit and takes a hard cut for opg(pr < mqg \/1/527—1) = 0, by setting the heavy-
flavor PDF to be zero when pup = &4/p7 4+ mg < mq. Needless to say, SACOT-mr scheme
only works for the choice of the scale factor to be & < 1. Secondly, we introduce the concept
of a residual PDF as the difference between the heavy-flavor PDF and the convolution of a
light-flavor PDF with the corresponding splitting function, which simplifies the calculation

of the Flavor Excitation and subtraction terms.
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For the inclusive hadronic heavy flavor production pp — QX, we can write the cross

section in a factorized form,

olpp — QX) =) / dwvdws fi(wr, pop) fi(wa, 1) 8353, £, 8, s (Ny, i), mg).— (10.5)
(2
Here fi(z, ur) is a PDF for flavor i = g, q, Q. 6:;(3,%, 1, as(Ny, %), mg) is the partonic cross

section, where o (N, pr) depends on the active flavor number Ny and renormalization scale
1r. Here we take Q = b as an example to illustrate. The SACOT-MPS is applicable to the
charm-flavor production as well. We can expand the partonic cross section and the PDF in

terms of the strong couplings a, /27 as

n+2
o(pp — bX) Z Z ( ) /dxldmgfi(xl, 1) f(za, uﬂ&%l)(é, t,i,mg).  (10.6)

4,5 n=0
Representative Feynman diagrams are shown in Fig. [10.1l The thick (thin) propagators and

external legs indicate the massive (massless) quarks, which will be calculated with (without)
mass dependence in our approximation. The leading order only contains Flavor Creation
term gg — QQ shown in Fig. [10.1}(a). It can be written as
o® = /dxldxgg(xl,up)g(xg,up)&ég)(é,tA,’[L,as(Nf,u?%),mQ). (10.7)
At the next-to-leading order, the Flavor Excitation diagrams involving the heavy flavor
as initial partons begin to show up, such as Fig. [10.1{c). In the FE diagrams, the heavy-
flavor PDF generated from evolution of DGLAP equation resums the (o log" u%,/mg,) terms
to all order in a. At a specific fixed order, overlap terms, such as Fig. [10.1{(d), which are
included both in the FC terms, such as Fig. M(b), and the Flavor Excitation terms, such
as Fig. [10.1)(c), should be subtracted in order to avoid double counting. The full contribution
of order O(« Hcan be written as

(1 /dxlde.g(mluuF)f’L(x%luF) ()(‘g:f?avas(meuQR)vmb)

b(xq, NO VTN
+ /dxlde%ﬁi(m%IU/F)Oé?)(87t7u7as(Nf7,u?%)amb = 0)
Qs 4T (10.8)

2

/dxlde log e [Pb<—g & g] (xla MF)fz(x% MF)O-IS?)(g f U as(Nfu M?%)a mp = 0)
b

+ (1 < 2),
where f;(x, ur) can be the PDF for gluon or light quarks. The real and virtual corrections

to the partonic cross section are included in the () term. The convolution is defined as

!The LO cross section of pp — bX is order of O(a?2).
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[P ® fl(x) = frl %P(f)f(f) Py y(x) = 3[z? + (1 — )% is the leading order Altarelli-
Parisi splitting function for ¢ — bb. The denominator a,/27 results from the prefactor that

has been factored out in front of Eq. (|10.6). The partonic cross section &_((]2) and &é? for

Flavor Creation terms retain full m; dependence, which is known from in the NLO FFNS
calculations [162, 159 160} 161].

In the hard matrix elements of the Flavor Excitation terms, the heavy quark is treated as
massless; but the full mass dependence is retained in the phase space of the FE terms. This
setup resolves the technical difficulty that the total cross section of Flavor Excitation terms
over the full phase space is diverging due to the forward-backward collinear divergence,
which is regulated by fiducial cuts, such as transverse momentum pr > 20 GeV or the
pseudorapidity 2.0 < n < 4.5, in the experimental measurement. Following the philosophy
of the x variable introduced in the S-ACOT-y scheme [140], we adopt the massive phase
space of QQ production to capture the threshold effect. As a result, we obtain a finite cross
section at all pp. The details of our implementation and the comparison of massless and
massive phase space results can be found in Sec. [B.1]

At each order of ag, the Subtraction (SB) terms and the corresponding FE terms share
the same hard-scattering cross section, with the heavy-quark mass ignored in both. In light
of this feature, at NLO, we define the subtr2acti?n heavy-flavor PDF as

i) = 25 1o b [ EhedPaten. (10.9)
With the DGLAP evolution code HOPPET [182], we perform this convolution and save b(zx, )

as an LHAPDF [I83] format table. Afterwards, the SB terms can be written in a similar way

as the corresponding FE terms,

ovg = b(z1, ) fi(wa, p) ® &z()?) + (1 ¢ 2),
(10.10)

osp = b(ay, 1) fi(we, 1) ® 62)) + (1 <> 2).
The subtraction terms are now calculated in the same way as Flavor Excitation terms, just

by replacing the heavy flavor PDF by the subtraction PDF. Using this subtraction PDF,
we compute the subtraction terms much faster than by the standalone computation of the
convolution integrals. In fact, we can now compute the FE-SB difference in one step, by

convoluting the FE hard cross section with the residual PDF b(z, 1) — b(x, 1), also provided
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Figure 10.3: The Flavor Excitation (FE) terms, subtracted double counting terms (SB) and
Flavor Creation (FC) terms in the forward (2.0 < |y| < 4.5) b production at LHCb 7 and 13
TeV [169] and the respectively ratios to the SACOT-MPS calculation values. We corrected
the B¥-meson back to b-quark with f(b — B*) = 0.407 [184]. Here we take CT14 NNLO
central PDF, m;, = 4.75 GeV, and scale choice as ur = pur = \/mg —l—pQT‘

in the form of an LHAPDF table. As an illustration, the FC, FE and SB terms for b production
at LHCb 7 TeV can be viewed in Figure [10.3]

So far, our SACOT-MPS calculations have been performed for the inclusive b-quark
production. In order to perform a fast computation in our global PDF fitting, we generate
look-up tables called APPLgrid [I85] with an interface package mcfm-bridge, which allows
us a posteriori variations of PDF's, strong couplings, renormalization, and factorization scale
and center-of-mass energies. Within the same framework, our calculations can be applied
to charm production as well. Equipped with the subtracted PDF's, we can easily extend
our calculations to other heavy flavor production processes, such as W/Z or Higgs boson
associated with heavy flavor production, which is left to the future work. Another future

direction is to extend our calculations to the Next-to-Next-to Leading order, whenever the
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public code for NNLO calculations of the fully differential cross section in heavy flavor

production is available.

10.3 A phenomenological application to LHCb B* production

The first b-flavored hadron measurement performed by LHCb Collaboration is the cross
section of pp — H,X at 7 TeV reconstructed with events containing a D" meson and a
muon in the final states [I86]. Afterward, LHCb published the 7 TeV B* production cross
section reconstructed exclusively with the decay mode B* — J/¢YK* and J/¢ — utp~
[187]. These measured total and differential cross sections show good agreement with the
FFNS [159, 160] (implemented in the MCFM code [188]) and FONLL [189] predictions, within
the systematic uncertainties. As we already mentioned, and as is seen in Ref. [I74] 165], the
theoretical uncertainties are large (about 50%) for both for the total and differential cross
sections, mostly reflecting large scale uncertainties. PROSA Collaboration suggests to use
a normalized differential cross section for the global QCD analysis [I73], in which the large
scale dependence is absorbed by the normalization. Another similar idea is to cancel the
scale uncertainties by computing cross section ratios between different CM energies [175],
or between different rapidity bins [I73]. These ideas are implemented in Ref. [174], which
projected, based on an analysis using the FONLL program, that the ratio of forwarding
heavy quark production at LHCb /s = 7 and 13 TeV would provide good sensitivity to the
gluon distribution function. Recently, the B* — Ju(— putp~)K* analysis at LHCDb at
13 TeV [169] becomes available, so that the data on the 13-to-7 ratios can now indeed be
compared to theoretical predictions.

We will now present the differential cross section do/dp% of pp — bX and its correspond-
ing ratio between /s = 7 and 13 TeV, and compare it to the LHCb measurements. The
central renormalization and factorization scales are set to be the transverse mass of b quark,
p=ml = \/m. The scale uncertainty is estimated by varying the renormalization
and factorization scale independently up and down by a factor of two from the central values,
that is, by computing an envelope of a 7-point scale variation:

Ll 2 (1), (1,2), 2. 1),(2,2)} x i (10.11)

(NR;NF) = {(57 5)7 (57 1)7 (1> 5
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1
2

variations that may still be present at NLO. We take CT14 NNLO [190] as our PDF set,

We drop two points (ug, ur) = {(3,2),(2,3)} to eliminate particularly large logarithmic

and estimate the PDF uncertainties with the symmetrical Hessian method [191] 192],
1 Neig

Stoe(X) = 54| >_(XF = X)) (10.12)

The CT14 NNLO PDFs generate a nonzero b-quark parton distribution function perturba-

tively via DGLAP evolution that switches from Nrp = 4 to Ngp = 5 at scale uy = my, = 4.75
GeV. We use the b quark pole mass with m;, = 4.75 GeV as the central value and vary it
within the m, € [4.5,5.0] GeV range to estimate the quark-mass dependence. Note that,
in principle, the variation of my, in the Flavor Creation terms &,4(m;) and subtraction terms
log %Pb(—ga-bi(mb = 0) is not fully consistent with the perturbative b-quark PDF in CT14
NNLO due to this discrepancy. However, as our numerical results will show, this mass de-
pendence can be ignored, when compared to the scale uncertainties, and practically cancels
out in the cross section ratios.

LHCDb measured the B* meson production over the range 0 < pr < 40 GeV and 2.0 <
y < 4.5 at 7 and 13 TeV [169]. With the fragmentation fraction f(b — B*) = 0.407
[184], we obtain the b-quark cross sections and compare against our theoretical predictions.
The central values of the SACOT-MPS calculations of the FC, FE and SB contributions to
the transverse momentum distribution, do/dp’., are displayed in Fig. . As shown in
Fig. [10.3] the Flavor Creation terms make up 60 ~ 80% of the experimental data over the
full pr range. In comparison, the Flavor Excitation terms make a big contribution in the
high-pr region (pr > my), while its low-pr (pr < my) contribution is negligible because of
mass-dependent phase space suppression. When subtracting the overlapping contribution,
we get the total theoretical prediction in a good agreement with data. As we expected,
when pr > m,, the b-quark mass can be ignored, and the massive FC terms approach their
massless limit. The SB terms cancel the mass logarithms in the FC terms. The FE terms
dominate in this region, while the difference FC-SB contributes a smaller finite correction
that is effectively one high-order compared to the FE terms. Conversely, when pr < my, we

obtain a good cancellation between the Flavor Excitation terms and Subtraction terms.
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Figure 10.4: The SACOT-MPS calculations for forward (2.0 < |y| < 4.5) partonic b-jet

production at LHCb /s = 7 (left) and 13 (right) TeV [169]. The experimental data for
B* meson were corrected back to the b-quark level with the fragmentation fraction f(b —

B*) = 0.407 [174].

The total theoretical predictions (FC+FE-SB) with various theoretical uncertainties are
compared against the experimental data in Fig. (10.4, We see that the experimental data
fits fully within the theoretical error bands. As we expected, the dominant theoretical
uncertainties come from scale variations. In the moderate transverse momentum region
(pr ~ my), the scale uncertainty can even exceed 50%, while at even higher pr, it stabilizes
around 20 ~ 30%, which is consistent with the observations in Ref. [I74]. It means the
unknown NNLO corrections are non-negligible for pp — bX process at the LHC collision
energy. The PDF uncertainty is about 15% at moderate pr, while it is a few percent at
high py. The quark-mass dependence is 10% at low pr, i.e., slightly smaller than the PDF
uncertainty, but it is damped much faster with increasing pr due to the suppression of mass-
dependent terms in the cross section. In comparison, the experimental uncertainties stay

below 10% for the whole pr range.
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Figure 10.5: Left: the ratio of LHCb pr distributions at two different collider energies,

%. Right: the PDF, scale, m;, and total uncertainties of the cross section ratio.

As suggested in Ref. [I75], the ratios of cross sections at different collision energies
can cancel the correlated theoretical uncertainties to a large degree, which may improve
sensitivity to detailed dynamics in the Standard Model and beyond. Here we consider the

ratios of pr distributions at /s = 7 and 13 TeV for B-meson production at LHCb,
_ do/dpr(13TeV)

R —
1) = o Tapr(7TeV)
which is shown in Fig. [10.5. As we expected, the scale uncertainties cancel to a large extent

(10.13)

in the ratio, down to within 10%. The b-quark-mass dependence is almost cancelled out, with
less than 2% left. As a result, the PDF uncertainties turn out to be about the the same size
as the scale uncertainties for this ratio observable. The big reduction of the scale uncertainty
reflects the assumption that the scale uncertainties are highly correlated at different collider
energy. In comparison, the mild cancellation of PDF uncertainties implies that the ratio is
sensitivity to the PDFs, especially the gluon PDF that is constrained in different x ranges
in this process.

We repeat our calculation for the double differential cross section d?c/(dprdy), shown in
Fig. [10.6, and the corresponding cross section ratio between /s = 7 and 13 TeV, shown in
Fig. [10.7, The theoretical uncertainties for this double differential cross section are larger

than the experimental uncertainties throughout the whole pr. In the cross section ration
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Figure 10.6: Left: the double differential cross section d d for b-meson production. The
dashed lines with yellow error bands indicate SACOT- MPS NLO theoretical predictions,
while the solid lines with error bars represent experimental data corrected back to parton
level [169]. Right: ratios (R = T'/D) of experimental data (D) to theory calculations (7).
Here theoretical errors are given the quadrature sum of PDF, scale, and m,; uncertainties.
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Same as Fig. [10.6] the dashed lines with yellow error bands are SACOT- MPS/(NLO theory
predictions while the solid lines with error bars represent data. Here the experimental errors
are calculated with 6R/R = \/(6X13/X13)% + (0X7/X7)2, with X13(X7) and 0X;3(6X7) as
the experimental measured value and the corresponding uncertainty for 13 (7) TeV.
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in Figure [10.7, the theoretical uncertainties are reduced compared to the cross sections
themselves in Figure [10.6, On the other hand, the experimental uncertainties has increased,
rather than decreased. We propagate the experimental uncertainties into the cross section
ration R according to the formula

SR 0X13\*  [6X:\? X3

— = + | — |, with R=—/, 10.14

R \/( Xis X; X; (10-14)

where X stands for the double differential cross section d?¢/(dprdy). It means the ex-

perimental uncertainties are accumulated in Fig. while the theoretical uncertainties

cancel.

/2 2
With the typical momentum fractions estimated to be roughly z; . = = \/; Pretv we

know that the data at high pr (such as pr = 40 GeV) and high rapidity (such as y = 4.5)

can probe the gluon PDF at a large momentum fraction (z ~ —”572(;6(‘)‘0264'5 ~ 0.5). On the

contrary, the low py with high rapidity can probe the small momentum fraction down to

V52452 —4.
13000

x ~ > ~ 6 x 1075, These extremely large and extremely small # domains are out

of reach of other measurements.

10.4 Conclusions

In this chapter, we propose a heavy-flavor general-mass factorization scheme SACOT-
MPS of the ACOT family [193, 14T} 140} 153] for a broad class of processes involving massive
quark production and scattering at hadron colliders. This scheme reduces to the fixed-
flavor-number scheme near the kinematical threshold for heavy quark production, and it
resums heavy-quark mass logarithms in the regions where the quark masses are negligible. We
systematically classify the radiative contributions into Flavor Creation (FC) and Flavor
Excitation (FE) categories, then consistently subtract the double-counted terms, dubbed
as Subtraction (SB) terms. Following the insights from using a rescaling y-variable in the
S-ACOT-x scheme, the SACOT-MPS scheme evaluates integrals of the Flavor Excitation
and Subtraction terms using massless hard-scattering matrix elements combined with the
mass-dependent, rather than massless, phase space. This prescription results in a smooth,
stable matching of the full SACOT-MPS cross section onto the FFNS result in the regions
where the threshold kinematics is important.  To demonstrate the potential of the SACOT-

MPS scheme, we apply our theoretical calculations at NLO to the (double) differential cross
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section dependent on the transverse momentum (pr) and rapidity y of the B meson in
LHCDb measurement at /s = 7 and 13 TeV [169].

The SACOT-MPS calculation demonstrates clockwork cancellations among its constituent
parts (between the FE and SB terms at small py, and between the SB and logarithmically-
enhanced FC terms at large pr) that lead to stable predictions across the full p; range and
guarantee systematic improvement in the theoretical accuracy from including even higher-
order perturbative QCD corrections.

We investigate the renormalization and factorization uncertainties by varying the central
scale value pup = purp = \/m up and down by a factor of 2, computing the PDF
uncertainties with the symmetric Hessian method, and varying the b-quark mass. The
SACOT-MPS NLO theoretical predictions agree well with the experimental data within
the uncertainties. The scale uncertainty is a dominant resource that limits the predictivity
power of the NLO QCD theory. By taking the ratios of cross sections at different center-
of-mass energies, we may obtain some reduction of theoretical uncertainties, especially the
cancellation of the QCD scale dependence, if the variations of the renormalization and fac-
torization scales are assumed to be correlated in the numerator and denominator. More
precise experimental measurements of these ratios, combined with the envisioned NNLO
calculations for the respective theoretical predictions, open the possibility to constrain the
gluon PDF in both the high- and low-z regions, thanks to the forward configuration of the
LHCb detector, and it can offer valuable inputs for future global PDF analyses.
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Chapter 11

Summary

11.1 The SGM model

In this dissertation, we started with the discussion of the electroweak sector in the Stan-
dard Model in Chapter 2] Motivated by neutrino masses, we discussed several possible
solutions, known as the seesaw mechanism, in Chapter [3] We reviewed three types of seesaw
mechanism, based on different particle fields to be added into the Standard Model. Type I
seesaw mechanism corresponds to right-handed Majorana neutrinos. Alternatively, we con-
sidered scalar triplets A to realize the Type-II seesaw mechanism. If a hypercharge Y = 2
is assigned to the triplet, we can couple it to the leptonic doublet, I = (v, er)T (Y = —1),
in the Yukawa way yl? CitoAl. After this triplet develops a VEV in the SSB (or induced
by the VEV of the SM Higgs), the left-handed neutrinos acquire Majorana masses.

However, there is no such thing as a free lunch. The triplet VEVs have a contribution
to electroweak symmetry breaking (EWSB), which is strongly constrained by precision mea-
surements. The p parameter [44] is one of the strongest constraints. The Standard Model
predicts p = 1 at the tree level, and the current precision measurements constrain the devi-
ation within Ap < 1073 [23]. This small number implies a fine-tuning on the triplet VEVs.
We introduce a custodial symmetry, which strongly weakens the p parameter constraint.
The custodial symmetry requires at least 2 triplets: a complex (Y = +2) one, x, and a
real (Y = 0) one, . This is the well-known Georgi-Machacek (GM) Model. Under the
custodial symmetry, the triplet VEVs are aligned, i.e., v, = v,. As a result, Ap = 0 is
recovered at the tree level.

But situations are not so simple when we go one step further. We have to keep it in
mind that the custodial symmetry is not a priori requirement of the Standard Model or its

extension. It is an accidental symmetry that the SM Higgs potential automatically satisfies.

161



Moreover, the custodial symmetry is only approximate, which is violated already in the
Standard Model, due to two sources: nonzero hypercharge gauge interaction and unequal
Yukawa couplings between up- and down-type fermions. First, the nonzero hypercharge
gauge introduces mass splitting between the neutral and charged weak gauge bosons, that
is, Mz # My,. We saw this mass splitting happened twice in the supersymmetric custodial
triplet model in Chapter [ It is not a big issue, at least at the tree level, as it is compensated
by the Weinberg angle 0y, in the p parameter definition. However, the situation changes
because of quantum corrections. The nonzero hypercharge interaction introduces a quadratic
divergence in the p parameter, starting at the one-loop level [60]. A similar divergence occurs
in the mass splitting of the up- and down-type fermions. Numerically, the big difference
between the top and bottom quarks contributes to the biggest part of nonzero Ap. A lesson
here is that the custodial symmetry will be recovered in the limit of zero hypercharge, gy — 0,
and equal Yukawa couplings, y; — .

This the hierarchy problem associated with the quadratic divergence in the loop cor-
rections to the squared masses of scalars fields, can be solved by supersymmetry (SUSY).
Therefore, we introduced the supersymmetry to obtain the Supersymmetric Custodial Triplet
Model (SCTM), which eliminated both quadratic divergences simultaneously. We first re-
viewed the basic ingredients of supersymmetry and its extension of the Standard Model in
Chapter 4] We limited ourselves to the Minimal Supersymmetric Standard Model (MSSM).
We focused on the Higgs sector as one specific example of the Two-Higgs-Doublet Model
(2HDM), which was also briefly discussed there.

Afterward, we moved forward to the SCTM in Chapter 5] We derived the F- and D-
term potentials of the SCTM. So far, no supersymmetric particles have been discovered yet,
which means the SUSY must be broken. People have come up with several mechanisms
to break the SUSY, mediated by gravity [84], gauge [194], gaugino [195], or anomaly [85].
We parameterized the soft SUSY breaking in an effective way, which breaks SUSY explic-
itly. With F-, D- and soft breaking terms, we fully determined the mass spectrum of the
SCTM. We focused on the electroweak sector, including scalars and their fermionic super-
partners (gauginos and higgsinos). When comparing the SCTM spectrum with the GM one,

we obtained a decoupling limit when the dimensionful parameters, B-terms, become large

162



(|Bual = o0). In such a limit, all the GM-like particles in the SGM and GM models share
the same masses at the energies in the TeV range, while all the mirror-GM particles become
heavy, and therefore, are decoupled. We dubbed this decoupling limit of the SCTM as the
Supersymmetric GM (SGM) model. Tt gives a weakly coupled origin for the ordinary GM
model at the EW scale.

The next natural question is whether we can distinguish the SGM from the GM models,
even though the GM-like spectrum is the same. In Chapter [0, we realized that the key
was to observe the superpartners, especially higgsinos. When the Lightest Supersymmetric
Particle (LSP) becomes light, the GM-like particles can decay into the LSP or other light
superpartners, which lowers down the branching ratios of the GM-like particles into the SM
particles, such as diboson (WW, ZZ) or diphoton. In contrast, if the LSP is heavy, all the
superpartners are decoupled from the GM sector, which leaves the SGM model the same
as the GM model. In Chapter [7] we took the GM and SGM models as examples to show
how light exotic Higgs bosons could escape the current experimental constraints, through

the cancellation of different loops and via the invisible decays.

11.2 Heavy-particle production

The most powerful machines to produce the massive particles predicted by the GM and
SGM models are hadron colliders. The physics at hadron colliders is based on our under-
standing of Quantum Chromodynamics (QCD). In Chapter [§ we started with the Higgs pro-
duction through gluon fusion as an example to demonstrate the QCD factorization theorem.
Then, we generalized the factorization formalism and discussed the higher-order corrections.
We applied the factorization to the Drell-Yan process and deep inelastic scattering.

In Chapter [0, we discussed the heavy-flavor production in DIS. First, we compared two
heavy-flavor treatments: the fixed-flavor-number (FFN) and zero-mass (ZM) schemes.
When the physical energy scale characterized by the photon virtuality (Q? = —¢?) is not
so high compared to the heavy-quark mass (Q* ~ mZ), the heavy quark can be treated as
inactive. The heavy quark can be only produced through flavor creation (FC), in which
the heavy quark must be treated as massive. In contrast, when the physical energy becomes

much larger than the heavy-quark mass (Q% > mg), the heavy quark can be treated as
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massless in hard scattering processes. We have to resum large logarithms, o™ log™(Q?/ mg),
into the heavy-flavor PDF. In such a case, the dominant contribution to the heavy-flavor
production comes from the flavor excitation (FE) term.

When the physical energy () spans both the low and the high energy regions, we need a
composite scheme to encompass the merits of the FFN and ZM schemes in their own valid
ranges. That is the idea of the general-mass variable-flavor-number (GM-VEN) scheme.
However, the subprocesses corresponding to the diagrams of gluon splitting into heavy quark
are counted twice, both in the FC and FE channels. We need to subtract the double-counted
terms systematically, which is the key point of the ACOT scheme [135, [136], 137, 138, [139].
The ACOT scheme allows us to deal with the heavy-quark mass consistently. In the FC
terms, the heavy-quark mass is kept. In the FE and subtraction terms, we can take the
zero-mass approximation to simplify the calculation significantly, which is the idea of the
simplified-ACOT (S-ACOT) scheme [141], 1T42]. In the high-energy limit, the subtraction
terms are expected to cancel the FC terms, which leaves the FE terms to remain. That is,
the S-ACOT scheme then coincides the ZM scheme in this region. In the low-energy limit,
the subtraction terms cancel the FE terms, leaving the SSJACOT scheme to be equivalent to
the FFN scheme. However, in the threshold region, the cancellation between the FE and
subtraction terms is unstable due to the divergence behavior of the zero-mass approximation.
Wu-Ki Tung et al. proposed the SSACOT-x scheme [140], in which the momentum fraction
x was replaced by a rescaling variable y = z(1 + 4m2 /@Q%). Tt enforces the momentum
conservation and stabilizes the cancellation between FE and subtraction terms when Q? ~
m?.

However, when extending the S-ACOT-y scheme to a higher order, we face difficulty
in calculating the full mass-dependent coefficient functions. In contrast, the zero-mass co-
efficient functions are much easier to obtain. Inspired by the y variable, Pavel Nadolsky
and Wu-Ki Tung introduced the intermediate-mass (IM) scheme [152] to approximate the
mass-dependence of the full GM scheme. In the IM scheme, we introduce a more general
rescaling variable ((\) with a free parameter A. We can extract A from the exact mass

dependence at a lower order and apply it to higher orders. Equipped with the tools of the

IM scheme, we extended the calculation of DIS heavy-flavor structure functions to N3LO.
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In Chapter we applied the idea of the S-ACOT scheme to heavy-flavor production
at hadron colliders. Similarly to the x prescription in SACOT-y scheme, we introduced
the massive phase space (MPS) for the FE and subtraction terms to capture the mass
dependence, and we dubbed it as the SACOT-MPS scheme. Furthermore, we constructed
the subtraction and residual PDF's which simplify the calculation of the FE and subtraction
terms. We also proposed to do QCD calculations with the subtracted and residual PDFs,
which simplify the computations for the FE and subtraction terms. When describing the
data of B¥ meson production at LHCb, we found large theoretical uncertainties, especially
the scale uncertainties. Therefore, we took a ratio variable, defined as the ratio of cross
sections at different collision energies. The theoretical uncertainties on this ratio variable
cancel significantly. In such a way, the SACOT-MPS calculation provides a good prescription
for the LHCb data.
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Appendix A

Dimensional regularization

A.1 One-Loop Integrals
Considering a general one-loop diagram shown Figure we have the corresponding

loop integral tensor written as

N ptr D Qpa ** Gu
T = - / d L Aer , Al
ST B P ey e e (P S
where

(1 —e)(1+¢)
= D =4 —2e. A2
& T1—2) ‘ (4.2)

where the momentum #k; is defined as Figure [A.]]

pr=ki, pp=ky—Fki, -+ py =ky — kn-,

(A.3)

kv =p1, ke =p1+p2, - ky= Zpi-

These integral tensor can be reduced to linear Combinatiions of Lorentz covariant tensors,
which can be constructed from g,, and k;,k;,, etc [196]. This reduction procedure is not
unique, and we following the conventions in LoopTools [7§]. The tensor integrals showing
up in this dissertation reads explicitly as

B, = ki, By,
B = g Boo + k1uk1. B,

2
Cpu = k1, C1 + k2 Cy = Y ki
i=1 (A.4)

2
C,uzz = g,uVCOO + Z kiukjucijy

ij=1

2
uup Z guu zp + gvpkzu + g,u,pkw)COOZ + Z kzuk]l/k:lpczgl'

i,7,0=1
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Figure A.1: A general loop integral tensor, and the A, B, C' functions.

We have use the following conventions for momenta inside of the parentheses,
Ala) : a =m?,

C((l) a4 = pipg? (pl +p2)27m%7 mgu mg
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Appendix B

Massless partonic cross sections

B.1 Flavor Excitation terms

When heavy quarks are treated as active partons inside the proton, the cross section for
pp — QX contains nonzero Flavor Excitation (FE) terms — Feynman graphs with initial-state
heavy quarks. The FE terms and respective SB terms are approximate and are introduced
to resum large logarithms in the limit when p2 >> mé. The coefficient functions and phase
space for the FE and SB terms are not unique and may include mass-dependent terms that
always cancel up to one higher-order in «ay [153]. This flexibility can be put to advantage to
simplify the functional form of the FE and SB coefficient functions, and at the same time to
improve the cancellation of the FE and SB near the threshold for heavy-quark production,
where both terms become unphysical. The SACOT-MPS scheme builds on these principles
by evaluating the FE and SB terms using massless hard-scattering cross sections and ezact
phase space with full mass dependence. As a result, the SACOT-MPS cross sections are easy
to implement and demonstrate fast perturbative convergence at all pr.

In our specific application to inclusive b-meson hadroproduction, the O(«;) matrix ele-
ments for the FE and SB terms in the SACOT-MPS scheme are exactly the same as the
leading order of bg — bg and bqg — bq in dijet production, shown in Fig. B.I] By summing
over 3 channels of b(k;)g(k2) — b(ks) g(k4)2, we obtain the squared amplitude as

647 1 9

2 242 2
| Mog—ngl” = T%(t +Tu )(_E + 4—82)- (B.1)

The partonic Mandelstam variables [[] are defined as

S = (k’l —|— ICQ)Q = 2k‘1 . kQ, t = (k’l — k3)2 = —2]{?1 . l{?Q, u = (]{31 — k?4)2 = —2k‘1 . k?4, (B2)

ITypically, the partonic parameter is denoted with a hat above, such as §,%, 4. But we leave out the hat
here for simplicity.
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and satisfy s+t + u = 0. The tree-level diagram b(k1)q(ka) — b(k3)q(k4) renders a squared

amplitude
64m? 8% + u?

|Mbq%bq|2 = 9 Qg 12

(B.3)

In these diagrams, spins and colors are averaged for the initial states and summed over for

the final states.

n®9.es

Figure B.1: Feynman diagrams for scattering processes bg — bg, (a) s-channel, (b) ¢-channel,
(¢) u-channel, and (d) bg — bq.

In the center-of-mass frame, partonic momenta take the form

ky = %(1,0,0, 1), ko = %(1,0,0, —1),

H 0 (B.4)
ks = 5(1,81119,0,008(9), ky = 5(1, —sin 6,0, — cos ),

if the momenta of the final-state particles are in the O-zz plane. The Mandelstam variables

become
2 @ %
s=Q°, t——E(l—COSH), u-—7(1+0050) (B.5)
The two-body phase space can be written as
3 3 0
Ady = (2m)20W (ky + ky — ks — ky) Ay _dky _ dR (B.6)

(27)3KS (2m)32kY 322
Therefore, we get the total partonic cross section for gb — gb as
. 1
O‘(gb — gb) = 2_5 /d(I)2|Mgb_>gb|2
s (B.7)

72
= 3722048 {10 to— (11 + z) 4+ 36log(1 — z) + 8log(1 + x)} s

where z = cosf € [-1+6,1— 5]. Slmllarly, we get the bg — bg cross section in the full phase

space as

2 8 1-5
6(bq — bq) = 952 Q{T +z +4log(—1+ x)] ‘_M. (B.8)

We can see clearly that the full phase space cross section is divergent in the forward collinear

limit § — 0 and soft limit @* — 0, which is regulated by the fiducial cuts such as pr > pS
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Y in the practical experimental measurements. Let us consider the differential

or [n| < n™
cross section do/dpr in the pr — 0 limit. In the partonic center-of-mass frame at LO, the
pr = %sin@ = @ sin@. Therefore, two limits § = z1225 — 0 and 8 — 0,7 will lead to
pr — 0. As we discussed above, the # — 0,7 limit leads to a collinear divergence, which
is regulated by the experimental rapidity cut. The limit ;255 — 0 violates the threshold
constraint, which invalidates the massless assumption. In other words, the Flavor Excitation

calculations break down when § = x1225 < 4mé. Together with the threshold constraint

71795 > 4m and the rapidity cut |y| < y*, we will get an effective cut for in the FE and

SB terms,
4m? < 21295 = 2p%(1 + cosh Ay) < 2p2(1 + cosh 2y“)
ng cut (B9>
- > — =2 Y
br 1 + cosh 2ycut e ’
where x15 = 5—%(6*141 + e*¥2). For the typical LHCb measurement, the fiducial volume

satisfies |y| < 4.5, which gives p% > 2-4.75 - e=*% ~ 0.1 GeV, and avoids the p} — 0 limit.

In order to implement this threshold constraint naturally, the SACOT-MPS approach
evaluates all three types of terms (FC, FE, and SB) using the massive phase space. The
difference between the cancellations of the FE and SB terms in the region p2 ~ m?, when
those are evaluated using the massless and massive phase spaces, is illustrated in the example
of the LHCD forward (2.0 < y < 4.5) B* production at 7 TeV [169], shown in Figure [B.2]
In the high-pr region, the massive phase space approaches its massless limit. At p% > mZ,
the FE and SB terms computed with the massive phase space (indicated by mFE and mSB)
are essentially identical to their counterparts computed with the zero-mass space, OFE and
0SB. Besides, the SB term approaches and nearly cancels the full FC term (or rather, it
exactly cancels the logarithmically enhanced part of the FC term). In the same region, the
FE term is somewhat larger than the FC term, indicating that the higher-order contributions
introduced as a part of the b-quark PDF in the FE term, but missing in the FC term, cannot
be omitted in this case.

Conversely, in the low-pr limit, the Flavor Creation contribution to the differential cross
section do /dpr converges well, since the heavy quark mass m; serves a natural regulator. In

sharp contrast, the OFE and 0SB with massless phase space diverge in this limit, because
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Figure B.2: The massive and massless phase space results for Flavor Excitation and Subtrac-
tion terms when compared to the Flavor Creation terms. Here we take the fiducial volume
of the LHCb 7 TeV measurement of B production [169] as an example to demonstrate.

of the collinear and soft singularities present at pr — 0. Ideally, we expect the OFE and
the 0SB to cancel in the pr — 0 limit. But the divergence destabilizes this cancellation.
However, after adopting the massive phase space, the divergent behavior gets tamed by the
phase space suppression. We get a stable good cancellation between the mFE and mSB

terms in this region, which leaves the FC terms to dominate.
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