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In this dissertation research, new non-classical models for Kirchhoff and Mindlin plates
are developed and applied to study band gaps for flexural wave propagation in composite
plate structures.

In Chapter 2, a new non-classical model for a Kirchhoff plate resting on an elastic
foundation is developed using a modified couple stress theory, a surface elasticity theory
and a two-parameter elastic foundation model. A variational formulation based on
Hamilton’s principle is employed, which leads to the simultaneous determination of the
equations of motion and the complete boundary conditions and provides a unified treatment
of the microstructure, surface energy and foundation effects. The new plate model contains
a material length scale parameter to account for the microstructure effect, three surface
elastic constants to describe the surface energy effect, and two foundation moduli to
represent the foundation effect. The current non-classical plate model reduces to its
classical elasticity-based counterpart when the microstructure, surface energy and
foundation effects are all suppressed. In addition, the newly developed plate model
includes the models considering the microstructure dependence or the surface energy effect

or the foundation influence alone as special cases and recovers the Bernoulli-Euler beam



model incorporating the microstructure, surface energy and foundation effects. To illustrate
the new model, the static bending and free vibration problems of a simply supported
rectangular plate are analytically solved.

In Chapter 3, a new non-classical model for circular Kirchhoff plates subjected to
axisymmetric loading is presented based on the same modified couple stress theory and
surface elasticity theory but using cylindrical polar coordinates. The new non-classical
plate model includes the circular plate models considering the microstructure influence or
the surface energy effect alone as special cases and recovers the classical elasticity-based
Kirchhoff plate model when both the microstructure and surface energy effects are
suppressed. To demonstrate the new model, the static bending problem of a clamped solid
circular Kirchhoff plate subjected to a uniform normal load is analytically solved.

In Chapter 4, a new non-classical model for a Mindlin plate resting on an elastic
foundation is developed in a general form using the modified couple stress theory, the
surface elasticity theory and the two-parameter Winkler—Pasternak foundation model,
which are the same as those employed in Chapter 2. It includes all five kinematic variables
possible for a Mindlin plate and treats the microstructure, surface energy and foundation
effects in a unified manner. The current non-classical plate model reduces to its classical
elasticity-based counterpart when the microstructure, surface energy and foundation effects
are all neglected. In addition, the new model includes the Mindlin plate models considering
the microstructure dependence or the surface energy effect or the foundation influence
alone as special cases, and it degenerates to the Timoshenko beam model including the

microstructure effect. To illustrate the new Mindlin plate model, the static bending and free
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vibration problems of a simply supported rectangular plate are analytically solved by
directly applying the general formulae derived.

In Chapter 5, a new non-classical model for circular Mindlin plates is furnished using
the modified couple stress theory, the surface elasticity theory, Hamilton’s principle, and
cylindrical polar coordinates, as was done in Chapter 3. The non-classical model includes
the circular plate models considering the microstructure influence only and the surface
energy effect alone as special cases, and it recovers the classical elasticity-based circular
Mindlin plate model when both the microstructure and surface energy effects are not
considered. To illustrate the new model, the static bending problem of a clamped circular
Mindlin plate under a uniform normal load is analytically solved.

In Chapter 6, a new model for determining band gaps for flexural elastic wave
propagation in a periodic composite plate structure with square inclusions is developed by
directly using the non-classical model for Kirchhoff plates presented in Chapter 2. The
band gaps predicted by the newly developed model depend on the microstructure and
surface elasticity of each constituent material, the elastic foundation moduli, the unit cell
size, and the volume fraction of the inclusion phase. To quantitatively illustrate the effects
of these factors, a parametric study is conducted.

In Chapter 7, a new model for predicting band gaps for flexural elastic wave
propagation in a periodic composite plate structure with square or cruciform inclusions is
provided by using the non-classical model for Mindlin plates proposed in Chapter 4. The
band gaps predicted by the new model depend on the microstructure and surface elasticity

of each consitituent material, the unit cell size, and the volume fraction. To quantitatively
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illustrate the effects of these factors, a parametric study is conducted for periodic composite

plate structures containing square and cruciform inclusions.
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Chapter

1. INTRODUCTION

Thin plates (such as those used in MEMS and NEMS devices as sensors and probes)
often exhibit size effects, which cannot be captured by models based on classical
continuum mechanics due to a lack of any material length scale parameter (e.g., Miller and
Shenoy, 2000; Lam et al., 2003; Lim and He, 2004; McFarland and Colton, 2005; Li et al.,
2009).

As atomistic models can be prohibitively expensive, continuum models remain to be
essential in studying deformations of structural components at the micron scale. Higher-
order continuum theories can capture microstructure effects resulting from non-local
interactions of material particles at the micron scale. In such a theory, either a continuum
embedded with microstructures or a non-local medium including long-range material
interactions is employed. Surface elasticity theories can describe surface energy effects
arising from the atom arrangements and material properties on a surface that are different
from those in the bulk. In such a surface elasticity theory, a surface is regarded as a
membrane or film with a negligible thickness that is perfectly bonded to the bulk material.
However, very few plate models have been developed by considering both the
microstructure and surface energy effects. These motivated the current dissertation

research.



In Chapter 2, a new non-classical model for a Kirchhoff plate resting on an elastic
foundation is provided. In Chapter 3, a new non-classical model for circular Kirchhoff
plates subjected to axisymmetric loading is presented by using cylindrical polar
coordinates. In Chapter 4, a new non-classical model for a Mindlin plate resting on an
elastic foundation is developed. In Chapter 5, a new non-classical model for circular
Mindlin plates is furnished using cylindrical polar coordinates. In Chapter 6, a new model
for determining band gaps for flexural elastic wave propagation in a periodic composite
plate structure is proposed based on the non-classical Kirchhoff plate model presented in
Chapter 2. In Chapter 7, a new model for predicting band gaps for flexural elastic wave
propagation in a periodic composite plate structure is developed by employing the non-

classical Mindlin plate model formulated in Chapter 4.



Chapter

2. A NON-CLASSICAL KIRCHHOFF PLATE MODEL INCORPORATING

MICROSTRUCTURE, SURFACE ENERGY AND FOUNDATION EFFECTS

2.1 Introduction

Thin beams and plates widely used in MEMS and NEMS often exhibit microstructure-
and surface energy-dependent size effects (e.g., Miller and Shenoy, 2000; Lim and He,
2004; McFarland and Colton, 2005). Classical continuum mechanics cannot be used to
interpret such size effects because of a lack of any material length scale parameter. Hence,
models based on higher-order (non-classical) continuum theories that contain
microstructure-dependent material parameters and can account for surface energy effects
need to be developed.

Several higher-order elasticity theories have been applied to develop non-classical plate
models. Lazopoulos (2004) provided a non-classical von Karman plate model based on a
simplified strain gradient elasticity theory (SSGET) (e.g., Gao and Park, 2007; Gao and
Zhou, 2013). This SSGET, which contains only one material length scale parameter, was
also employed by Papargyri-Beskou and Beskos (2008) and Papargyri-Beskou et al. (2010)
to derive non-classical equations of motion for Kirchhoff plates of strain gradient materials.
By using a constitutive relation in non-local elasticity suggested in Eringen (1983), Lu et

al. (2007) proposed a Kirchhoff plate model and a Mindlin plate model without using a



variational formulation. Based on a modified couple stress theory that involves one
additional material length scale parameter (Yang et al., 2002; Park and Gao, 2008), three
Kirchhoff plate models were suggested in Tsiatas (2009), Jomehzadeh et al. (2011) and
Akgd6z and Civalek (2013), respectively.

On the other hand, for solids with a large surface layer to bulk volume ratio, surface
effects, which cannot be described using classical elasticity, become important (e.g., Miller
and Shenoy, 2000). Such surface effects can be interpreted using a surface elasticity theory,
in which the surface of a solid, where the atom arrangements and material properties differ
from those in the bulk (e.g., Cammarata, 1994), is regarded as a membrane or film with a
negligible thickness (e.g., Steigmann and Ogden, 1997, 1999).

The surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978) has been used to
analyze thin plates involving surface effects. For example, Miller and Shenoy (2000)
developed a model to describe the size dependency of the effective stiffness of a nano-
sized structural element (a bar, beam or plate). Lim and He (2004) presented a
geometrically nonlinear plate model for nano-scale films based on the Kirchhoff hypothesis
and the von Karman strains. Lu et al. (2006) constructed a size-dependent thin plate model
by including the normal stress on and inside the surface of the bulk substrate. Lii et al.
(2011) developed a non-linear plate model for functionally graded films using the
Kirchhoff kinematic relations and the von Karman non-linear strains for the bulk material.
Wang and Wang (2012) provided a model for non-linear free vibrations of a Kirchhoff
plate and a Mindlin plate using the von Karman strains.

However, very few models have been developed for thin plates by considering both the

microstructure and surface energy effects. One non-classical model for Kirchhoff thin



plates was provided in Lazopoulos (2009) by employing a strain gradient elasticity theory
that contains two additional length scale parameters — one related to the bulk strain energy
and the other linked to the surface energy. Another non-classical Kirchhoff plate model,
which is based on a modified couple stress theory and a surface elasticity theory, was
presented in Shaat et al. (2014) without using a variational formulation. The elastic
foundation effect was not considered in either of these two studies.

The objective of the this chapter is to develop a non-classical model for a Kirchhoff
plate resting on a two-parameter elastic foundation characterized by the Winkler and
Pasternak foundation moduli using the modified couple stress theory (Yang et al., 2002;
Park and Gao, 2008), the surface elasticity theory (Gurtin and Murdoch, 1975, 1978) and
Hamilton’s principle. This variational formulation leads to the simultaneous determination
of the equations of motion and complete boundary conditions and provides a unified
treatment of the microstructure, surface energy and foundation effects.

The rest of the Chapter 2 is organized as follows. In Section 2.2, a new non-classical
model for a Kirchhoff plate on a two-parameter elastic foundation is developed using a
variational formulation based on Hamilton’s principle. The newly obtained Kirchhoff plate
model includes the models incorporating the microstructure dependence or the surface
energy effect or the elastic foundation influence alone as special cases and recovers the
model for Bernoulli-Euler beams based on the same modified couple stress theory and
surface elasticity theory. Also, the new plate model reduces to its classical elasticity-based
counterpart when the microstructure, surface energy and foundation effects are all
suppressed. In Section 2.3, static bending and free vibration problems of a simply

supported rectangular plate are analytically solved by directly applying the new model. The



numerical results are also presented there to quantitatively show the differences between
the current non-classical Kirchhoff plate model and its classical counterpart. The chapter

concludes in Section 2.4 with a summary.

2.2 Formulation

The Kirchhoff plate theory, also known as the classical plate theory, is the simplest
theory for analyzing plates. It can be viewed as an extension of the Bernoulli-Euler beam
theory to three-dimensional deformations.

Consider a Kirchhoff plate resting on an elastic foundation that can be characterized by
a two-parameter model including the Winkler foundation modulus 4, to represent the
spring elements and the Pasternak foundation modulus %, to describe the shear layer which
is incompressible and deforms in transverse shear only (e.g., Selvadurai, 1979; Yokoyama,
1996), as schematically shown in Fig 2.1. The effect of this two-parameter elastic
foundation on the plate deformation can be equivalently represented as a vertical body
force ¢ (in N/m?) given by (Selvadurai, 1979):

q(x,y,t) =k w(x,y,t)— kazw(x, v,t), 2.1

where V? is the Laplacian, and w is the displacement of point (x, y, 0) on the mid-plane of
the plate at time .

By using the Cartesian coordinate system (x, y, z) shown in Fig 2.2, the displacement

field in a Kirchhoff plate of uniform thickness /4 can be written as (e.g., Reddy, 2002)

U, Zu(x>y:t)_za_w, U, :V(x’yat)_za_wa U, = W(xayat)a (2.2a—c)
ox oy

where u1, u> and u3 are, respectively, the x-, y- and z-components of the displacement vector

u of a point (x, y, z) in the plate at time ¢, and u, v and w are, respectively, the x-, y- and z-



components of the displacement vector of the corresponding point (x, y, 0) on the plate
mid-plane at time .

In Fig 2.2, S" and S~ denote, respectively, the lower and upper surface layers (with zero-
thickness) of the Kirchhoff plate. These two surface layers are taken to be perfectly bonded
to the bulk plate material at z =+ 4/2, respectively. The bulk material satisfies the modified
couple stress theory (Yang et al., 2002; Park and Gao, 2008), while the surface layers have
distinct material properties and are governed by the surface elasticity theory (Gurtin and

Murdoch, 1975, 1978).

Fow
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Fig. 2.1 Plate on a two-parameter elastic foundation



Fig. 2.2 Plate configuration and coordinate system

According to the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),

the constitutive equations for an isotropic linear elastic material read

0, = A&, 0, +2ue;, (2.3)

g y
A2
m; = 21 s 2.4)
where oy are the components of the Cauchy stress tensor, m;; are the components of the
deviatoric part of the couple stress tensor, ¢ is the Kronecker delta, A and y are the Lamé

constants in classical elasticity, / is a material length scale parameter measuring the couple

stress effect (e.g., Mindlin, 1963; Park and Gao, 2006), and &; and y;; are, respectively, the



components of the infinitesimal strain tensor and the symmetric curvature tensor defined

by
& :%(”m‘ +”/J)’ (2.5)
Zy=%@%+9m% (2.6)

with u; being the displacement components and & being the components of the rotation

vector defined as

1
6, =5 et 2.7)

According to the surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978;
Steigmann and Ogden, 1997, 1999), the surface layer of a bulk elastic material satisfies
distinct constitutive equations involving surface elastic constants. The governing equations
for the surface layer of zero thickness are given by (e.g., Gurtin and Murdoch, 1978; Ru,
2010; Zhou and Gao, 2013, 2015):

O, =TopK oy, (2.8a,b)
where xep are the components of the surface curvature tensor, n; are the components of the

outward-pointing unit normal n ( = n;e; ) to the surface, and 7,4 are the in-plane components

of the surface stress tensor expressed as (Gurtin and Murdoch, 1975, 1978)
T,5= [To + (4, + To)um ] 5aﬁ + U, (ua,ﬁ tug, ) —Tollp o (2.9
where uo and Ao are the surface elastic constants, and 7o is the residual surface stress (i.e.,

the surface stress at zero strain). These three constants po, 4o and 7o can be determined from

atomistic simulations (e.g., Miller and Shenoy, 2000; Shenoy, 2005) or experimental



measurements (e.g., Jing et al., 2006; Zhang et al., 2013). Clearly, Eq. (2.9) shows that zup
is not symmetric.

The out-of-plane components of the surface stress tensor read (Gurtin and Murdoch,
1978)

Typ = Tols - (2.10)

Note that in Egs. (2.3)—(2.10) and throughout the Chapter 2, the summation convention

and standard index notation are used, with the Greek indices running from 1 to 2 and the
Latin indices from 1 to 3 unless otherwise indicated.

It follows from Egs. (2.2a-c) and (2.5)—(2.7) that in the bulk of the current Kirchhoff

plate,

ou O*w 1 ou ov 82w ov o*w
EH:_—Z_Z, xy:_(_ ~ )7 gyy __Z_zﬂ gxz:gyz:gzzzo’
ox  Ox 2 0y Ox 8x8y oy 0Oy

(2.11)
0-2" 0 -2 4 _l(@__) (2.12)
oy ox oy
_O'w 1 62w_82_w) _ O'w
A oxoy’ Ao =5 o' ot & oxoy’ 2.13)
_1 8_2"_&) _l( 0’ _@) -0 |
& 4 ox*  oxoy Xy 4 oxoy oy Az =5
The total strain energy in the elastically deformed Kirchhoff plate is given by
1
U,=U,+U;+U, =§J ( & +mU;(U)dV+ j aﬂeaﬂdAnL _[ Topap d4
(2.14)

+= jk widd +— jk (—) A + ijp(—) dA,

where Q is the region occupied by the plate, S~ and S* represent, respectively, the top and

bottom surface layers of the plate (see Fig 2.2), R denotes the area occupied by the mid-

10



plane of the plate, dV is the volume element, and d4 is the area element. In Eq. (2.14), Us
is the strain energy in the bulk of the plate, which is governed by the modified couple stress
theory, Us is the strain energy in the surface layers S~ and S* satisfying the surface elasticity
theory, and UF is the strain energy representing the effect of the two-parameter elastic

foundation. Note that only the first part of Us is considered in the classical Kirchhoff plate

theory as the total strain energy (i.e., Uy = % J.Q o,¢€,dV") in the plate.

From Egs. (2.9)—(2.14), the first variation of the total strain energy in the plate on the

time interval [0, 7] can be obtained as
T T
S| Updi=| jﬁ(al.jag,.j +m Sy, ivde+ [ [ (l, - 1'0 8,)0e.,dAdt

II (o~ To s )OE,, dAdt+I IkwéwdAdt J’J‘k [6W 0w J& dAde

I CﬁaR p[a—wn + Jé‘wdsdt

Oy

(2.15)

where OR is the boundary curve enclosing the area R, ds is the differential element of arc

length along OR, 7,,and 7, represent, respectively, the surface stress components on the

plate bottom (S*) and top (S°) surfaces. In reaching Eq. (2.15), use has been made of
Green’s theorem and the fact that zop is non-symmetric. This fact has been overlooked in
other variational studies employing the surface elasticity theory of Gurtin and Murdoch
(1975, 1978).

Note that the volume integral of a sufficiently smooth function D (x, y, z, f) over the

region € occupied by a uniform-thickness plate can be represented by

11



hi/2
jQD(x, y, z, )dV = jR '[_MD(x, v, z, )dzd4, (2.16)
where £ is the plate thickness, and R is the plate mid-plane area.
Using Egs. (2.11), (2.13) and (2.16) in Eq. (2.15) gives, with the help of Green’s

theorem,
5J‘0T U,dt = _J‘OT J'R {[NW +N,,, +%(wa + wa)+ Toe+ Ty +—(r;, +7,, )
+—(r+ﬂy+ T ):|5u+|: N, ;(sz,xﬁYz,xy)Jrf, +7 v+—(f+x+7;y,x)

Jrl(r+ +})}5v+[ wt2M M =Y Y Y Y

XY,y Yy,xy

h o’'w  O'w
+E(T;ﬂ_rﬂ),ﬂ_k w+k (6):; & Hﬁw}dAdtJr j (j) { 2N.n +2N n,

yz,y 'y

1 e e -
+§(sz,x”y+yxz,y”)+y n +2(r +7, —To) +(Txy+fxy+fyx+fyx)”y ou

1 P
+[2nynx +2N, n, =Y. n —E(sz,xny + sz’ynx)+ 2(Tyy +7, —ro)ny

+ - + -
+(er +T,+7T, +z'yx)nx}§v+[2(me +Mxy’y)nx +2(Mxy,x +Myy,y)ny

—l(Zm—Yyy),xny—%(Ym—Yw)’ n— (Yo, +Y,, )n,+Y, n =Y, n+(Y, +Y, )n,

2 X,y -y .y
N _ 0 0 1
+h(raﬁ’ﬁ—raﬂﬂ)n +2k (8: a—;} Vﬂé‘w [QMxxnx+2Mxyny—5(YX_x—3Yyy)ny
2¥n +h(e) —t, ) +h(z) —1,)n, |ow, {2M n,+2M,n —%(31/ Y, )n,
=2Y, n +h(r -7, n +h ) ]5w ——Y n,ou —(;sznx+sznyj5u’y
+l(2sznx+Yyn oV, +— Y .0V }
2

(2.17)
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Ne=| o.dz, N = . ZO'WdZ, w=],,0.42,
hi2 hi2 h2
M, = \ 2O'szdz, M, =| o,dz, M = ., w24z,
hi2 hi2 hi2 hi2 hi2
Y. = —h/zm”dz’ Y, = _h/zmyydz, Y, = _h/zmxydz, Y. = —h/zm"zdz’ Y. EJ-—h/zmyz
(2.18)

are the Cauchy stress and couple stress resultants through the plate thickness. Note that in
reaching Eq. (2.17) use has been made of the relations S"= R =S-, 0S" = OR = 0S™ for the
uniform-thickness plate under consideration in order to facilitate the integral evaluations.

The kinetic energy of the plate has the form (e.g., Ma et al., 2011; Gao et al., 2013)
K== pl() +() +() |ar (2.19)
2J0
where p is the mass density of the plate material. Note that here and in the sequel the
overhead “” and “--” denote, respectively, the first and second time derivatives (e.g.,
i, =0u, /ot, i, =0"u,/ ot’).
From Egs. (2.2a-c), (2.16) and (2.19), the first variation of the kinetic energy, on the

time interval [0, 7], can be obtained as
T T .o .. .o .o ..
5J.0 Kdt = —IO J.R (mytiou + myov + mywow+myw 6w +m,w ow )dAdz, (2.20)

where

3

m, = hi2 pdz = phy m, = hi2 pzidz = ph

—h/2 —h/2 12

2.21)

In reaching Eq. (2.20), it has been assumed that the initial (+ = 0) and final (¢ = 7)

configurations of the plate are prescribed so that the virtual displacements vanish at =0

13



and ¢ = 7. In addition, p is taken to be constant along the plate thickness and over the time
interval [0, 77 such that m, =0, m, =0.

From the general expression of the work done by external forces in the modified couple
stress theory (Park and Gao, 2008) and in the surface elasticity theory (Gurtin and
Murdoch, 1975, 1978), the virtual work done by the forces applied on the current plate

over the time interval [0, 7] can be written as
[ wdt=[ [ (t-6u+c-50)dddr+[ ¢ (T-ou+T-60)dsdr+ [ [ t5(use,)dddr,

(2.22)
where f and c are, respectively, the body force resultant (force per unit area), body couple
resultant (moment per unit area) through the plate thickness acting in the area R (i.e., the
plate mid-plane), t and § are, respectively, the Cauchy traction resultant (force per unit
length) and the surface couple resultant (moment per unit length) through the plate

thickness acting on OR (i.e., the boundary of R), S represents the top and bottom surfaces

of the plate (with S = §" U §°), and t’is the surface traction that is related to the surface

stress T through t' =V .t=1 (e.g., Gurtin and Murdoch, 1978; Altenbach et al.,

ia,aei
2010). Note that the last term in the virtual work expression in Eq. (2.22) accounts for the
contribution of the normal stress on the top and bottom plate surfaces o3, (= %z, , from
the equilibrium equations in Eq. (2.8a)), which is neglected in the classical Kirchhoff plate
theory that does not consider the surface energy effect.

Using Egs. (2.2a-c), (2.8a) and (2.12) in Eq. (2.22) leads to, with the help of Green’s

theorem,

14



5[ war=|’ jk[ f.8u+f,0v+ f.6w+c 0w, —c,ow, +%cz(5v’x —5u7y)}dAdt
+ JOT $. [Zgu +1,6v+1.5w=M Sw —M Sw, +5w, —s w + %E((sv,x ~du, )}dsdt
H[0 ] onddde [ [ o, Swdddr,

(2.23)
where f;, ci, Z and s_l (i=x, y, z) are, respectively, the components of f, ¢, t and 5, and
ﬁx and Vv are, respectively, the applied moments per unit length about the y-axis and x-
axis acting on OR. Note that the positive directions of Vx and V} are, respectively,

opposite to those of ow/0x and ow/0y (see Fig 2.2).

According to Hamilton’s principle (e.g., Reddy, 2002; Ma et al., 2008, 2010, 2011;

Gao et al. 2013),
5[, [K~(U,-W)]dr=0. (2.24)

Using Egs. (2.17), (2.20) and (2.23) in Eq. (2.24) and applying the fundamental lemma of
the calculus of variations (e.g., Steigmann, 1996, 2007; Gao and Mall, 2001) will result in,
with the arbitrariness of du, év and ow and the relations S* =R =S5, 0S" = 0R = 0S5~ due to

the uniform thickness of the plate,

1 . _ 1, . _ | _
NW+ny,y+E(Kfzyxy+}’yzw)+r +7 +—(z‘ +7 )+—(r +7 )

XX,X XX,X 2

(2.252)
1 .
+ f. +Ecz’y = myli,
ny,x + Nyy,y _l(sz,xx + sz,xy ) + T;y,y + z-/\jy,y + l(T;y,x + z.xy,x ) + l(T;/rx,x + T;x,x
2 2 2
(2.25b)
1 .
+fy —Ecm =m,V,
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oO’w  O'w

Mxx,xx + ZMxy,xy +M)fy,)fy - Yxmy + prxx - wa + Yyy,x,v —k,w+ kp ( P + ayz
(2.25¢)

h, . _ N _ . 0% 0%

+5(Taﬂ - Taﬂ),aﬂ T30t Ta0a T /. —C,, TC, =mw—m, o —m, ayz

as the equations of motion of the Kirchhoff plate for any (x, y) € Rand ¢ € (0, 7), and
1 ¢r 1 1 P
_EJ'O 4)61? 2N n +2N n, +5Yﬂ,xny +5Ym,nx +Y,_ n, + 2, +7 —Tn,

_ 1
+ - + -
+(er +7, 47, + Tyx)ny +en, —2txJ5u +{2nynx +2any =Y. .n, _Esz,xny

1 + - + - + - -
_Ey;z,ynx +(r, +r,tr, +o n +2(r, +7,, —7)n, —c.n =21, |6

1 1
+ [2(MW + Mxy,y)nx + 2(M_W + Mw,y)”y _E(Y’”‘ - Yyy)’xny _E(Y’“ - Yyy),y n,
2% ow ow
+ ny,xnx - ny,yny + (ny,x + Yyy,y)nx - (Yxx,x + ny,y)ny + P a_xnx +5n}f

+h(T,5 5 = Top )N, —2¢,m, +2c n, =28 +2m, (W n, + v'{{yny)] ow— [2Mxxnx +2M n,

Xy X

_%(Yﬂ =3Y )n, +2Y n +h(z, -7 n +h(z) -7 )n, — 2M - ZEVV}éw,x —[2Mxynx

1 + - + - s -
+2M ., —E(SYM =Y n =2Y n +h(z, -7 )n +h(z, —7, )n —2M, +2sx}5w’y

xp "y

_%Y n 5%‘(%” n +szny—§z)§u,y+(Y n +%szny—gz)§vwx+%Y nxé'v’y}det:O,

xz' "y xz'“x xz''x yz

(2.26)
which can be further simplified to obtain the boundary conditions.

Note that the integrand of the line integral in Eq. (2.26) is expressed in terms of the
Cartesian components of the resultants and displacements that are functions of the
Cartesian coordinates (x, y, z) with the unit base vectors {ei, e2, e3}. This is convenient for
a rectangular plate whose edges are parallel to the x- and y-axes. However, for a more
general case of a plate whose boundary is not aligned with the x- or y-axis, as shown in Fig

2.3, it is more convenient to use a Cartesian coordinate system (7, s, z) with the unit base
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vectors {e,, e, e;},wheree,(=ne, +ne, ) and e (= —n, e, +n.e,)are, respectively, the

unit normal and tangent vectors on the plate boundary OR.

OoR
Fig. 2.3 Two coordinate systems

It can be shown that the components in the coordinate system (x, y, z) are related to

those in the coordinate system (7, s, z) through the following transformation expressions:
{u’ V}T = [Rl]{un’ Vs}T ’ {W,X’ W,y}r = [Rl]{w,n’ W,S}T ’
o) =[R]E. 5. 5.5} =[R]5.5). {e. o) =[R){c. )

Nxx ny Nnn an T Yxx xy Ynn Yns T
|:ny N)yi| [ 1]|:an Nss:|[Rl] ’ |:},xy Yyyi|_[Rl]|:Y:1s ssj|[Rl] ’
M. M M. M . (v v Y Y .
XX Ay _ nn ns XzZ,X xZ,y _ nz.n nz.,s
[Mxy My}}_[ I]LM,,S MJ[ I {Y nzj‘[Rl][Yﬂ,,, YSZJ[RJ (22D

+ + + +
fo Txy — R T;n Tr:? R T |:uax uay :| — R |:un,n un,s :| R T
|:T,Vix T,Viy } [ 1 ]|:Tsin T;_:v :| [ l ] ’ V,X v,y [ 1 ] vs,n vs,s [ 1 ] ’

M, M, M, M, M MY

XX 2 X,y Ty, x 0 T xy,y? T yyax?

[RM,,,. M, M, M, .M M.,

nn,n?> nn,s > ns,n? ns,s > ss,n

v, .Y . v, v, v v V=R, .Y, .Y .Y Y .Y},

xx,x? Txx,y? Tap,x? Txp,y? Tyy,xd Tyyy nn,n® “nn,s> Tns,n® “ns,s> Tss,n? Tss,s
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+ + + + 7 _[ R ] + + + + + + + + O\’
z-)‘:x,x’ z-xy,y’ z-yx,x’ z-yy,y - 4 Tlln,ll’ Tnms’ z.ns,n’ Tsn,n’ Tns,s’ z-.vn,s’ Tss,n’ Tss,.v s

where
n. -n
| ¥
[Rl] = >
n, n,
[ 3 2 2 2 37]
n; n.n, 2nxny 2n n, nn n,
2 3 2 2 3 2
n.n, n; —2nxny —2nxny n, nnm,
2 2 2 3 2 2
nn, -—nn n—nn —-nntn, —-nn nn
y Xy Xy y Xy Xy
[R3] = 2 2 2 3 2 2 2 | (2.28a-c)
nn, n.n, non,—n, N, —RN, —AN, —HN,
2 3 2 2
nn,  —n 2nin,  —2n.n; n —n.n,
3 2 2 2 3
|7, nnm, 2n.n, 2nin, n.n, n, |
M 3 2 2 3]
n; n.n, n.n, n.n, nn, nnm, nn n
2 2 2 3 3 2 2 2
[R] _ nnm, n.n, n.n, —-n, n, -nn, —nn, —nmn,
41 7| 2 2 2 3 3 2 2 2 |
non, —nmn, —n.n, n, n, -nn, —nn, NN
3 2 2 2 2 2 3
o, nnm, nnm, nn n.n, nn, n.n, n |

with n? +ni =1.

Using Eqgs. (2.27) and (2.28a-c) in Eq. (2.26) yields, after some lengthy algebra,

T 1 _ - 1 _
-[O i@R 2(Nnn + ZY"IZ,S + Tr:rn + Tnn - Z.0 —In jdun - (_2an + ),nz,n +_Y;z,s - T:trs - Tns

2
T =T e 42t )Sv. +[2M +2M, +h(cE -7 4T -7 —lY +2Y
Z-sn Tsn cz s vs nn,n ns,s Tnn N Tnn N Tns ,S Tns X E nn,s ns,n

+%Y +2¢, =21 +2myiv, + 2k, w, } Sw+(-2Y, —2M,, —he}, +he,, +2M , +25, ) 5w,

58,8

¥ (-sz + % Y, —%YN —htt +hto +2M -2, j Sw, + (—% Y, +s:)du,

+(Y, —Ez)5vm +%Ysz5vs,s}d5dt =0.

(2.29)

Note that on the closed boundary OR, the following identity:
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958R Dég ds = —anR D, 6gds (2.30)

holds, where D, g are two smooth functions. Using Eq. (2.30) in Eq. (2.29) leads to
(N, + N6y, + NoowT-6w, +T.6v, , Jisd 231
.[0 CﬁﬁR(Nnn u, + Nsov, + Nzow+T: w’n+TS vm)ds t=0, (2.31)

where

~ 1 ) _
Nuw=2(N,, +=Y,_ +7, +7, —Ty—=Sz5 —1a),

nn 2 nz

~

_ + - + - o
Ns=2N, -Y_ -Y 4+t +7, _+7 +7, —C —2s,

nz,n 5z,8

Ne=2M,,, +4M,, 2%, +2%, +2¥, +h(z), =T, + T\ ~T0, (2.32-¢)

nn,s ns,n 58,8 nn,n nn,n

+T0 — T )20, =2M s + 2805 =2t +2m0, +2k W,

sn,s

z

—2Y —2M  —ht! +hr, +2M,+2s,,

Ynz —S:z.

~N> N

s

The use of the fundamental lemma of the calculus of variations in Eq. (2.31) gives

Nw=0 or u =u,

Ny =0 or v, =V,

N-.=0 or w= w, (2.33a-¢)
T.=0 or W, =W,

T,=0 or Vin =V

as the boundary conditions for any (x, y) € 0 R and ¢ € (0, T), where the overhead bar
defines the prescribed value.
From Egs. (2.3), (2.4), (2.11), (2.13) and (2.18), the Cauchy stress and couple stress

resultants can be expressed in terms of u, v and w as

N, = A+ 224 2,
ox oy

ov ou
N _ =hf(A+2u)—+1—],
W =hl( ﬂ)ay ax]

19



N, = un(2+ D,
oy Ox

1 ow
M_=——n[(A+2 +A
1 [( 1) P

xx

o*w

Yy

2
M. =—l,uh3 o'w ,
Y6 Ox0y
2
Y. =2urh Y
Ox0y
o’w
Y, ==2ul’h——,
Y a Ox0y
2 2
Y, lh(a w Ow 2)
Ox
y
2 2
¥ :l,ulzh ov Ou )

o2 o’ ﬁxay

2 2
v, =L en Y —6—”2‘ .
o2 ox0y 0Oy

1
M. =——h[(A+2u +A
12 A )8y2

o*w
6y2

o*w
ox*

1,

I,

(2.34a-k)

From Egs. (2.9), (2.10) and (2.2a-c), it follows that the surface stress components are

given by
8v h82
T - =1,+(4, +T0)(
y
2
=1, + (4, +r0)(a” ha
ou Ov ov 1
Ak WP e el
/Jo( ax) 8x+ 2y —

) (4 2ﬂo)(

)+(/1 +2 0)(
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oy 0 0 Ox0y
N _ ow
T3, =03, =T a>
Ty, =15, :ro%. (2.35a-f)

Using Egs. (2.34a-k) and (2.35a-f) in Egs. (2.25a-c) then yields the equations of motion

of the Kirchhoff plate in terms of u, v and w as

- +v. .+
SXXYY u’yyyy SXXXY v,XJ’)’y )

(A+2)hu  + phu , + A+ whv, + iulzh(—u

| (2.36a)

+ 2(1”0 + 2‘0 )(u,xx + V,xy) + (2/’10 - z-0 )(2u,xx + u,yy + V,xy) + ~fx + ECZJ = moii’

1
(A+2)hv , + phv + A+ @whu,, + 2 ul zh(u,my FU =V — Vi)

(2.36b)

+2(y + AU, +v )+ Qg =7 )y, +v, . +2v )+ [ - Ecz,x =m,V,

L 2mn ¢ w4+ 200 +2 +
12 ( /u) ,Ll 2 ( 0 /Jo) (W,xxxx W,xxyy W,yyyy)

, s (2.36¢)

5 i i . o'w ow

+ (27, + p)(w’m + w’yy)— W £ —c,, e, =mpw—m, 6)6—2—m2 ?

The boundary-initial value problem for determining u, v and w is defined by the
differential equations in Egs. (2.36a—c), the boundary conditions in Egs. (2.33a—e), and
given initial conditions at t = 0 and ¢ = 7. It is seen from Egs. (2.36a-c) that the in-plane
displacements u and v are uncoupled with the out-of-plane displacement w and can
therefore be obtained separately from solving Egs. (2.36a,b) subject to prescribed boundary
conditions of the form in Egs. (2.33a,b,e) and suitable initial conditions.

When / = 0, ¢; = 0, Egs. (2.36a-c) will reduce to the governing equations for the

Kirchhoff plate in the absence of the microstructure (or couple stress) effect.
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When Ao = uo = m = 0, Egs. (2.36a-c) will become the governing equations for the
Kirchhoff plate without the surface energy effect.

When /=0, ¢;=0, and Ao = uo = n = 0, Egs. (2.36a-c) will degenerate to the classical
elasticity-based governing equations for the Kirchhoff plate resting on the two-parameter
elastic foundation.

When /=0, ¢;=0, Ao = o= n =0, and k. = k, =0, Egs. (2.36a-c) reduce to

(A+2whu  + phu  +(A+hv  + [ =mgi, (2.37a)
(A+20)hv , + phv  +(A+ whu  + [, =myV, (2.37b)
o’ o’

—%(ﬂ,+2y)h3(w +2w +w )+ o =mgw—m, (2.37¢)

o R P m, ay_z
which are the governing equations for the Kirchhoff plate based on classical elasticity.

Whenu=v=0,w=w(x,1), fx =f,=0, and ¢x = ¢: = 0, the Kirchhoff plate considered
here becomes a Bernoulli-Euler beam with a unit width and a height /# undergoing only
bending deformations. For this case, Egs. (2.36a—c) are simplified as

1 1
_[E(ﬂ,+2y)h3 +,ulzh+5(/10 +2ﬂo)h2}w,mx + (27, +kp)W,xx -k w4+ f. +e,, .

o

= myw—m, p
for any x€(0, L) and ¢€(0, T), where L is the length of the beam (plate). When the elastic
foundation is not present (i.e., kw = k, = 0), the governing equation in Eq. (2.38) reduces to
that for the Bernoulli-Euler beam with a unit width and a height # without considering axial
loading and the surface energy effect on the two side surfaces of the beam (Gao, 2015; Gao
and Zhang, 2015). That is, the current Kirchhoff plate model recovers the non-classical

Bernoulli-Euler beam model based on the same modified couple stress theory and surface

elasticity theory. For static bending, w = w(x), and Eq. (2.38) further reduce to the static
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equilibrium equation for a Bernoulli-Euler beam without the elastic foundation derived in

Gao and Mahmoud (2014).

2.3 Examples
To demonstrate the new Kirchhoff model developed in Section 2.2, static bending and
free vibration problems of a simply supported rectangular plate (see Fig 2.4) are

analytically solved herein by directly applying the new model.

[ o gl

Fig. 2.4 Simply supported plate

In view of the general form of the boundary conditions (BCs) in Egs. (2.33a—¢), the

BCs for this simply supported plate can be identified as
u =0, Ny=0, w=0, T.=0, Ts =0 (2.39)
for all (x, y) on the boundaries x = 0, @ and y = 0, b. Also, the following applied traction

resultants vanish on these boundaries:
SS=SZ=0, M, :0, ts:() (240)
For the boundaries x =0, a, n, =0 and ny =—1 (onx = 0) or ny =1 (on x = a), and Eq.

(2.39) becomes, with the help of Egs. (2.27), (2.28a), (2.32b,d,e) and (2.40),
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u(0,y)=u(a,y)=0,
w(0,y) =w(a,y) =0,

oLy 1y

1 + - + - 1
Xy 2 Xz,x 2 yz,y+5(z-xy+/z-xy +Tyx+ryx)_56z :0 OHX=0 andxza,

h
M, +Y, +E(r;x —7.)=0onx=0andx=a,

Y =0onx=0andx=a. (2.41a-e)

Using Egs. (2.34c,d,i-k) and (2.35a,c,d) in Egs. (2.41c-¢) gives

1 1 1
ph(u, +v )+ Z,ulzh(u’xyy V)t Z,ulzh(u,yyy Vo, )+ Cuy—7)u, +v,)- Ecz =0,
ﬂlzh(_v‘},xx + M},J’y) _%}ﬁ[(ﬁ’ + 2/u)W,xx + J'M},J’y] _%hz (2’0 + Zﬂo)w,xx _%hz (J'O + TO)WJ’)’ = 0’

—u,, +v, =0

(2.42a-c)
onx=0andx=a.
For the boundaries y =0, b, n, =0 and n,=—1 (ony =0) or n,= 1 (on y = b), and Eq.
(2.39) now becomes, with the help of Egs. (2.27), (2.28a), (2.32b,d,e) and (2.40),
v(x,0)=v(x,b)=0,

w(x,0)=w(x,b)=0,

1 | N |
_ny_E(Y +Y )—E(rxy+rxy+ryx+ryx)—acz:0 ony=0andy=>5, (2.43a-¢)

Xz,X yz,y
h, .
M, Y, +5(TW —-7,)=0ony=0andy=20,

Y.=0ony=0andy=>.

Using Eqgs. (2.34c¢,e,1-k) and (2.35b-d) in Egs. (2.43c-e) results in
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1 1 1
ph(u , +v, ) —Z,ulzh(u’yyy Vo)~ Z,ulzh(u,xxy Vo) + Q=7 +v, )+ Ecz =0,
1 1
U o =, =LA+ (A 20000, = Iy 2 )W+ By 20w, 1=,

u,)’y - V’xy = 0

(2.44a-c)

ony=0andy=b.

2.3.1 Static bending

For static bending problems, u, v and w are independent of time # so that all of the time
derivatives involved in Egs. (2.36a—c) vanish.

The boundary value problem (BVP) for the static bending of the simply supported plate
shown in Fig 2.4 is defined by Egs. (2.36a—c) and the boundary conditions in Egs.
(2.41a,b), (2.42a-c), (2.43a,b) and (2.44a-c), with u = u(x, y), v="v(x, y) and w = w(x, »).

As mentioned in Section 2.2, the in-plane displacements « and v are uncoupled with w.
They can be obtained from solving the BVP defined by Egs. (2.36a), (2.36b), (2.41a),
(2.42a,c), (2.43a) and (2.44a,c). For the current case with £, = f, = 0 and c: = 0, the solution
of this BVP gives u = v =0 for any (x, y) € R.

The out-of-plane displacement w can be obtained from solving the BVP defined by
Egs. (2.36¢), (2.41b), (2.42b), (2.43b) and (2.44D).

Consider the following Fourier series solution for w:

w=Y" 3w, sin") sin(FE (2.45)

0
)
m=1 n=1 a b
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where W, 1is the Fourier coefficient to be determined for each pair of m and n. It can be
readily shown that w in Eq. (2.45) satisfies the boundary conditions in Egs. (2.41b), (2.42b)
atx =0, a and in Egs. (2.43b), (2.44b) at y =0, b forany W, .

The force f- (x, y) involved in Eq. (2.36¢) can also be expanded in a Fourier series as

mry

LE0=330, sm( ") sin(" (2.46)
m=1 n=1
where the Fourier coefficient Oy, is given by
== j [WAERD) sm( ”%)sin ("”y )dxdy. (2.47)

In the current case (see Fig 2.4), 1. (x,y) :P§(x—%)5(y—§), where O(-) is the Dirac

delta function. Using this f. in Eq. (2.47) yields

4p
0, = ESIH(T) sin (7) (2.48)

Using Egs. (2.45) and (2.46) in Eq. (2.36¢) results in, with ¢, =¢, =0,

o
woo=Em 2.49
mn A ( )
where
2_2 2_2 2_2
A= [—(/1+2,u)+,ulh+—(/1 +2y0)](’"” 7y +kp)(ma_f %)+kw.
(2.50)

Substituting this W into Eq. (2.45) will give the exact solution w based on the current

non-classical Kirchhoff plate model for the simply supported plate subjected to the
concentrated force at the center of the plate shown in Fig 2.4.
Clearly, Egs. (2.49) and (2.50) show that the incorporation of the microstructure effect

(i.e., with / # 0) will always lead to increased plate stiffness (thus reduced deflections),
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while the inclusion of the surface energy effect (i.e., with any of { y,, 4,, 7, } not being

zero) can result in either increased or decreased plate stiffness, depending on the signs of

2u,+ 4, and 7, . It is also seen from Eqgs. (2.49) and (2.50) that the presence of the elastic

foundation (i.e., with &, > 0 and/or &, > 0) will always lead to reduced plate deflection.
Figure 2.5 displays the variations of the plate deflection w along the line y = 5/2
predicted by the current non-classical Kirchhoff plate model and by its classical elasticity-
based counterpart. The numerical results predicted by the new model are directly obtained
from Egs. (2.45) and (2.48)-(2.50), while those by the classical model are computed using
the same equations but with / = 0, A,=x,= 7,= 0, and k, = k, = 0. In generating the
numerical results shown in Fig 2.5, the shape of the plate is fixed by letting a = b = 204,
while the plate thickness % is varying. The plate material is taken to be aluminum with the
following properties (Liu and Rajapakse, 2010; Gao and Mahmoud, 2014): £ =90 GPa, v

=0.23, / = 6.58 um for the bulk properties, and z, =—-5.4251 N/m, A4, =3.4939 N/m, r,

=0.5689 N/m for the surface layers, where Young’s modulus £ and Poisson’s ratio v are
related to the Lamé constants A and u through (e.g., Timoshenko and Goodier, 1970):

Ev E
A=———, u= .
(I+v)(1-2v) 2(1+v)

(2.51)
The foundation moduli are non-dimensionalized and taken to be K , =100, K = 10, where
K,=ka'/D, K, =k,a’/D,with D=Eh/[12(1-v*)] being the plate flexural rigidity.

The number of terms included in Eq. (2.45) is controlled by adjusting m and n. The
numerical results for the plate deflection w obtained with m = 30 and n = 30 are found to

be the same as those computed with larger m and n values (up to m = 90, n = 90) to the
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fourth decimal place. This indicates that using m = 30, n = 30 in the expansion is sufficient

for the convergent numerical solution of w displayed in Fig 2.5.

““““““ h=1
14 4 pe— h=2] Classical
P=0.IN,a=b=20h

........ h =51
. s n=I
Present
- - h=2] without
1 e hes foundation
—_— =] Present with
o _ the Winkler-
- h=2 Pasternak
= - S —— h =5l foundation
" 06
0.4
0.2

e g ¢ okt ot £ Ak Td T M ot et ok ket okt it - e e o

0 2 4 6 8 12 14 16 18 20

10
x/h
Fig. 2.5 Deflection of the simply supported Kirchhoff plate on y = b/2 with

K, =100, K, =10

From Fig 2.5, it is clearly seen that the deflection w predicted by the current Kirchhoff
model with or without the foundation is always lower than that predicted by the classical
model in all cases considered. It also shows that the differences between the values
predicted by the new model and the classical model are very large when the thickness of
the plate / is small (with 2 =/ = 6.58 um here), but the differences are diminishing when
the thickness of the plate 4 becomes large (with # = 5/=32.9 um here). This predicted size
effect agrees with the general trend observed experimentally (e.g., McFarland and Colton,
2005). In addition, it is observed from Fig 2.5 that the presence of the elastic foundation

does reduce the plate deflection, as expected (and noted earlier from Eqs. (2.49) and
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(2.50)). This is further shown in Fig 2.6, where more cases with different values of 4, and
ky, are compared, including the case without the foundation (as the top curve with &, = k, =
0). Note that the values of the other parameters are the same as those used in obtaining the

numerical results shown in Fig 2.5.

——K,=0,K,=0
0.25 P=01N,a=b=20hh=1 a7 —100 . =10
1
0.2 5
5
0.15
=
™
0.1
0.05

0 2 4 6 8 10 12 14 16 18 20
x/h
Fig. 2.6 Deflection of the plate with different values of &, and £,

Both the microstructure and surface energy effects are included in the numerical results
shown in Figs 2.5 and 2.6. To illustrate the surface energy effect, additional numerical
results are presented in Fig 2.7 for the deflection of the simply supported plate shown in
Fig 2.4, which are obtained from Egs. (2.45) and (2.48)-(2.50) by letting / = 0. For
comparison purposes, the results predicted by the classical elasticity-based Kirchhoff plate
model are also plotted in Fig 2.7, which are computed using (2.45) and (2.48)-(2.50) with

[ =0 and A, = y4,= 7,= 0. The plate material in this case is taken to be iron with the

following properties (Gurtin and Murdoch, 1978): E = 177.33 GPa, v = 0.27 for the bulk,
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and g,= 2.5 N/m, A4, =-8 N/m, r,= 1.7 N/m for the surface layers. The cross-sectional

shape is kept to be the same by letting a = b = 20A (see Fig 2.4) for all cases. In addition,

the foundation moduli are set to be &, = k, = 0 to examine only the surface energy effect.

P=100 uN, a=5b=20h

w/h

0 2 4 6 8 10 12 14 16 18 20
x/h
= & =0.08 um (current) h = 0.1 um (current) —— & = 0.2 um (current)
h =008 um (classical) = == i = 0.1 pm(classical) - == A = 0.2 um (classical)

Fig. 2.7 Deflection of the simply supported plate predicted by the new model considering
the surface energy effect alone (i.e., with / = k,, = k, = 0) and by the classical model
From Fig 2.7, it is observed that the plate deflection predicted by the current model

including the surface energy effect alone is always smaller than those predicted by the

classical model in all cases considered here for the iron plate. Figure 2.7 also shows that
the differences between the two sets of predicted values are significant only when the plate
thickness 4 is very small, but they are diminishing as / increases. This indicates that the

surface effect is important only when the plate is sufficiently thin.
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2.3.2 Free vibration

For free vibration problems, the BVP for the simply supported plate shown in Fig 2.4
is defined by Egs. (2.36a—), (2.41a,b), (2.42a-c), (2.43a,b) and (2.44a-c), with all external
forces vanished (i.e., f, = f, =/.=0and ¢, =c =c. =0).

For the current case with f.=f,=0and c.=0, Egs. (2.36a,b), (2.41a), (2.42a,c), (2.43a)
and (2.44a,c) give u = u(x, y, 1) =0, v=v(x, y, t) = 0 for any (x, y) E Rand ¢t € [0, T].

For w = w(x, y, t), consider the following Fourier series expansion:

w(x, v, t) =iZWV s1n( 7Yy sin (niry

m=1 n=1

el (2.52)

. o Vo .
where @, is the nth natural frequency of vibration of the plate, W, is the Fourier

coefficient, and i is the imaginary unit satisfying i*= —1. It can be readily shown that w in

Eq. (2.52) satisfies the boundary conditions in Egs. (2.41b), (2.42b), (2.43b) and (2.44b)

for any ¢ €[0, T7.

Using Eq. (2.52) in Eq. (2.36¢) gives, for a non-trivial solution with W = 0,

m’'n’ n'r’
)
(2.53)
where use has been made of Eq. (2.21). From Eq. (2.53), it is seen that the inclusion of the

o, = 1
h+— ph’ m' +
ph+ = p [

3
k +{2ro+k +{h(/1+2,u)+,ul h+—(l +2 0)}[
7[

2
a

microstructure effect (with / # 0) and the presence of the foundation (with k,,> 0 and/or £,
> 0) will always lead to increased values of @, , while the incorporation of the surface
energy effect may result in increased or decreased values of @, , depending on the signs of

Ay +2 14, and 7.
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Figure 2.8 shows the variation of the first natural frequency w1 obtained from Eq. (2.53)
(with m = 1, n = 1) with the plate thickness predicted by the current Kirchhoff plate model

and by the classical model. The results for the current plate model with the Winkler-
Pasternak (I?W =1000, K , =100) or Winkler (I?W =1000, k, =0) or no foundation (k=
ky, = 0) shown in Fig 2.8 are obtained from Eq. (2.53), while those for the classical plate
model are computed from the same equation but with / =0, 4, =x,= 7,=0, and k= k, =

0. The material properties and geometry of the aluminum plate used here are the same as
those employed earlier to obtain the numerical results displayed in Figs 2.5 and 2.6. In
addition, the density for the aluminum plate is taken to be p =2.7x10’kg/m’, which is

needed in Eq. (2.53).

50

is a=b=20h
40
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35
| = = = Current model without foundation
ﬁ. 30 1
E 25 \ Current model with the Winkler
= - \ foundation
S 30 \ —— Current model with the Winkler-

Pasternak foundation
15

10

e

h/l
Fig. 2.8 Natural frequency varying with the plate thickness

From Fig 2.8, it is clearly seen that the natural frequency predicted by the current model

with or without the foundation is always higher than that predicted by the classical
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elasticity-based model. The difference between the predictions by the current model (with
the microstructure and surface energy effects) and the classical model is significant when
the plate thickness /% is very small (with 2 <2/=13.16 um here if excluding the foundation
effect). However, the difference is diminishing as # becomes large (with 2> 6/=39.48 um
here for the case with &, = k, = 0). This shows that the size effect on the natural frequency
is important only when the plate thickness is very small. In addition, it is observed from
Fig 2.8 that the presence of the elastic foundation indeed increases the natural frequency
and this effect can be significant when the plate thickness is small but diminishes as the

thickness becomes large.

2.4 Summary

A new non-classical Kirchhoff plate model is developed using a modified couple stress
theory, a surface elasticity theory and a two-parameter elastic foundation model via a
variational formulation based on Hamilton’s principle. The equations of motion and the
complete boundary conditions are determined simultaneously, and the microstructure,
surface energy and foundation effects are treated in a unified manner. The new model
contains a material length scale parameter to describe the microstructure effect, three
surface elastic constants to account for the surface energy effect, and two foundation
moduli to represent the foundation effect. The inclusion of the additional material constants
enables the new model to capture the microstructure- and surface energy-dependent size
effects.

It is shown that when the microstructure, surface energy, and foundation effects are all

ignored, the new plate model recovers its classical elasticity-based counterpart as a limiting
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case. Also, it is seen that the newly developed plate model includes the models considering
the microstructure dependence or the surface energy effect or the foundation effect alone
as special cases and reduces to the Bernoulli-Euler beam model incorporating the
microstructure, surface energy and foundation effects.

As direct applications of the new model, the static bending and free vibration problems
of'a simply supported rectangular plate are analytically solved, with the solutions compared
to those based on the classical Kirchhoff plate theory. The numerical results show that the
deflection of the simply supported plate with or without the elastic foundation predicted by
the current model is smaller than that predicted by the classical model. Also, it is observed
that the difference in the deflection predicted by the two plate models is very large when
the plate thickness is sufficiently small, but it is diminishing with the increase of the plate
thickness. In addition, it is found that the natural frequency predicted by the new plate
model with or without the foundation is higher than that predicted by the classical plate
model, and the difference is significant for very thin plates. These predicted size effects at
the micron scale agree with the general trends observed in experiments. Finally, both the
analytical formulas and the numerical results show that the plate deflection is reduced and
the plate natural frequency is increased in the presence of the elastic foundation, as

expected.
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Chapter

3. A NON-CLASSICAL MODEL FOR CIRCULAR KIRCHHOFF PLATES
INCORPORATING MICROSTRUCTURE AND SURFACE ENERGY
EFFECTS

3.1 Introduction

Thin plates have been experimentally observed to exhibit microstructure-dependent
size effects at the micron and nanometer scales (e.g., Lam et al., 2003; McFarland and
Colton, 2005; Li et al., 2009). Such size effects cannot be interpreted using classical
elasticity due to the lack of a material length scale parameter. This motivated the
development of non-classical plate models based on higher-order elasticity and surface
elasticity theories that contain microstructure- and/or surface energy-dependent material
length scale parameters.

Several higher-order elasticity theories have been applied to develop non-classical plate
models. Based on a modified couple stress theory that involves one additional material
length scale parameter (Yang et al., 2002; Park and Gao, 2008), Reddy and Berry (2012)
studied axisymmetric bending of functionally graded circular plates employing the modified
couple stress theory. Recently, three new models for Mindlin plates and third-order shear
deformation plates have been developed by Ma et al. (2011), Gao et al. (2013) and Zhou

and Gao (2014) using the modified couple stress theory and Hamilton’s principle.
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The surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978) has been used to
analyze thin plates involving surface effects. For example, Miller and Shenoy (2000)
developed a model to describe the size dependency of the effective stiffness of a nano-
sized structural element (a bar, beam or plate. Lu et al. (2006) constructed a size-dependent
thin plate model by including the normal stress on and inside the surface of the bulk
substrate. Wang and Wang (2012) provided a model for non-linear free vibrations of a
Kirchhoff plate and a Mindlin plate using the von Karman strains. Liu and Rajapakse
(2013) presented a size-dependent continuum model for thin and thick circular plates.

However, very few models have been developed for thin plates by considering both the
microstructure and surface energy effects. One non-classical model for Kirchhoff thin
plates was provided in Lazopoulos (2009) by employing a strain gradient elasticity theory
that contains two additional length scale parameters — one related to the bulk strain energy
and the other linked to the surface energy. Another non-classical Kirchhoff plate model,
which is based on a modified couple stress theory and a surface elasticity theory, was
presented in Shaat et al. (2014) without using a variational formulation. Recently, a non-
classical model for Kirchhoff plates was developed by Gao and Zhang (2016) using
Cartesian coordinates and a variational formulation based on Hamilton’s principle, a
modified couple stress theory and a surface elasticity theory.

This chapter aims is to develop a non-classical model for circular Kirchhoff plates using
cylindrical polar coordinates. Circular plates are widely used in various industries as key
components, which include cover plates for cylindrical pressure vessels, thrust-bearing

plates, speaker diaphragms, piston heads, and compact discs for data storage.
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The rest of the Chapter 3 is organized as follows. In Section 3.2, the new non-classical
model for a circular Kirchhoff plate subjected to axisymmetric loading is developed using
a variational formulation based on Hamilton’s principle. This leads to the simultaneous
determination of the equations of motion and complete boundary conditions and provides
a unified treatment of the microstructure and surface energy effects. It is shown that the
newly obtained model includes the models considering the microstructure influence or the
surface energy effect alone as special cases and recovers the Kirchhoff plate model based
on classical elasticity. In Section 3.3, the static bending problem of a clamped solid circular
plate subjected to a uniform normal load is analytically solved by directly applying the
general formulas derived. The numerical results are also presented there to quantitatively
illustrate the differences between the current non-classical plate model and its classical

counterpart. The chapter concludes in Section 3.4 with a summary.

3.2 Formulation
Consider a flat thin circular plate of inner radius a, outer radius » and uniform thickness
h, as shown in Fig 3.1, where the cylindrical coordinate system (7, 8, z) is adopted, with
the r6-plane being coincident with the geometrical mid-plane of the undeformed plate.
According to the Kirchhoff plate theory (also known as the classical plate theory), the
displacement field in a thin circular plate undergoing axisymmetric deformations can be
written as (e.g., Reddy, 2002; Zhou and Gao, 2014)

owm(r,t)

u, (r,0,z,t)=u(r,t)—z , uy(r,0,z,t)=0, u_(r,0,z,t)=w(r,t), (3.1a-¢)

where u,, ug and u. are, respectively, the radial, tangential and transverse components of

the displacement vector u of a point (r, 6, z) in the plate at time ¢, u and w are, respectively,

37



the radial and transverse components of the displacement vector of the corresponding point
(7, 8, 0) on the plate mid-plane at time z.

In Fig 3.1, S* and S~ denote, respectively, the upper and lower surface layers of the
circular Kirchhoff plate. These two surface layers are of zero-thickness and are perfectly
bonded to the bulk plate material at z =+ 4/2, which have distinct material properties from
the bulk material. The bulk material satisfies the modified couple stress theory (Yang et
al., 2002; Park and Gao, 2008), while the surface layers are governed by the surface

elasticity theory (Gurtin and Murdoch, 1975, 1978).

Fig. 3.1 Plate geometry and coordinate system

According to the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),

the constitutive equations and geometrical equations are given by

o=Atr(e)l+2ue, m=21"uy, (3.2a,b)

£=%[Vu+(Vu)T}, x=%[V\|l+(V\|1)T], (3.3a,b)

where 6 is the Cauchy stress tensor, € is the infinitesimal strain tensor, m is the deviatoric

part of the couple stress tensor, y is the symmetric curvature tensor, I is the second-order
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identity tensor, 4 and u are the Lamé constants in classical elasticity, / is a material length
scale parameter measuring the couple stress effect (e.g., Mindlin, 1963; Park and Gao,
2006), V denotes the gradient, the superscript 7' represents the transpose, u is the

displacement vector, and y is the rotation vector defined by
1
Y= Ecurlu . (3.4)

According to the surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978), the
surface layer of a bulk elastic material satisfies distinct constitutive equations involving
surface elastic constants, and the equilibrium equations for the surface layer of zero
thickness read

divgT =on, (3.5)
where n is the outward-pointing unit normal vector to the surface, div, represents the

surface divergence, and T is the in-plane surface stress tensor given by (Gurtin and

Murdoch, 1978; Zhou and Gao, 2015)
s T T
1= [To +(4, +7,)(tre )} I+ 4, [Vsu +(Vu) }— 7,(Vsu) (3.6)
where po and Ao are the surface elastic constants, 7o is the residual surface stress (i.e., the
surface stress at zero strain), IS is the projection tensor with I° =I-n®n, V ¢ 1s the
surface gradient operator defined by V (+) =(I-n®n)V(+), and &’ is the surface strain
tensor given by
1 1
S _ - T |_ - _ T
g —2[Vsu+(VSu) ]—2(1 n®n)[Vu+(Vu) }, (3.7)

in which I is the second-order identity tensor. Note that the three surface elastic constants

o, 40 and 7o introduced in Eq. (3.6) can be obtained from atomistic simulations or
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experimental measurements (e.g., Shenoy, 2005; Zhang et al., 2013). Clearly, Eq. (3.6)
indicates that T is not a symmetric tensor.
The out-of-plane components of the surface stress tensor read (Gurtin and Murdoch,
1978)
Typ = Tolls 4- (3.8)

It follows from Egs. (3.1a-c), (3.3a,b) and (3.4) that the geometrical equations in the

bulk of the current axisymmetric circular Kirchhoff plate are given by

ou o°w 1 ow
E,=——2Z—, Ep=—W—z—), ¢_=¢,=¢, =€, =0, 3.9
" or or? » r( 57”) e G5
0
WV, =y, =y, =0, (3.10)
or
1 O0(1ow
fro =__r_(__j = Zore T = Zn =X = X = X0 =O. (3.11)
2 or\r or

The total strain energy in the elastically deformed circular Kirchhoff plate, Ur, can be

expressed as

U, =U,+U, :%jﬁ(qjgl} +m<.)(ij)dV+%L+ 756,04 +%L 76,44, (3.12)

y

where € is the region occupied by the plate, dV is the volume element, and d4 is the area
element. In Eq. (3.12), Us is the strain energy in the bulk of the plate, which is governed
by the modified couple stress theory, and Us is the strain energy in the surface layers S*
and S~ satisfying the surface elasticity theory. It should be mentioned that only the first part
of Up is considered in the classical Kirchhoff plate theory as the total strain energy (i.e.,

1
C .
U, = EIQ 0,€,dV") in the plate.
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Note that in Eq (3.12) and throughout the Chapter 3 the summation convention and
standard index notation are used, with the Greek indices taking » or 4 (i.e., o €{ r, 8}) and
the Latin indices taking », @ or z (i.e., i €{ r, 6, z}) unless otherwise indicated.

From Egs. (3.6), (3.7), (3.9), (3.11) and (3.12), the first variation of the total strain
energy in the circular Kirchhoff plate over the time interval [0, 7] can be obtained as (Zhou

and Gao, 2014; Gao and Zhang, 2015)
5[ Udr=["[ (0,8, + 0y, +2m,467,,)dVdr
0 T Jo Jo T 06~ 00 09X ro

T + 1 + + 1 +

+ .[0 .[ + |:(T"" _ETO)ﬁgrr + (TBH _570)5866:|dAdt (3-13)
T 21 o, o1 -

+ _[0 I - |:(Trr _ETO)é‘grr +(7’-06’ _5T0)5896:|dAdt5

where T;ﬁ and 7, represent, respectively, the surface stress components on the plate top

(S") and bottom (S-) surfaces. In reaching Eq. (3.13) use has been made of the fact that zp
is non-symmetric. This fact has been overlooked in some variational studies employing the
surface elasticity theory of Gurtin and Murdoch (1975, 1978).

Note that the volume integral of a sufficiently smooth function F' (x, y, z, ¢) over the

region € occupied by a uniform-thickness plate can be represented by

hi2
IQF(x, v, z, t)ydV :J.R J:h/zF(x, Y, z, t)dzd4, (3.14)
where # is the plate thickness, and R is the plate mid-plane area.
Using Egs. (3.9), (3.11) and (3.14) in Eq. (3.13) yields, with the help of Green’s

theorem,

41



of =[] - 20 205D, 2D,

B 82(rMW) B oM ,, 3 oY, iy 82K9 h 82(r2' ) h 82(1”2' ) h 82’69
or’ or or or’ 2 or’ 2 or’ 2 or
h 0t T (27 N -
+_7} 5w} drd@dr + jo jo {ON, +rT) +r7, —rr)ou (3.15)
+[8(er) M, +2Y,+r o, B, ﬁa(””)—ﬁr§9+ﬁr;g}5w
or or 2 or 2 or 2 2
(rM +rY, + rr ——rz' j } dade,
where
_ h/2 _ h/2 _ h/2
N, = .[—h/z 0,dz, Ny = j—h/z Opdz, M, = —h/2 c,zdz,
. (3.16)
hi2 hi2
M,, Ogpzdz, Y, m.

are the Cauchy stress and couple stress resultants through the plate thickness. Note that in
reaching Eq. (3.15) use has been made of the relations S"= R =S-, 0S" = OR = 0S" for the
uniform-thickness plate under consideration in order to facilitate the integral evaluations.

The kinetic energy of the plate has the form (e.g., Ma et al., 2011; Gao et al., 2013)

K:%J.Qp[(ul)z+(L22)2+(L23)2JdV, (3.17)

where p is the mass density of the plate material. Here and in the sequel the overhead “-”

€c,.”»

and denote, respectively, the first and second time derivatives (e.g.,
i, = 0u, 1 0t, ii, = 0°u, / 0F*).
From Egs. (3.1a-c), (3.14) and (3.17), the first variation of the kinetic energy for the

axisymmetric plate, over the time interval [0, 7], can be obtained as (e.g., Ma et al., 2011;

Zhou and Gao, 2014)
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T T 27 pb . . 1(ow o
5 jo Kdt:—_[o jo j mo(u5u+w5w)—m27[§+r — jéw}rdrd&dt, (3.18)
where
e B (" o ph’
my=| dz=ph, m,= L, P? dz = (3.19)

In reaching Eq. (3.18), it has been assumed that the initial (# = 0) and final (¢ = 7)
configurations of the plate are prescribed so that the virtual displacements vanish at =0
and ¢ = T. In addition, p is taken to be constant along the plate thickness and over the time
interval [0, 7] such that n, =0, m, =0.

From the general expression of the work done by external forces in the modified couple
stress theory (Park and Gao, 2008) and in the surface elasticity theory (Gurtin and
Murdoch, 1975, 1978), the virtual work done by the forces applied on the current circular
plate over the time interval [0, 7 can be written as (e.g., Zhou and Gao, 2014; Gao and

Zhang, 2016)
S[ wdt=[ [ (t-6ute-dy)ddde+[ § (T-ou+s dy)dsdr+ [ [ ¢ 5(ue,)ddd,

(3.20)
where f and c are, respectively, the body force resultant (force per unit area), body couple
resultant (moment per unit area) through the plate thickness acting in the area R (i.e., the
plate mid-plane), t and § are, respectively, the Cauchy traction resultant (force per unit
length) and the surface couple resultant (moment per unit length) through the plate

thickness acting on OR (i.e., the boundary of R), S represents the top and bottom surfaces

of the plate (with S = S" U §), and t’ is the surface traction that is related to the surface
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stress T through t' =V .-t=r7_ e, (e.g., Gurtin and Murdoch, 1978; Altenbach et al.,

2010). Note that the last term in the virtual work expression in Eq. (3.20) accounts for the
contribution of the normal stress on the top and bottom plate surfaces o3, (=*z;, , from
the equilibrium equations in Eq. (3.5)), which is neglected in the classical Kirchhoff plate
theory that does not consider the surface energy effect.

Using Egs. (3.1a-c), (3.5) and (3.10) in Eq. (3.20) leads to, with the help of Green’s

theorem,

s war=[" j:{rf,,au {%wﬂ}aw}drdedt

+J. J.M{rt Su—(re, —rt.)ow—(rs, +rM, )5(6wﬂ dodr (3.21)
or

r=a

IIS ia(rfar wdAds + IL a(l’fsr)s dAdr,

where fi, ci, Z and s_l (i e{r, 0,z}) are, respectively, the components of f, ¢, t and §,
and M , is the applied moment per unit arc length along the circular boundary. Note that the

positive directions of M, which is along the ee-direction, is opposite to that of dw/or (see

Fig 3.1).

According to Hamilton’s principle (e.g., Reddy, 2002; Ma et al., 2008; Gao et al. 2013),
T
5[ [K-(U-w)]di=o0. (3.22)

Using Egs. (3.15), (3.18) and (3.21) in Eq. (3.22) gives
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T o(rN,) ., O0(t,) _ 0(rr,) B
.[oJ.o L{{NW— ar + Ty — o + Ty — o —rf, +myrii ou

_ az(VMW)_aMae+36Yr9+r62Yr9 +262(r1:r)_ﬁ@z(r‘[;’,)_ﬁargg
2 2 2 2
or or or or 2 or 2 oOr 2 or

h oz, 0O(rc,) O(rr;) O(rr;,) . ow &%
+5 o + o + 8r3 + 8r3 +rfz—m0rw+m2§+m2r? owdrdOdt (3.23)

oM .,)

x _ oY M
+J.TJ.2 {(VNW +rT) 417, — 1T, —rt,)5u+[——M99 +27, +r—r9+ﬁM
0 JO ar

or 2 or

h _ — h h _ _
—— 1, +—1T,, +IC, —rtz}é'w—(rM” +rY,+—rr, ——rt, —7Is,
2 2 2

st
or

Applying the fundamental lemma of the calculus of variations to Eq. (3.23) results in,

r=b
dadr =0.

r=a

with the arbitrariness of ou and ow (e.g., Gao and Mall, 2001; Ma et al., 2010),

_Nop [1OON,) 74+7 1007,) 1007,) )

=+ = , 3.24
r r or r r or r or S = mi ( 2)
laz(”Mrr)_laMee +38Yr9 +82Yr9 +iaz(’”7;)_iaz(”7;)_i 07gy _ 0Ty
roor r or r or ot 2r ort 2r  ort 2r\ or or
i , (3.24b)
+la(rz-3r)+la(rr3r)+la(rc(9)+f‘z :mow_mz la_w_i_a_‘;v
r or r or r or ror Or

as the equations of motion of the circular Kirchhoff plate for any (», ) € Rand ¢ € (0, 7),

and

N, +7, +7,—7,=t or u=u at r=a and r=b, (3.25a)

lorM,)) M, 2Y, 0Y, ho(r,) hoQrr,) h, . _ —

_ m/ o + 7 + 7 4+ ml " ms o _ + — t

r or 7 r or 2r or 2r  Or 2r(%€ %) =k (3.25b)
or w=w at r=a and r=>,

Mrr+);9+ﬁr;,—ﬁr;:§+ﬁg or M_OW ot r—a and r=b (3.25¢)
2 2 or or

as the boundary conditions.
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From Egs. (3.2a), (3.9) and (3.16), the Cauchy stress resultants can be expressed in

terms of # and w as

N =h(a+2m) (3.26a)
or r
ou u
Ny =Ah—+h(A+2u)—, (3.26b)
or 7
3 2 3
M :_(/1+2,u)h 6w_/1h la_w (3.260)

” 12 o> 12 ror’

_ AR Pw (A+2mh’ 1 ow
o 12 or? 12 ror

(3.26d)

From Egs. (3.2b), (3.11) and (3.16), the couple stress resultant can be written in terms

of w as

327
or* ror ( )

2
Y, :—,ulzh[a w 1 8WJ‘

From Egs. (3.1a-c) and (3.6)—(3.8), it follows that the surface stress components are

given by
+ ou_ho'w u_h ow
=T, + (4, +2 —F— + (A, + —F——, 3.28a
T/r TO ( 0 ﬂo)(ar'i'z 61"2j ( 0 TO)(V_'_Z]’ a}’j ( )
N u_ho ou_ho’w
T, =7+ (4, +2u0)(7+;5j+(/10 +z‘0)(g+5 P ], (3.28b)
T, =15, =z'06—w. (3.28c¢)

Substituting Egs. (3.26a-d), (3.27) and (3.28a-c) into Egs. (3.24a,b) then leads to the

equations of motion for the circular Kirchhoff plate in terms of # and w as

2
[(A+2u)h+2(4, +2y0)](—l2+15—”+ Ou
r

ror or j+fr = M, (3.292)
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_{u 20, ﬂ,2h+(ﬂo+22ﬂo)h2}ii{r£[l 2( 6wﬂ}

ror| or ;81” FE
) , (3.29b)
+2roli(r@]+lm+fz=mov'v—m2 l@_w_l_@v; .
ror\ or r or ror or

From Egs. (3.29a, b), it can be seen that the radial displacement (stretching) u(r, t) is
uncoupled with the deflection w(r, ¢). Therefore, u(r, f) can be obtained from solving Eq.
(3.29a) subject to prescribed boundary conditions of the form in Egs. (3.25a) and suitable
initial conditions. Note that the material length scale parameter / is not involved in Eq.
(3.29a) or (3.25a). As a result, the radial displacement u(r, ¢) will not be affected by the
microstructure of the plate material. The deflection w(r, f) can be determined from solving
the boundary-initial value problem defined by the differential equation in Eq. (3.29b), the
boundary conditions in Egs. (3.25b,c) and given initial conditions at =0 and ¢t = T.

When /=0 and ¢¢ = 0 (i.e., with the microstructure effect ignored), Egs. (3.29a,b)

reduce to
2
[(A+20)h+2(4, +2y0)](—12+15—”+ 0 L;j+f,_ = m,ii, (3.30a)
r- ror or
3 2
Gz G218 [, 210 0] 12,00,
12 2 ror| or|lror\_ or ror\ or
(3.30b)
=myw—m l@+82w
0 Nror o)

which are the governing equations for the circular Kirchhoff plate that incorporate the
surface energy effect alone. Note that Eq. (3.30a) is the same as Eq. (3.29a) because of the
microstructure-independence of u(r, t), as observed earlier.

When Ao = uo = m = 0 (i.e., with the surface energy effect neglected), Egs. (3.29a,b)

become
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(,1+2u)h£[la(m)}+fr = myii, (3.31a)
or|r or
2 4 1 a(’”cg) .. 2.
~[DA=v)+ul’h |V Wk = f = = m VR, (3.31b)
r or
where
E 3
D= L , (3.32a)
12(1-2v)(1+v)
1o 0O
vzz—— y— , 332b
r@r( 8}’) ( )
v :li{rﬂ[li(rim. (3.32¢)
ror| or|ror\ or

Equations (3.31a) and (3.31b) are the governing equations for the circular Kirchhoff plate
incorporating the microstructure effect alone, which are identical to those derived in Zhou
and Gao (2014) using the modified couple stress theory. Note that the Young’s modulus £
and Poisson’s ratio v in Eq. (3.32a) are related to the Lamé constants A and u through (e.g.,

Timoshenko and Goodier, 1970):

Ev E
ﬂv:—, ,Ll: .
(1+v)(1-2v) 2(1+v)

(3.33)

Furthermore, when /=0, cy = 0 and Ao = uo = © = 0 (i.e., with both the microstructure

and surface energy effects suppressed), Egs. (3.29a,b) reduce to, with the help of Egs.

(3.32a-c),
(l+2,u)hi{lm}+ £ = myii, (3.34a)
or|r or
4 o 2
D(1-v)V'w—f. =¥(m2v w—mow), (3.34b)
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which are the same as the equations of motion for the circular Kirchhoff plate subjected to
axisymmetric loading based on classical elasticity (e.g., Reddy, 2002; Zhou and Gao,
2014). That is, the classical Kirchhoff plate model is included in the current model as a

special case.

3.3 Example

To further demonstrate the new circular Kirchhoff plate model developed in Section
3.2, the static bending problem of a solid circular plate (with a = 0) clamped at its edge » =
b and subjected to a uniformly distributed normal load f: = — ¢ = constant (with the negative
sign here indicating that the normal load ¢ (> 0) is pointing downward) is analytically
solved herein by directly applying the new model.

In view of the general boundary conditions (BCs) in Egs. (3.25a—), the BCs for the

current solid circular Kirchhoff plate clamped at its edge » = b can be identified as

ul =0, Wr:b:O, 0_w

- e 0. (3.35a-c)

r=b

In addition, the following symmetry conditions need to be satisfied

aw
or

u| =0 :O’ Wr:O <,

=0. (3.36a-c)

’ r=0
Note that Eq. (3.36b) indicates that the plate deflection is finite at » = 0.
For static bending problems, u and w are independent of time ¢ so that all of the time

derivatives involved in Egs. (3.29a,b) vanish. As a result, the governing equations for static

problems with f. = 0 = ¢g are given by

2
u 10u +6 uj=0= (3.37a)

A+20)h+2(A,+2 ——t——t—
(2 200, 2]+ 120 2
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{M+ﬂ,zh+M}li{r£{l£[ﬁlm+z%li(r%j+ f =0,
12 2 ror| or|ror\ or ror\ or
(3.37b)
The radial displacement u, which is uncoupled with w, can be obtained from solving
the boundary value problem (BVP) defined by Egs. (3.35a), (3.36a) and (3.37a). It can be
readily shown that the solution of this BVP gives u(r) = 0 for any (r, §) € R.
The deflection w can be obtained from solving the BVP defined by Egs. (3.35b,c),
(3.36b,c) and (3.37b). Note that Eq. (3.37b) can be rewritten as
—LV*w+2r,Vw+ f. =0, (3.38)
where V2 and V* are, respectively, the operators given in Egs. (3.32b) and (3.32c¢), and L
is defined as

G2 (Ao +2p1)H°

+ ylzh+f, (3.39)

which is the plate bending stiffness accounting for both the microstructure (through /) and
surface energy effects (via Ao and uo). When / = 0 and Ao = uo = 0 (i.e., in the absence of
both the microstructure and surface energy effects), L reduces to the bending stiffness D in
the classical plate theory defined in Eq. (3.32a). Equation (3.38) can be expressed in a non-

dimensional form as

V() — 0’V w(7) — szb3 =0, (3.40)

where

(3.41a-c)
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When w# 0 (i.e., m # 0) and f, = — ¢ = constant, the general solution of Eq. (3.40) can

be analytically obtained as

—
W) = e 1, (F) + ¢, Ky (7 ) + iz(ca InF+c,)+ q;’ i (3.42)
® 7,

where /o and K are, respectively, the modified Bessel functions of the first and second kind
of the zeroth order, and ci1~cs are four constants to be determined from the boundary
conditions.

When @ =0 (i.e., m = 0) and f, = — g = constant, the general solution of Eq. (3.40) can

be readily shown to be

qb3?4
64L

wi) =di’ In7 +d,7> +d,In7 +d, — , (3.43)

where di1~ds are four integration constants.
The boundary and symmetry conditions listed in Egs. (3.35b,c) and (3.36b,c) can be

expressed in non-dimensional forms as

=0, Mo wl o<, I, (3.44a-d)

7=0 87 o

Using Eq. (3.42) in Egs. (3.44a-d) leads to

2[ 2
c :—L, ¢, =0, ¢,=0, ¢, = gbo 1,(@) _ gbo . (3.45a-d)
dr ol () dr,ol (@)  8r,
Substituting Eqs. (3.45a-d) into Eq. (3.42) then yields
o b _ b _
W) = ———[ 1, (0F) - I, (@)] - (1-F72), (3.46)

dr,0l () 87,

which can be converted to the dimensional form as, with the help of Egs. (3.41a,b),
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g [ ghtl (Y
W(r) = 4105011(@)[1“( ) Io(w)} ™ {1 (bj } (3.47)

where @ is defined in Eq. (3.41¢). Equation (3.47) gives the exact solution of the clamped
solid circular Kirchhoff plate subjected to a uniform normal load — ¢ when w# 0 (i.e., w0 #
0).

For the case with @ = 0 (i.e., » = 0) and f, = — g = constant, the solution for the

deflection of the clamped solid circular Kirchhoff plate under consideration can be readily

obtained from Egs. (3.43) and (3.44a-d) as

gt (Y :
w(r)= 64L|:1 [b]:l , (3.48)

where use has been made of Egs. (3.41a,b).

When both the microstructure and surface energy effects are suppressed by setting / =

0 and Ao = 1o = =0, Eq. (3.48) reduces to, with the help of Egs. (3.32a), (3.33) and (3.39),

oot [ (Y]
wo(r)= 64D(1—v){1 (bj :l , (3.49)

which is the classical elasticity-based exact solution for the solid circular Kirchhoff plate
under the uniformly distributed load — ¢. It can be readily shown that the deflection
obtained in Eq. (3.49) will be the same as that based on classical elasticity for a clamped
solid circular Kirchhoff plate under a uniform normal load — ¢ (e.g., Reddy, 2002) if the
two-dimensional plane stress Hooke’s law is used (so that D(1—v) here will be replaced by
ER/[12(1-14)]) (Zhou and Gao, 2014). That is, the current solution for the clamped solid

circular Kirchhoff plate includes the classical solution as a special case.
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Finally, it should be mentioned that the example problem considered here can also be
analytically solved by using the Fourier-Bessel series method, as was done in Zhou and
Gao (2014).

To illustrate the newly derived solution for the clamped solid circular Kirchhoff plate,
some numerical results are obtained and shown in Figs 3.2 and 3.3. Figure 3.2 displays the
variation of the plate deflection w along the radial direction. The numerical results
predicted by the new model are directly obtained from Eq. (3.47), while those by the
classical model are determined using Eq. (3.49). In generating the numerical results shown
in Fig 3.2, the radius of the circular plate is fixed at b = 204, while the plate thickness # is
varying. The circular plate material is taken to be aluminum with the following properties
(e.g., Liu and Rajapakse, 2010; Gao and Mahmoud, 2014; Gao, 2015): £ =90 GPa, v =

0.23, [ = 6.58 pm for the bulk properties, and z, =—-5.4251 N/m, A,= 3.4939 N/m, 7, =

0.5689 N/m for the surface layers. In addition, the circular plate is subjected to a uniform,

downward-pointing normal load of ¢ = 1 MPa.
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Fig. 3.2 Deflection of the clamped circular Kirchhoff plate
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From Fig 3.2, it is clearly seen that the deflection w (magnitude) predicted by the new
circular Kirchhoff plate model is always smaller than that predicted by the classical model
in all cases considered. Figure 3.2 also shows that the differences between the deflection
values predicted by the new model and those predicted by its classical counterpart are very
large when the plate thickness % is small (with 2 == 6.58 um here), but the differences
are diminishing when /4 increases. This predicted size effect agrees with the general trend
observed experimentally (e.g., McFarland and Colton, 2005).

As the numerical results shown in Fig 3.2 include both the microstructure and surface
energy effects, one additional set of values are obtained for the deflection of the clamped
solid circular plate to illustrate the surface energy effect alone. The numerical results
displayed in Fig 3.3 are determined from Eq. (3.47) by letting / = 0 through Egs. (3.41c¢)
and (3.39). For comparison, the results predicted by the classical solid circular Kirchhoff
plate model are also plotted in Fig 3.3, which are obtained from Eq. (3.49). The plate
material in this case is taken to be iron with the following properties (Gurtin and Murdoch,

1978; Gao and Zhang, 2015): £ = 177.33 GPa, v = 0.27 for the bulk, and z,= 2.5 N/m,
A, =—=8N/m, 7,= 1.7 N/m for the surface layers. The radius of the circular plate is fixed

at b = 20h, and the uniform, downward-pointing normal load is taken to be ¢ = 1 MPa, as
was done in obtaining the numerical results shown in Fig 3.2.

From Fig 3.3, it is seen that the plate deflection (magnitude) predicted by the current
model including the surface energy effect is always smaller than that predicted by the
classical model in all cases considered here. Figure 3.3 also shows that the differences

between the deflection values predicted by the current model including the surface energy
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effect and those predicted by the classical model are significant when the plate thickness £
is very small. However, the differences are diminishing when the thickness % increases.

This indicates that the surface energy effect is important only when the plate is very thin.
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Fig. 3.3 boélaection of the clamped circular Kirchhoff plate predicted by the new model
considering the surface energy effect alone.

3.4 Summary

A new non-classical model is developed for circular Kirchhoff plates subjected to
axisymmetric loading by using a modified couple stress theory, a surface elasticity theory
and Hamilton’s principle. The equations of motion and boundary conditions are
simultaneously obtained by employing a variational formulation. The new model contains
a material length scale parameter to account for the microstructure effect and three surface
elasticity constants to represent the surface energy effect.

It is shown that the newly obtained model degenerates to the Kirchhoff plate model
considering the surface energy effect alone when the microstructure effect is ignored and

reduces to the Kirchhoff plate model including the microstructure effect only when the
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surface energy effect is neglected. In addition, the new model recovers the classical
elasticity-based model when both the microstructure and surface energy effects are not
considered.

To illustrate the new model, the static bending problem of a clamped solid circular
Kirchhoff plate subjected to a uniform normal load is analytically solved by directly
applying the new model. The numerical results show that the deflection predicted by the
new model is always smaller than that predicted by the classical model when the plate
thickness is very small, but the former approaches the latter as the plate thickness increases.
It is also observed that the difference between the plate deflection predicted by the model
including the surface energy effect and that predicted by the classical model is significant
when the plate thickness is sufficiently small. However, the difference is diminishing with
the increase of the plate thickness. The trends of these predicted size effects are in

agreement with experimental observations.
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Chapter

4. A NON-CLASSICAL MINDLIN PLATE MODEL INCORPORATING
MICROSTRUCTURE, SURFACE ENERGY AND FOUNDATION EFFECTS

4.1 Introduction

Thin plates resting on elastic foundations have been widely used in nano- and micro-
scale devices and systems. As size effects play a significant role in nano- and micro-scale
applications and classical continuum theories are unable to capture such effects, higher-
order continuum theories, which contain material length-scale parameters and can account
for the microstructure and surface energy effects, have recently been used to develop new
models for thin beams and plates resting on elastic foundations.

Khajeansari et al. (2012) studied the bending deformation of an Euler-Bernoulli beam
lying on a Winkler-Pasternak foundation by using a surface elasticity theory (e.g., Gurtin and
Murdoch, 1978; Eremeyev and Lebedev, 2016) to incorporate the surface energy effect.
Simsek and Reddy (2013) proposed a model for a functionally graded micro-beam embedded
in an elastic medium by applying a modified couple stress theory (e.g., Yang et al., 2002; Park
and Gao, 2008) and the Winkler-Pasternak foundation model. Limkatanyu et al. (2014)
provided a model for an Euler-Bernoulli beam resting on a Winkler-Pasternak foundation
by including both the microstructure and surface energy effects, which extends the non-

classical beam model of Gao and Mahmoud (2014).
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However, very few models have been developed for thin plates that incorporates the
elastic foundation effect in addition to the microstructure and surface energy effects.
Recently, a general non-classical model that considers the microstructure, surface energy
and foundation effects was provided by Gao and Zhang (2016) for Kirchhoff plates using
a variational formulation.

The objective of the current chapter is to develop a new model for Mindlin plates in a
most general form involving all five possible kinematic variables (rather than three for
Kirchhoff plates) by including the microstructure, surface energy and foundation effects in
a unified manner.

The rest of the Chapter 4 is organized as follows. In Section 4.2, a new non-classical
model for a Mindlin plate resting on an elastic foundation is developed using a modified
couple stress theory (Yang et al., 2002; Park and Gao, 2008), a surface elasticity theory
(Gurtin and Murdoch, 1975, 1978) and a two-parameter Winkler-Pasternak foundation
model (e.g., Selvadurai, 1979; Yokoyama, 1996) through a variational formulation based
on Hamilton’s principle. It is shown that the new Mindlin plate model reduces to its
classical elasticity-based counterpart when the microstructure, surface energy and
foundation effects are all suppressed. In addition, the new model includes the Mindlin plate
models considering the microstructure dependence or the surface energy effect or the
foundation influence alone as special cases, recovers the counterpart non-classical model
for Kirchhoff plates, and degenerates to the Timoshenko beam model incorporating the
microstructure effect. In Section 4.3, the static bending and free vibration problems of a
simply supported rectangular plate are analytically solved by directly applying the new

model. The numerical results are also presented there to quantitatively show the differences
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between the current non-classical Mindlin plate model and its classical counterpart. The

chapter concludes in Section 4.4 with a summary.

4.2 Formulation

The Mindlin plate theory, also known as the first-order shear deformation plate theory,
is the simplest plate theory including transverse shear strains. By using the Cartesian
coordinate system (x, y, z) shown in Fig 4.1, where the xy-plane is coincident with the
geometrical mid-plane of the undeformed plate, the displacement field in a Mindlin plate

of uniform thickness / can be written as (e.g., Reddy, 2002; Ma et al., 2011)

ul(x,y,z,t) =u(x,y,t)—z¢x(x,y,t), uz(x,y,z,t) = v(x,y,t)—z¢y(x,y,t), M3(X,y,Z,t) = W(x’yvt)
(4.1a-c)

where u1, u» and u3 are, respectively, the x-, y- and z-components of the displacement vector
u of a point (x, y, z) in the plate at time ¢, u, v and w are, respectively, the x-, y- and z-
components of the displacement vector of the corresponding point (x, y, 0) on the plate
mid-plane at time ¢, and ¢ and ¢, are, respectively, the rotation angles of a transverse
normal about the y-axis and x-axis (see Fig 4.1). Note that in Eqgs. (4.1a-c) there are five
independent kinematic variables, i.e., u, v, w, ¢ and ¢,, which will need to be determined
in order to fully describe the displacement field in the Mindlin plate.

In Fig 4.1, S* and S~ are two surface layers of zero thickness that are taken to be
perfectly bonded to the bulk plate material at z = &+ A/2, respectively. The bulk material
satisfies a modified couple stress theory (Yang et al., 2002; Park and Gao, 2008), while the
two surface layers are governed by a surface elasticity theory (Gurtin and Murdoch, 1975,

1978).
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Fig. 4.1 Plate configuration and coordinate system

Figure 4.2 shows a Mindlin plate resting on a Winkler-Pasternak foundation. The
Winkler-Pasternak foundation model contains two parameters, namely, the Winkler
foundation modulus k., for the spring elements and the Pasternak foundation modulus 4,
for the shear layer (e.g., Selvadurai, 1979; Yokoyama, 1996). The effect of this two-
parameter elastic foundation on the plate can be treated as a vertical body force g (in N/m?)

given by (Selvadurai, 1979):
q(x,y,t) =k w(x,y,t)— kpvzw(x, V,t1), 4.2)
where V2 is the Laplacian, and w is the plate mid-plane deflection first introduced through

Eq. (4.1¢).
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Fig. 4.2 Plate on a Winkler-Pasternak foundation

According to the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),

the constitutive equations for an isotropic linear elastic material read
o, = A&y 0, +2us,, (4.3)
my =20 iy, (4.4)
where oy, m; and ¢y are, respectively, the components of the Cauchy stress tensor, the
components of the deviatoric part of the couple stress tensor and the Kronecker delta, A and
i are the Lamé constants in classical elasticity, / is a material length scale parameter
measuring the couple stress effect (e.g., Mindlin, 1963; Park and Gao, 2006), and ¢;; and y;;

are, respectively, the components of the infinitesimal strain tensor and the symmetric

curvature tensor given by

g, = %(u., ), (4.5)

Aij :%(‘91;1' +‘9./,i)’ (4.6)

with u; being the displacement components and & being the components of the rotation

vector defined by

6. = — &l 4.7)
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According to the surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978;
Steigmann and Ogden, 1997, 1999; Altenbach et al., 2010; Eremeyev and Lebedev, 2016),
the zero-thickness surface layer of a bulk elastic material has distinct elastic properties and
satisfies the following governing equations (e.g., Gurtin and Murdoch, 1978; Zhou and
Gao, 2013, 2015):

(4.8a,b)

o.n. =t

i = e Ol = Topk,

where xzp are the components of the surface curvature tensor, n; are the components of the
outward-pointing unit normal n ( = n;e; ) to the surface (with np being the two in-plane

components of mn), 744 are the in-plane components of the non-symmetric surface stress

tensor given by (Gurtin and Murdoch, 1978)

Taﬂ = ':TO + (/10 + T() )u;/,y j‘ 5aﬁ + IUO (ua,ﬁ + uﬂ,a ) - Tou/},a D (49a)
and 75 4 are the out-of-plane components of the surface stress tensor expressed as (Gurtin

and Murdoch, 1975, 1978)

Typ =Tolls g5 (4.9b)

where uo and Ao are the surface elastic constants, and 7o is the residual surface stress (i.e.,
the surface stress at zero strain). These three constants po, 4o and 7o can be determined from
either atomistic simulations or experimental measurements (e.g., Miller and Shenoy, 2000;
Jing et al., 2006; Zhang et al., 2013).

Note that in Egs. (4.3)-(4.9a,b) and throughout the Chapter 4, the summation
convention and standard index notation are used, with the Greek indices running from 1 to

2 and the Latin indices from 1 to 3 unless otherwise indicated.
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From Egs. (4.1a-c) and (4.5)—(4.7), it follows that in the bulk of the current Mindlin

plate,
0
O L 0 O LDy,
ox ox Y 20 ox Oy ox 2 ox (4.10)
5 :
&g, :Q_Zﬁa ((,‘z :l(a_w_¢ )9 gzz :03
Wy ay 8)/ V. 2 6y ¥
0
0-L gy 0= L @ig) 0L 20 g
270y 7 2 ox 2° 0y ox Oy ox
1 o*w 0@, 1 *w *w o 09,
Xo=mCt = Xy =~ o5+t 2, =),
2 ox0y Ox 4 ox° Oy ox Oy
2 2 2 o? 2
P YL A S YL S PR
4" oxdy Ox oxdy  Ox ” 2 oxdy Oy
1, &u v & 0’9, 1,04, 08,
Zyz:__ 2+ +Z ¢2x_Z })9 Zzz:_ ﬁ_ ')'
4 Oy" Ox0y oy oxoy 2 0y Ox

The total strain energy in the elastically deformed Mindlin plate is given by
U,=U,+U;+U,

! 1 1 1 1
= EIQ(Gvgv tmy g, AV + EJS+ TopEapdA+ EJS’ TopEapdAd+ EIR k,w'dA+ EIR k,w,w,dd4,

(4.13)
where Q is the region occupied by the plate, S* and S~ represent, respectively, the bottom
and top surface layers at z = + A/2 of the Mindlin plate (see Fig 4.1), R denotes the area
occupied by the mid-plane of the plate, dV is the volume element, and d4 is the area
element. In Eq. (4.13), Us is the strain energy in the bulk of the plate which is governed by
the modified couple stress theory, Us is the strain energy in the surface layers S* and S~

satisfying the surface elasticity theory, and Ur is the strain energy representing the effect

of the two-parameter Winkler-Pasternak foundation.
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The first variation of the total strain energy in the Mindlin plate over the time interval

[0, T] can be obtained from Eqgs. (4.9a,b)—(4.13) as

5j U, dt = j [ (0,08, +m, oy, JAvds + j [ - 12'0 8,0, ydAdt
(4.14)
] (T;ﬁ—ETO5aﬂ)58;ﬂdAdt+ [ ] kowowddde+ [ [ kw,ow,dddr,

where OR is the boundary curve enclosing the area R, ds is the differential element of arc
length along OR, and T;ﬂ and 7,, represent, respectively, the surface stress components
on the plate bottom (S") and top (S-) surfaces.

Note that the volume integral of a sufficiently smooth function D (x, y, z, f) over the

region Q can be written as
[ DGy, z ndv =] jf’;sz(x, v, z, 1)dzdd, (4.15)
where 4 is the (uniform) plate thickness, and R is the area occupied by the mid-plane of the
plate.
From Egs. (4.10) and (4.15), it follows that, with the help of Green’s theorem,

J-OTIQG”(Sgijdth :_J.OTJR[(N”’ xyy)&u +( . }yy)5v+(N +N‘Zy)5
~(-N_+M, +M, )54, ~(-N,+M , +M, )5¢y]dAdt

(4.16)
+J.0T950R[ N <l +nyny)5u+(N n, +Ny}n))5v+(Nxznx+Nyzny)5w
(M 1, + M n,) 59, (M n,+ M, n, )54, |dsdr,
where

2 hi2 h2 hi2
xx Ejh/zam ’ ny = —h/zgxde’ N.= ~h/2 0.4z, N h/zgyde

hi2 hi2 h/2 hi2 (4.17)
yZEJ:h/ZO-yZdZ’ M""E .[ O-xedZ’ M»WE .[ O-xyZdZ’ Mny _[ GWZdZ’

~h/2 ~h/2 ~h/2
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are the Cauchy stress resultants through the plate thickness.

Similarly, the use of Egs. (4.12) and (4.15) and Green’s theorem yields

Hm,jéz,,dth———I [ RECAED S 72 O A AN L RS A ¢

XY, XX Xy, )y

Y, ) 0w (Y, +Y, —Y. +H_ +H_ )op—(-Y, -V, +Y. —H

Xxy,y z2z,X XZ,XX

~H,., )59, |dddr + —qu [( mny+;szynx+szyn)j5”—(&xm+;Y n

yz,x "y

JrlYmnV ov— le”n +1YmnV Y,on+Y, n—lY n 1 ow
2 2 Y2 ” 2

WXy 2y}vx

( Yon —Y,n +Y.n —%sz,xny—%Hﬂ,ynx—H j5¢ +(Yn, +Y,n, ~Y.n

}z}v xx''x xy' Ty zz°°x

Xz X )»Z)C

1 1 1 1
+Hx”nx+2Hy”n}+2Hyzy xjéqﬁ ——Yun}&t —(2)’ n.+Y.n jé’u +(Y.n

1 1 1 1 1 1
+Ynj5v+ Yn5v+(Yn—Yn——Ynj5w+[ Yn+Yn——YnJ5
2 vz 2 yz''x 2 xx'Vy xy'x X 2

2})’)’ XYy 2yyx
1

1 1 1
+2szny5¢ +(2sznx+Hyzny]5¢x’y—(sznx+5Hyzn j&qﬁ”——H n.og, }dsdt,

vz 'x

(4.18)
where

—-h/2 Y

Y " dz " dz, Y " dz, Y
o T h/zmM > T :I M, 6z, =), Iy = I— 4.19
hi2 hi2 W2 W2 (4.19)
—I L , Y. = J‘—h/z m_dz, H_= Jlm m_zdz, Hyz = 2myzzdz

are the couple stress resultants through the plate thickness.

Also, it follows from Egs. (4.10) and (4.15) and Green’s theorem that
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T + 1 + r - 1 -
[ . @ — 7oy )0 pdAde + [ o — 7oy )0 pdAde
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1 . 1 . N 1 _ 1 _ - s
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h( . 1 . 1 . _ 1 1 _
_E(Tm’x +5T"” +ET}“"" T =Ty =T j5¢x

hil | | . 1 1 )

_E(ET,Y_V,)( +Ez-yx,x + Tyy,y _ETX)}’X _Efyx,x _Tyy’yj§¢yj|dAdt
1 ¢r

+EJ.0 i@R |:(2T+ n +T;yny + T;Xny +2T;‘cnx +T;yny +T;xny _27071):)51/{

XX X

+ + + - - -
+(rxynx tron +2t, 0 +7 n +7 0 +2t n —2rn )ov

»xox

2

pl Lo, o1 R P -
- Efxyl’lx +52'yxl’lx +7,n, —Efxyi’lx —Eryxnx —T,n,

1 1 1
—h(r;nx +Er;yny +Er;xny —T N, ——T N, ——T 7 )§¢x
(4.20)
Note that in reaching Eq. (4.20) use has been made of the relations S"=R =S5, 0S" = R

= 0S™ for the uniform-thickness plate under consideration in order to facilitate the integral

evaluations.

In addition, using Green’s theorem gives

(7] &k wowddde+ [ kw,ow,dAdi

= J-OT J‘R k, wowdAdt _IOT J‘R k, (W,xx W, )5WdAdt+ J‘OT C_f)aR k, (W,x”x + W,yny)5wdsdt.
(4.21)

The kinetic energy of the Mindlin plate can be written as (e.g., Ma et al., 2011)

K =%jgp[(al ) (i) + (i) |dv, (4.22)
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where p is the mass density of the plate material. Note that here and in the sequel, the
overhead “” and “--” denote, respectively, the first and second time derivatives (e.g.,
i, = 0u, / Ot, ii, = 0’u, / Ot").

The first variation of the kinetic energy, over the time interval [0, 7], can be obtained

from Egs. (4.1a-c), (4.15) and (4.22) as
5[ Kdt == [ (mgiGu+m¥sv+myindw-+m,,5p, +my$,56 )dddr, (4.23)

where

W2 02 ph’
dz = ph, m, = o pszZ = ? (424)

m,. =
0 J

In reaching Eq. (4.23), it has been assumed that the initial (# = 0) and final (¢ = 7)
configurations of the plate are prescribed so that the virtual displacements vanish at =0
and ¢ = T. In addition, p is taken to be constant along the plate thickness and over the time
interval [0, 7] such thatm, =0, m, = 0.

From the general expression of the work done by external forces in the modified couple
stress theory (e.g., Park and Gao, 2006, 2008) and in the surface elasticity theory (e.g.,
Gurtin and Murdoch, 1975, 1978), the virtual work done by the forces applied on the

current Mindlin plate over the time interval [0, 7] can be expressed as

T T 1 1
sf wde=| J‘R[fxé‘u—kfyé'v—kfzé‘w—lracxé'(w’y +4,)=2e,000, +4)

1 T — — — — _
—€.(Su, —6v,) (dddr + [ ¢ |tou+tsveiow—M op —M,4, 42s)
1— | — ] —

+5sx5(w,y +¢y)—§sy5(w,x +¢X)—§sz(5u,y —5V’x)}del‘

[ o owddde+ [ 7, Swddde,
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where fiand ¢; (i = x, y, z) are, respectively, the components of the body force resultant

(force per unit area) and the body couple resultant (moment per unit area) through the plate
thickness acting in the area R (i.e., the plate mid-plane), Z and S_, (i =x,y, z) are,

respectively, the components of the Cauchy traction resultant (force per unit length) and

the surface couple resultant (moment per unit length) through the plate thickness acting on
OR (i.e., the boundary of R), and Vx and M_y are, respectively, the applied moments per
unit length about the y-axis and x-axis acting on OR. Note that the positive directions of
Vx and M_y are, respectively, opposite to those of ¢, and ¢, (see Fig 4.1). Also, in

reaching Eq. (4.25), use has been made of Green’s theorem. It should be mentioned that
the last two terms in the virtual work expression in Eq. (4.25) account for the contribution
of the normal stress on the top and bottom plate surfaces o;, (= irfm from the
equilibrium equations in Eq. (4.8a)), which is neglected in the Mindlin plate models that
do not consider the surface energy effect (e.g., Ma et al., 2011; Zhou and Gao, 2014).

According to Hamilton’s principle (e.g., Reddy, 2002; Ma et al., 2008, 2010, 2011;
Gao et al. 2013; Gao and Zhang, 2015, 2016),

5[ [K~(U,-w)]dr=0. (4.26)

Using Egs. (4.14), (4.16), (4.18), (4.20), (4.21), (4.23) and (4.25) in Eq. (4.26) and applying
the fundamental lemma of the calculus of variations (e.g., Gao and Mall, 2001; Steigmann,
2007; Gao, 2015) will lead to, with the arbitrariness of du, ov, ow, o@. and O6¢, and the

relations S*=R =5, 05" = OR = 05" due to the uniform thickness of the plate,
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(4.27¢)

as the equations of motion of the current Mindlin plate for any (x, y) € R and ¢ € (0, 7),

and

T 1 1 X . ) )
.[0 anR{|:2Nmnx+2nyny+5Y n+—Y_ n+Y, nv+2(Txx+Txx_T0)nx +(Txy+2'xy

2xTy Ly Tyl yz,y' "y

— 1
+T T )N +en, — 2tX]5u + [Znynx +2N n —Y_ n - n
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(4.28)

which can be further simplified to obtain the boundary conditions.

Note that the integrand of the line integral in Eq. (4.28) is expressed in terms of the
Cartesian components of the resultants and displacements that are functions of the
Cartesian coordinates (x, y, z) with the unit base vectors {ei, ez, e3}. This is convenient for
a rectangular plate whose edges are parallel to the x- and y-axes. However, for a more
general case of a plate whose boundary is not aligned with the x- or y-axis, as shown in Fig

4.3, it is more convenient to use a Cartesian coordinate system (n, s, z) with the unit base

vectors {e,, e e}, where e, (=ne, +ne,) and e (=—-n e, +ne,) are, respectively, the

unit normal and tangent vectors on the plate boundary OR.

R

Fig. 4.3 Two coordinate systems
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It can be shown that the components in the coordinate system (x, y, z) are related to

those in the coordinate system (n, s, z) through the following transformation expressions:

{u, v} =[R){u,. v}". {4 8.}
7. %) =[R]F. 7). (5.5}

[R1{g. 63" {wew, ) =[R]{w,. w.}"
[R]5. 51" {en e =[R]{c,. e},

where

T e — T R - \T
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_ni —n.n, —2n§ny ZnAni nxni —n;_
nfny n - 2nxni —2n’ n, n, nxnj
}’lfl’l) —nxnz ni —l’lxl’l2 —nzn +n3 —nfn l’lxl’l2
[R3] - I’ll’l; nzl’ly nzn —I’Zy3 l’l3—7)’; 2y —n I’l;} —I’lzny ’ (430b)
x'ty x'y x'y ¥ X x'Yy x'ty x'ty
nxni - nf 2nfny - 2nxnj n - nfny
_n; nxnj 2nxn§ Zniny nfny n |

. 2 2
with n; +n, =1.
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Using Egs. (4.29) and (4.30a,b) in Eq. (4.28) yields, after some lengthy algebra,

Iqs |: (N +— K12S+T +T ;njg (2N Klzn 1Y.¥zs+Tr1s+T
OR 2

- Y, . —Y
+T;+Tsn—Cz—zfs)5vs+(2NnZ—%+Y +2k w,+c, —2tzj5w

ns,n

- Y -Y 1
—(Yns—ss)f?W,nJr(""T—snjéw —(2M +Y, +2H +ht —ht,

nn

_ H
-2M, -5,)0p,—| 2M Y, +Y., Hm—i+ﬁr;—ﬁr,;+ﬁr;—ﬁ@
2 2" 22 2

—2M, +5,) 59, —(Yz —Ezjaun,s +(¥,, —5:)v, , + Yz v, + e 1208, ~H,.8,,
b, } dsdr =0
(4.31)
Note that on the closed boundary OR the following identity:
% Dé&g ds = —<j>aR D Sgds (4.32)

holds, where D, g are two smooth functions. With the help of Eq. (4.32), Eq. (4.31)

becomes
T ~ ~ ~ —~ —~ ~ ~ ~
[, § (N, + Ny, + NoSwe M54, + M.5p, +T-5w, + T.6v, , + Z.54,, Jsdt =,

(4.33)
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where

=)

1 _ 1- -
nmn = 2(Nnn +E},nz,s +T;lrn +T/m _TO _ESZ’S _tn)’

NSS Eans _Y;tz,n _Ysz,s +Tr-1'—s +Tn_s +Tstl +Ts_n _cZ _223’
N==2N,.-Y, +Y,  +Y  +2kw, +c +En,s —222,
M,==2M, -Y —H_ —h(r -7, )+2M, +5,
nn ns nz,s ( nn nn) n K (434a_h)
—~ h _ - — j—
M= _2Mns +Ynn _Yzz +an,n +Hsz,s _E(T;s T +TSJ:1 _Tsn)+2Mx Sy
Tz E_Kzs +;s,
T_y EYnZ_Ez,
Zs E_H

I

Using the fundamental lemma of the calculus of variations in Eq. (4.33) then gives

Nw=0 or u =u,
Ns=0 or v, =v,

~

N.:=0 or w=w,

M,=0 or ¢ =4,

—~ _ (4.35a-h)
M;=0 or ¢ =¢,

T.=0 or W, =W,

T,=0 or Vo =V

Z,=0 or g, =4

as the boundary conditions for any (x, y) € 0 R and ¢ € (0, T), where the overhead bar

indicates the prescribed value.

From Egs. (4.3), (4.10) and (4.17), the Cauchy stress resultants can be expressed in

terms of the five kinematic variables u, v, w, ¢ and ¢y as

N, =h[(A+2wu, + v, |,

ny = ,uh(u’y +v,),
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N, =kph(w ~9.),

N, =h[Au +@GA+2u)v, ],

Yy

N, =kuh(w,—9,),

1
Mxx = —Eh3 [(ﬂ, + 2ﬂ)¢x,x + l¢ysy:|,

1
Mxy = _Eﬂh3(¢x,y + ¢y,x)9

1
M, = _Eh3 [ 28, +(A+2w)8, , |, (4.36a-h)

where k; is a shear correction factor introduced to account for the non-uniformity of the

shear strain components ¢ and & over the plate thickness (e.g., Wang et al., 2001; Liu

and Soh, 2007).
From Egs. (4.4), (4.12) and (4.19), the couple stress resultants through the plate

thickness can be expressed in terms of u, v, w, ¢_and ¢y as

Y, =ul’h(w,, +4,.),

1
Yy =g+, =6 +4,,),

Y. = % ilh(=u, +v,),

2
Y, =—ulh(w,, +4, ),
=L rn

Y, =ul’h(4,,—9,.),
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1
HXZ = _ﬂ12h3(¢x,xy _¢y,xx)9

24
1
H, = u'H (4, = 8,): (4.37a-h)

Also, from Egs. (4.1a-c) and (4.9a,b), it follows that the surface stress components can

be expressed in terms of u, v, w, ¢_and ¢y as

+

h h
T, =T+ (A + 20, F Egzﬁm) + (A, F 5¢” ),
N 1
Txy = /’IO (u,y + v,x) - TOV,X + E h (ﬂ0¢x,y + ﬂ0¢y,x - 7'-0¢5y,x ) >
N 1
Tyx = :IJO (u,y + v,x) - Tol/l’y + Eh (ﬂ0¢x,y - T0¢x,y + lLlO¢y,x ) i

N h h
T;’y = 7'-O + (A‘O + TO )(u,x + E¢x,x) + (ﬂ'() + 2#0 )(V,y + E¢y,y )’

+ -
T3x_T3x

= z-OMZ,)C’
+ —_ - —_—
Ty, =T5, =TW,,. (4.38a-f)

The equations of motion of the Mindlin plate in terms of the five kinematic variables

u, v, w, ¢, and ¢, can then be obtained by using Eqs. (4.36a-h), (4.37a-h) and (4.38a-f) in

Egs. (4.27a-e) as

Yy »XXXY XYY )

1
(A+2whu , + phu , +(A+ @whv +Zulzh(—u’wy -u  +v_ 4V
i (4.39a)
+2Q2uy+ A u g +Cuy —7u, + Qg + 24, + 7))V, + £, +Ec” = myl,

XYY >XXXX SXXYY )

1
(A+whu , +phv  +(A+20)hy +Z,ulzh(u,xw +u_ =V —V
) (4.39b)
+QCuy+24 1, +Cuy — 7))V, +2Q 1+ AV, + f, _ECZ’X =m,V,
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1
ksluh(w,xx + W,yy - ¢x,x - ¢y,y) - Zlulzh(w,xxxx + 2W,xxyy + W,yyyy + ¢x,xm + ¢x,xyy + ¢y,xxy + ¢y,yyy)

1 1 y
+2r,(w +w ) -k wtk,(w +w )+ [ —Ecx’y +—c, . =mW,

VX

(4.39¢)

1 1 1 1
—— (A2 ——ul’y  —— A+ W —k ph(w — P ) —— ul*h (—p
12 ( ll’l) ¢x,xx 12 lLl ¢x,yy 12 ( ll’l) ¢y,xy s/’l ( X ¢x) 48 ll’l ( ¢x)xxy}

1
- ¢x,yy}y + ¢y,xxxy + ¢y,xyyy) + Z /’llzh(_w,xxx - M),xyy - ¢x,xx - 4¢x,yy + 3¢y,xy)

_th I:Z(/ILO + 2/”0)¢x,xx + (2/’10 - z-0)¢x,yy + (2/10 + 2/”0 + Z-O)¢y,xy:| + Ecy = _m2¢x’

(4.39d)

1

1 1 1
S O~ G, (AR 240G, ki (00, =)~ i B,

1
+ ¢x,xyyy - ¢_wxxxx - ¢y,xxyy) + Z ﬂlzh(_w,xxy - W,yyy + 3¢x,xy - 4¢y,xx - ¢y,yy)
_th [(2/10 + 2/’10 + z-0)¢x,xy + (2/Ll0 - TO )¢y,xx + 2(/10 + 2/'10 )¢y,yy:| _Ecx = _m2¢y

(4.39%)

for any (x, y) ERand ¢ € (0, 7).

The differential equations in Egs. (4.39a—¢), the boundary conditions in Egs. (4.35a-h)

(along with Egs. (4.34a-h), (4.29) and (4.30a,b)), and the given initial conditions at z = 0

and ¢ = T define the boundary-initial value problem for determining u, v, w, ¢, and ¢ . It

is seen from Eqgs. (4.39a-e) that the in-plane displacements « and v are uncoupled with the

out-of-plane displacement w and the rotations ¢_and ¢, . Therefore, u and v can be

obtained separately from solving Egs. (4.39a,b) subject to prescribed boundary conditions

of the form in Eqgs. (4.35a,b,g) and suitable initial conditions.

When k,, = k, =0, Egs. (4.39a-¢) will reduce to the governing equations for the Mindlin

plate without the foundation (but incorporating the microstructure and surface energy

effects).
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When / = 0 and ¢; = 0, Egs. (4.39a-¢) will become the governing equations for the
Mindlin plate in the absence of the microstructure (or couple stress) effect (but including
the surface energy and foundation effects).

When Ao = uo = n = 0, Egs. (4.39a-e) will degenerate to the governing equations for
the Mindlin plate without considering the surface energy effect (but accounting for the
microstructure and foundation effects).

When /=0, ¢;=0and Ao = uo = 1 =0, Egs. (4.39a-¢) will be simplified as the classical
elasticity-based governing equations for the Mindlin plate resting on the two-parameter
Winkler-Pasternak elastic foundation.

When ky =k, = 0 and Ao = uo = n = 0, Egs. (4.39a-¢) become

1 .
oy Wy TV oy TV )+ Ecz,y = mylu,

(A+2)hu  + phu , + A+ hv,, + %,ulzh(—u

(4.40a)

1 1 .
(A+whu , + phy  +A+20hy , + 7 ul zh(u,my FU =V e V) TS, — ECZ’X =m,V,

(4.40b)

L .
ksll’lh(y‘/,xx + W,yy - ¢x,x - ¢y,y) - Z,UI h(w,xxxx + 2W,x;r}y + W,yyyy + ¢x,)ocx + ¢x,xyy + ¢y,xxy + ¢y,yyy)

+f. —Ecx,y +Ecy,x =m,w,

(4.40¢)

1 1 1 1
——A+2) ¢ ——ul’ —— A+ P, —k ph(w_ —@)—— ul*h’ (-
12( lu) ¢x,xx 121“ ¢x,yy 12( lu) ¢y,xy 51u ( X ¢x) 481u ( ¢x,xxyy

N ¢x,yyyy + ¢y,my + ¢y7xyyy) + Z ﬂlzh(_waxxx Wy T ¢x,xx N 4¢xayy + 3¢y,xy )+ Ecy ==,

(4.40d)
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1 1 1 1
EpAG WY, ~ E#h3¢y,m A 2019, ~kpuh(w, ~4,)- 4—8/11 A

+ ¢x,xyyy - ¢y,xm - ¢J’=XXY}’) + Z ﬂl2h(_wﬂxxy Wyt 3¢my - 4¢y7xx - ¢y,yy) - Ecx - _m2¢y >

(4.40¢)
which are the governing equations for the Mindlin plate incorporating the microstructure
effect alone. These equations are identical to those derived in Ma et al. (2011) using the
same modified couple stress theory. By setting / =0 and ¢; =0, Egs. (4.40a-¢) will be further
reduced to the governing equations for the Mindlin plate based on classical elasticity, as
shown in Ma et al. (2011).

When ¢ =0w/ox and ¢, =0w/ 0y, Egs. (4.39a-¢) are simplified as

1
(A+2whu, + phu wt A+ ,u)hv’xy + Z ul zh(—uwy UtV V,Wy)
i (4.41a)
+2Q2uy + A+ Cuy —Tou, + g + 24, +1)v  + S +Ec” = myl,
1
A+ ,u)hu’xy + ,uhvm +(A+2 ,u)hv’ wt Z ul zh(ujmy AU =V e v’my)
i (4.41b)
+Q2uy+ 24 +ru,, +QCuy — 7))V +2Qu + v, + _EC” =myV,
L G 2wn gt L 12 )02 2
o (A+2p)h" + p +§( ot 20N (W +2w W)
i i (4.41c¢)
+(2z‘0 +kp)(wyw + w,yy)—kww+fz —-c,, te,, = myw—m, W—mz ay—z,

which are the same as the governing equations first derived in Gao and Zhang (2016) for
the non-classical Kirchhoff plate model incorporating microstructure, surface energy and
foundation effects and involving three independent kinematic variables u, v and w. That is,
the newly developed Mindlin plate model reduces to the non-classical Kirchhoff plate

model when the normality assumption is reinstated.

78



When v =0, ¢y= 0, u=ulx, ), w=wx, 1), §.=¢. (x, 1), f,=0,cx=0and c: = 0, the
Mindlin plate considered here becomes a Timoshenko beam. For this case, Egs. (4.39a-¢)

reduce to, by setting &, = k, = 0 and Ao = uo = n = 0 additionally,

(A+2hu, + f, = myii, (4.42a)

1 1 .
kuh(w, —@. ) —Z,ul2h(w’mx + @ )+ S +Ecy~x = myW, (4.42b)

1 3 l 2 1 o
E(ﬂ'+2ﬂ)h ¢x,xx +ksﬂh(w,x _¢X)+Zﬂl h(w,x)oc +¢x,xx)_Ecy = m2¢x5 (4'42C)

which are identical to the equations of motion for a Timoshenko beam with a unit width
and a height / derived in Ma et al. (2008). That is, the current Mindlin plate model recovers
the non-classical Timoshenko beam model based on the same modified couple stress theory

as a special case.

4.3 Examples

To further demonstrate the new non-classical Mindlin plate model developed in Section
4.2, the static bending and free vibration problems of a simply supported rectangular plate
(see Fig 4.4) are analytically solved in this section by directly applying the general forms

of the governing equations and boundary conditions of the new model.

Fig. 4.4 Simply supported plate
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In view of the general form of the boundary conditions (BCs) in Egs. (4.35a-h), the

BCs for this simply supported plate can be identified as
u =0, w=0, § =0, Ny=0, M, =0, T.=0, T, =0, Z,=0  (4.43)

for all (x, y) on the boundaries x = 0, a and y = 0, b. Also, the following applied traction

resultants vanish on these boundaries:
si=5=5:=0, M,=0, t,=0. (4.44)
For the boundaries x =0 and x = a, n, = 0 and ny = —1 (on x = 0) or ny = 1 (on x = a),
and Eq. (4.43) becomes, with the help of Egs. (4.29), (4.30a), (4.34b,d,f,g,h) and (4.44),

u(0,y) =u(a,y) =0,

w(0,y) =w(a,y)=0,

¢y(0’y):¢y(a’y):0>

N —lY —lY +l(r+ +T_ 4T +r‘)—lc =0onx=0andx=a,
w75 e T ey T Ty T T L) G

M +Y +H

xz,y

(4.45a-h)
+h(r, -7 )=00nx=0andx=a,

Y,=0onx=0andx=a,
Y =0onx=0andx=a,

H_=0onx=0andx=a.

Using Egs. (4.36b,1), (4.37b,c,e,g) and (4.38a-c) in Egs. (4.45d-h) yields

1 1
hu(u, +v,) —Z,ulzh(—u’xxy U VotV )y — T ), V) _ECZ =0,

h3 1 1

LG 2000, 42, ]~ N @ =)= R+,

B+, ) I (G +211)8,, + (A +7,)8,, | =0, (4.46a-¢)
W,XX - W,yy + ¢x,x - ¢y,y = 09

U,=v,= 0,

¢x,xy - ¢y,xx = 03’

onx=0and x=a.
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For the boundaries y=0and y=5b,nx=0and n,=—-1 (ony=0) or n,=1 (on y = b),
and Eq. (4.43) becomes, with the help of Egs. (4.29), (4.30a), (4.34b,d,f,g,h) and (4.44),
v(x,0)=v(x,b)=0,

w(x,0) =w(x,b) =0,

9.(x,0) = 4,(x,b) =0,

1 1

1 1
N, +§sz’x +=Y,_, +§(r;y +T T +T;x)+zcz =0ony=0andy=>,

(4.47a-h)
2M , -Y, —-H _ +h(zr, —7,)=00ony=0andy=>,

Y, ,=0ony=0andy=b,
Y. =0ony=0andy=b,
H_.=0ony=0andy=b.

Using Egs. (4.36b, h), (4.37b,c,e,h) and (4.38b-d) in Egs. (4.47d-h) gives

1 1
ph(u, +v )+ Zﬂlzh(—u,m —U AV V)T Ry T, v )+ Ecl =0,

1 1 1
gh?’ [Z¢x,x + (/I + 2:”) ¢y,y :I + aﬂlzhc’ (¢x,xyy - ¢y,xxy) + Eﬂlzh(_w,xx + W,yy - ¢x,x + ¢y,y)

+ [ (A + 7).+ +211,)8,, | =0,
M/:xx - W,}W + ¢x,x - ¢y,y = 0’

U, —v, = 0,

¢x,yy - ¢y,Xy = 0’

(4.48a-e)

ony=0andy=>.

4.3.1 Static bending
For static bending problems, u, v, w, ¢, and ¢, are independent of time 7 so that all of

the time derivatives involved in Egs. (4.39a—e) vanish.
The boundary value problem (BVP) for the static bending of the simply supported plate

shown in Fig 4.4 is defined by the governing equations in Egs. (4.39a—¢) and the boundary
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conditions in Eqgs. (4.45a-c), (4.46a-¢), (4.47a-c) and (4.48a-¢), with u = u(x, y), v=v(x, ),
w=w(x, y) $,=¢,.(x, y)and ¢ =9, (x, ).

As mentioned in Section 4.2, the in-plane displacements « and v are uncoupled with w,
¢, and ¢ . Therefore, u and v can be obtained from solving the BVP defined by Egs.
(4.39a,b), (4.452), (4.46a,d), (4.47a) and (4.48a,d). For the current case with f; =f, =0 and
¢: =0, the solution of this BVP gives u = v =0 for any (x, y) € R.

The out-of-plane displacement w and rotations ¢, and ¢, can be obtained from solving
the BVP defined by Eqgs. (4.39c-¢e), (4.45b,c), (4.46b,c.e), (4.47b,c) and (4.48b,c,e), as
shown next.

Consider the following Fourier series solutions for w, ¢_and ¢,:

w,, sin( Xsi <””y

§
M
M

1 n=1

3
I
3
I

Xy si (””3’ (4.49)

t
NgE
Ms

o cos(

mn

1

3
I
-

n

M
M

9, =

@, sin( ’”’”) cos(2Y),
a b

3
1l
—_
=
1l
—_

where W, @, and @, are the Fourier coefficients to be determined for each pair of m

mn 2

and n. It can be readily shown that w, ¢ and ¢, in Eq. (4.49) satisfy the boundary
conditions in Egs. (4.45b,c), (4.46b,c,e) at x =0, a and in Egs. (4.47b,c), (4.48b,c,e) at y =
0,bforany W, , & and @)

mn *

The resultant force £- (x, y) can also be expanded as a Fourier series:

fi(x,p) = ZZQW Sln(

m=1 n=1

mzy

7Yy sin(22Y (4.50)

where the Fourier coefficient Oy, is given by
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nﬂ'y

0, =—J. '[ fi(x, y)sm( )s1 (——)dxdy. (4.51)

In the current case (see Fig4.4), f.(x,y)=P5(x— %)5 (y—- g), where &(-) is the Dirac

delta function. Using this f, in Eq. (4.51) yields

4P
0, = pr sm(T) sin (7) (4.52)

Substituting Egs. (4.49) and (4.50) into Eq. (4.39¢c-e) results in, with ¢, =€, = 0,
cliw,,.e. 51 =[-0,,.0.0] (4.53)

where [C ] is a 3-by-3 matrix whose components are

m*n®  ntrt PPh o m*n* n*n?
Cll =_(ksﬂh+22-0+kp)( az + b2 )_/J4 ( az b2 )2_kw’

2 3 3 2_3
Clzzk,uhm”—'ulh(mﬂ mn’rzw

A 3 2
! a 4 a ab

)

niw ,ul h m’nm®  n’n’
C, =k uh— + s
s = )

A+2)h m*n®  uh’ w’n® 'l win’zt n'rt
12 a2+12 b2+48(a2b2+b4)

N ul’h m’r’ +47127r2 Quy + A m’ 7 N Qu,—t)h’ n’n’

C,, =k h+

+ b
4 ( a’ b* ) 2 a’ 4 b*
B (A+ w)h> mnx’ 3 ul’n’ (m3n7r4 N mn3714)_ 3ul’h mnrx’
z 12 ab 48  ab  ab’ 4  ab (4.54)
N Quy +24, +1,)h> mnn’
4 ab ’

3 .2 _2 3 2_2 2713 2.2 _4 4 _4
(A+2u)h n721+,uh m?+ﬂlh(m7;f+mf)
b 12 a 48 ab a
N ul’h (4711272'2 N I’l272'2)+ Quy + A)h* n’r’ (2;1O T )h m’n’
2 2 2 2 2
4 a b 2 b 4 a

C21 = _CIZ’ C31 = _C139 C32 = C23-

Cys =k, ph +
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Solving the linear algebraic equation system in Eq. (4.53) will yield W

mn 2

&' and P’ .
Then, substituting them into Eq. (4.49) will give the exact solutions w, ¢, and ¢, based on

the current non-classical Mindlin plate model for the simply supported plate subjected to
the concentrated force at the center of the plate (see Fig 4.4).
Figures 4.5 and 4.6 display, respectively, the variations of the plate deflection w and

the rotation ¢_ along the line y = b/2 predicted by the newly developed Mindlin plate model

(with or without the Winkler-Pasternak foundation) and by the classical Mindlin plate
model. The numerical results for the plate with the Winkler-Pasternak foundation (solid
lines) are directly obtained from Egs. (4.49) and (4.52)-(4.54), while those for the plate
without the foundation (dash lines) are computed using the same equations but with k&, =
ky, = 0. The values for the classical Mindlin plate (dot lines) are determined from Eqgs. (4.49)
and (4.52)-(4.54) by setting /=0, 4, =y, = 7, =0, and k, =k, = 0.

For illustration purposes, in the numerical analysis presented herein, the plate material
is taken to be aluminum with the following properties (Liu and Rajapakse, 2010; Gao and
Mahmoud, 2014): £ = 90 GPa, v = 0.23, /[ = 6.58 um for the bulk properties, and
U, =—5.4251 N/m, 4, = 3.4939 N/m, 7, = 0.5689 N/m for the surface layers, where
Young’s modulus £ and Poisson’s ratio v are related to the Lamé constants A and u by (e.g.,
Timoshenko and Goodier, 1970):

potGAR2H) A (4.55)
A+ u 24+ )

The shear correction factor 4; is taken to be 0.8 (e.g., Wang et al., 2001; Liu and Soh, 2007;
Ma et al., 2011). In addition, the shape of the plate is fixed by letting @ = b = 20h, while

the plate thickness /4 is varying.
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In Figs 4.5 and 4.6, the foundation moduli are non-dimensionalized and taken to be
K,=100, K, =10 , where K =k,a"/D,K, =k,a®/D , with D=Eh /[12(1-V")]
being the plate flexural rigidity. The number of terms included in Eq. (4.49) is controlled

by adjusting m and n. The numerical results for w, ¢, and ¢, obtained with m =30 and n

= 30 are found to be the same as those computed with larger m and » values (up to m = 60,
n = 60) to the third decimal place. This indicates that using m = 30, n = 30 in the expansions

is sufficient for the convergent numerical solutions of w and ¢_ displayed in Figs 4.5 and
4.6. Note that the values of ¢, along the line x = a/2 are the same as those of ¢, along the

line y = b/2 due to the loading and geometrical symmetry of the square plate under

consideration. Hence, ¢, is not plotted here.

From Figs 4.5 and 4.6, it is clearly seen that both the deflection w and the rotation ¢

predicted by the current Mindlin plate model with or without the foundation are always
smaller than those predicted by the classical model in all cases considered. It is also
observed that the differences between the values predicted by the new model (with or
without the foundation) and those by the classical model are very large when the plate
thickness 4 is small (with 2 =[= 6.58 um here), but the differences are diminishing when
h becomes large (with 2 = 5/ = 32.9 um here). This predicted size effect agrees with the
general trend observed experimentally (e.g., McFarland and Colton, 2005). In addition, it
is observed from Figs 4.5 and 4.6 that the presence of the elastic foundation does reduce
the plate deflection and rotation, as expected. The foundation effect on the deflection of
the simply supported plate (see Fig 4.4) is further shown in Fig 4.7, where more cases with

different values of &, and £, including the case without the foundation (as the top curve
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with &, = k, = 0) and the case with the Winkler foundation (as the red dash curve with &, =
0), are compared. Note that the values of the other parameters remain the same as those

used in obtaining the numerical results shown in Fig 4.5.

14 1 L e h=1 T
| P=01N,a=b=20n | h=21 = Classical
1.2
- h=514
-== h=I 7
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~ 08
N — h=] Current with
o ., | the Winkler-
0.6 1 LY h=2 Pasternak

“— p =57_] foundation

;J 2 ‘:1' tI'J ;3 IIO lll ].I4 1I6 18 - 20
Fig. 4.5 Deflection of the 51mply supported Mindlin plate on y = b/2
with KW =100, Kp =10

........... h=1
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foundation

Current with
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Fig. 4.6 Rotation of the simply supported Mindlin plate on y = 5/2
with K, =100, K, =10
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Fig. 4.7 Deflection of the plate with different values of &, and &,

Both the microstructure and surface energy effects are included in the numerical results
shown in Figs 4.5-4.7. To illustrate the surface energy effect separately, additional
numerical results are presented in Fig 4.8 for the deflection of the simply supported plate,
which are obtained from Eqgs. (4.49) and (4.52)-(4.54) by letting / = 0. For comparison
purposes, the results predicted by the classical elasticity-based Mindlin plate model are
also plotted in Fig 4.8, which are computed using Egs. (4.49) and (4.52)-(4.54) with /=0
and Ao = o = 70 = 0. In addition, the foundation moduli are set to be k, = k, = 0 to examine
only the surface energy effect. Note that the plate material properties used here remain the
same as those employed earlier, and the plate shape is kept to be the same by letting a = b

=20h (see Fig 4.4) for all cases (with different values of /).
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Fig. 4.8 Deflection of the simply supported plate predicted by the new model considering
the surface energy effect alone (i.e., with / = k,, = k, = 0) and by the classical model (with
I=kw=ky=0and lo=po=1=0)

From Fig 4.8, it is clearly seen that the plate deflection predicted by the current model
including the surface energy effect alone is always smaller than those predicted by the
classical model in all cases considered here. Figure 4.8 also illustrates that the differences
between the two sets of predicted values are significant only when the plate thickness /4 is

very small, but they are diminishing as / increases. This indicates that the surface energy

effect is important only when the plate is sufficiently thin.

4.3.2 Free vibration
For free vibration problems, the boundary-initial value problem for the simply

supported plate shown in Fig. 4.4 is defined by Egs. (4.39a-¢), (4.45a-c), (4.46a-¢), (4.47a-
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c) and (4.48a-e), with all external forces vanished (ie., f =/, =/ =0 and

For the current case with f,=f, =0 and c. =0, Egs. (4.39a,b), (4.45a), (4.46a,d), (4.47a)
and (4.48a,d) giveu =u(x, y, 1) =0, v=v(x, y,t) =0 for any (x, y) € Rand ¢ € [0, T7.

Forw, ¢_and ¢ , consider the following Fourier series expansions:

8
8

nﬂy

wx, y, )= > Wy, sin( Xy sin(Z g
4.0 3 =23 2 cos(")sin (””y 2V ) g (4.56)

8
8

4,(x, v, =228, sin(m”x)cos(?k’“"’,

m=1 n=1 a

where @, is the nth natural frequency of vibration of the plate, W

", @ and @) are the
Fourier coefficients, and i is the imaginary unit satisfying i>= —1. It can be readily shown
that the expressions of w, ¢, and ¢, in Eq. (4.56) satisfy the boundary conditions in Egs.
(4.45b,c), (4.46b,c,e) at x =0, a and in Egs. (4.47b,c), (4.48b,c,e) at y =0, b for any ¢ €][0,
T1.

Using Eq. (4.56) in Eq. (4.39c-e) gives, with the help of Eq. (4.24),

([, @2 T +|0 VL (w) o @2 ] =[0, 0, 0],

mn® > mn 2

(4.57)

where [(] is the 3-by-3 matrix whose components are defined in Eq. (4.54).
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Let

D, :%CH, D, Z%Cm D, :%CB,
D,, :_%CZI’ D,, :_%sz’ D,, = —Z—zCB, (4.58)
by=-2¢, p,=L2c, b=,
Using Eq. (4.58) in Eq. (4.57) yields
(D)+ p [1D[ W), @5 @ ] =[0. 0, 0], (4.59)

where [/] is the 3-by-3 identity matrix. For a non-trivial solution of W #0, ®* #(0and

@ # (0 simultaneously, it is required that the determinant of the coefficient matrix of Eq.
(4.59) vanish. That is,

| [D]+ par[1] | =0, (4.60)

which can be expanded to obtain

(pw2y +1,(pw’) + 11, (pw’)+ 1, =0, (4.61)

where

I,=D, =D, +D,,+D,

39
1
HD = E(D»-D< -D,D ) = DuDzz +D22D33 +D33D11 _DIZDZI _D23D32 _D13D

i i gt 31°

I, =¢

ijk

DileZDkS = D11D22D33 - D11D23D32 - D12D21D33 + D12D23D31 + D13D21D32 - D13D31D22’
(4.62)

are the three invariants of the [D] matrix whose components D;; are defined in Eq. (4.58).
Equation (4.61) is a cubic equation in @_ . The smallest (positive) root of Eq. (4.61)
gives the nth natural frequency, w,, for the free vibration of the plate.
With @, determined from Eq. (4.61), W, , @ and &) (with two being

mn mn

independent) can then be obtained from solving Eq. (4.59), which will then lead to the
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determination of w(x, y, 1), ¢.(x,y,7) and ¢ (x,y,t) through Eq. (4.56), and thereby

completing the solution.
Figure 4.9 shows the variation of the first natural frequency w1, obtained from Eq.

(4.61) (withm =1, n=1 in Eq. (4.54)), with the plate thickness, which is predicted by the

current Mindlin plate model with the Winkler-Pasternak ( I?W =1000, K ,=100) or
Winkler (K, =1000, k, =0) or no foundation (k.= k, = 0) and by the classical model (i.e.,
with / =0, A,=u,=7,= 0, and k, = k, = 0). The material properties and geometry of the

aluminum plate used here are the same as those employed earlier to obtain the numerical

results shown in Figs 4.5—4.8. In addition, the density for the aluminum plate is taken to be

p=2.7x10’kg/m’, which is needed in Eq. (4.61).
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g 25 — - - Current model with the Winkler
e—' \ foundation
20 1 . . .
‘ Current model with the Winkler-
15 \ Pasternak foundation
10
5
0 T
0 2 4 6 8 10 12 14 16 18 20

h/l
Fig. 4.9 Natural frequency varying with the plate thickness

From Fig. 4.9, it is clearly seen that the natural frequency predicted by the current

model with or without the foundation is always higher than that predicted by the classical
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elasticity-based model. The difference between the predictions by the current model
without the foundation and the classical model is significant when the plate thickness /4 is
very small (with 2 <2/=13.16 um here), while the difference is diminishing as /4 becomes
large (with 2 > 6/ = 39.48 um here for the case with &, = k, = 0). This shows that the size
effect on the natural frequency is important only when the plate thickness is very small. In
addition, it is observed from Fig 4.9 that the presence of the elastic foundation indeed
increases the natural frequency, and this effect can be significant when the plate thickness
is small but diminishes as the thickness becomes large. The effect of the foundation on the
natural frequency of the simply supported plate (see Fig 4.4) is further illustrated in Fig
4.10, where more cases with different values of 4, and k,, including the case with the
Winkler foundation (as the bottom curve with &, = 0), are compared. Note that the values
of the other parameters remain the same as those used in obtaining the numerical results

shown in Fig 4.9.
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Fig. 4.10 Natural frequency of the plate with different values of &, and £,
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Clearly, Fig 4.10 shows that the larger the value of k., or £, is, the larger the natural

frequency w1 is, which supports what is observed from Fig 4.9.

4.4 Summary

A new non-classical Mindlin plate model is developed in a most general form by using
a modified couple stress theory, a surface elasticity theory and a two-parameter Winkler-
Pasternak elastic foundation model and by including all five kinematic variables possible
for a Mindlin plate. The equations of motion and the complete boundary conditions are
determined simultaneously through a variational formulation based on Hamilton’s
principle, and the microstructure, surface energy and foundation effects are treated in a
unified manner. The inclusion of the additional material constants enables the new model
to capture the microstructure- and surface energy-dependent size effects.

It is shown that when the microstructure, surface energy, and foundation effects are all
ignored, the new plate model recovers the classical elasticity-based Mindlin plate model as
a limiting case. Also, it is seen that the newly developed plate model includes the Mindlin
plate models considering the microstructure dependence or the surface energy effect or the
foundation effect alone as special cases. In addition, the new Mindlin plate model reduces
to the non-classical Kirchhoff plate model incorporating the microstructure, surface energy
and foundation effects and degenerates to the Timoshenko beam model including the
microstructure effect.

As direct applications of the new Mindlin plate model, the static bending and free

vibration problems of a simply supported rectangular plate are analytically solved, with the
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solutions compared to those based on the classical Mindlin plate theory. The numerical
results show that the deflection and rotations predicted by the current Mindlin plate model
with or without the elastic foundation are smaller than those predicted by the classical
model. Also, it is observed that the difference in the deflection or rotation predicted by the
two plate models is very large when the plate thickness is sufficiently small, but it is
diminishing with the increase of the plate thickness. In addition, it is found that the natural
frequency predicted by the new plate model with or without the Winkler-Pasternak
foundation is higher than that predicted by the classical model, and the difference is
significant for very thin plates. These predicted size effects at the micron scale agree with
the general trends observed in experiments. Finally, the numerical results show
quantitatively that the plate deflection is reduced and the plate natural frequency is

increased in the presence of the elastic foundation, as expected.
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Chapter

5. ANON-CLASSICAL MODEL FOR CIRCULAR MINDLIN PLATES
INCORPORATING MICROSTRUCTURE AND SURFACE ENERGY

EFFECTS

5.1 Introduction

Thin plates have been widely used in microelectromechanical systems and devices. It
has been experimentally observed that these plates exhibit microstructure-dependent size
effects at the micron scales (e.g., McFarland and Colton, 2005), which cannot be explained
using classical elasticity due to the lack of a material length scale parameter. Hence, efforts
have been made to develop non-classical plate models based on higher-order elasticity and
surface elasticity theories.

Lazopoulos (2004) provided a non-classical von Karman plate model based on a
simplified strain gradient elasticity theory (SSGET) (e.g., Gao and Park, 2007). This
SSGET was also employed by Papargyri-Beskou and Beskos (2008) and Papargyri-Beskou
et al. (2010) to derive non-classical equations of motion for Kirchhoff plates. By using a
constitutive relation in non-local elasticity suggested in Eringen (1983), Lu et al. (2007)
proposed a Kirchhoff plate model and a Mindlin plate model without using a variational
formulation. Reddy and Berry (2012) studied axisymmetric bending of functionally graded

circular plates employing the modified couple stress theory. Recently, three models for
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Mindlin plates and third-order shear deformation plates have been developed by Ma et al.
(2011), Gao et al. (2013) and Zhou and Gao (2014) using the modified couple stress theory
and Hamilton’s principle.

The surface elasticity theory (e.g., Gurtin and Murdoch, 1975, 1978; Steigmann and
Ogden, 1997, 1999; Altenbach et al., 2010) has also been used to develop non-classical
models for thin plates involving surface effects. For example, Lim and He (2004) presented
a geometrically nonlinear plate model for nano-scale films based on the Kirchhoff
hypothesis and the von Karman strains. Lu et al. (2006) constructed a size-dependent thin
plate model by including the normal stress on and inside the surface of the bulk substrate.
Wang and Wang (2012) provided a model for non-linear free vibrations of a Kirchhoff
plate and a Mindlin plate using the von Karman strains. Liu and Rajapakse (2013)
presented a size-dependent continuum model for thin and thick circular plates.

However, very few models have been developed for thin plates by considering both the
microstructure and surface energy effects. A non-classical Kirchhoff plate model, which is
based on a modified couple stress theory and a surface elasticity theory, was presented in
Shaat et al. (2014) without using a variational formulation. Recently, non-classical models
for Kirchhoff plates were developed by Zhang et al. (2015) and Gao and Zhang (2016)
using a variational formulation, a modified couple stress theory and a surface elasticity
theory.

In the Chapter 5, a non-classical model for circular Mindlin plates is provided by using
the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008), the surface
elasticity theory (Gurtin and Murdoch, 1975, 1978), and the Hamilton’s principle. The rest

of the Chapter 5 is organized as follows. In Section 5.2, the new non-classical model for a
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circular Mindlin plate subjected to axisymmetric loading is developed using a variational
formulation based on Hamilton’s principle. In Section 5.3, the static bending problem of a
clamped solid circular plate subjected to a uniform normal load is analytically solved by
directly applying the general formulas derived. The chapter concludes in Section 5.4 with

a summary.

5.2 Formulation

Consider a flat thin circular plate of inner radius a, outer radius b and uniform thickness
h, as shown in Fig 5.1, where the cylindrical coordinate system (7, 6, z) is adopted, with
the r6-plane being coincident with the geometrical mid-plane of the undeformed plate.

According to the Mindlin plate theory, the displacement field in a thin circular plate
undergoing axisymmetric deformations can be written as (e.g., Reddy, 2002; Zhou and
Gao, 2014)

u (r,0,z,t)=u (r,t)—z¢.(r,t), u,(r,0,z,t)=0, u_(r,0,z,t)=w (r,t), (5.1a-c)

where u,, up and u. are, respectively, the radial, tangential and transverse components of
the displacement vector u of a point (7, 8, z) in the plate at time ¢, u and w are, respectively,

the radial and transverse components of the displacement vector of the corresponding point
(r, 6, 0) on the plate midplane at time ¢, and ¢, is the rotation angle of a transverse normal

line about the ey direction (see Fig 5.1).
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Fig. 5.1 Plate geometry and coordinate system

In Fig 5.1, S* and S~ denote, respectively, the upper and lower surface layers of the
circular Mindlin plate. These two zero-thickness surface layers are perfectly bonded to the
bulk plate material at z ==+ 4/2 and have distinct material properties from the bulk material.
The bulk material satisfies the modified couple stress theory (Yang et al., 2002; Park and
Gao, 2008), while the surface layers are governed by the surface elasticity theory (Gurtin
and Murdoch, 1975, 1978).

According to the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),

o=Atr(e)l +2ue, m=20uy, (5.2a,b)

s=%[Vu+(Vu)T}, X=%[V\|1+(V\|/)T}, (5.3a,b)

where o is the Cauchy stress tensor, m is the deviatoric part of the couple stress tensor, I is
the second-order identity tensor, 4 and u are the Lamé constants in classical elasticity, / is
a material length scale parameter measuring the couple stress effect (e.g., Mindlin, 1963;

Park and Gao, 2006), € is the infinitesimal strain tensor, 7y is the symmetric curvature tensor,
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V denotes the gradient, the superscript 7 represents the transpose, u is the displacement

vector, and  is the rotation vector defined by
1
Y= Ecurlu . (5.4)

According to the surface elasticity theory (Gurtin and Murdoch, 1975, 1978), the zero-
thickness surface layer of a bulk elastic material has distinct constitutive equations
involving surface elastic constants and satisfies the governing equations given by

divg T =on, (5.5)
where n is the outward-pointing unit normal vector to the surface, div, represents the

surface divergence, and 7 is the in-plane surface stress tensor given by (e.g., Gurtin and

Murdoch, 1975, 1978; Gao and Mahmoud, 2014; Gao, 2015)

T=[7,+(4 +7,)(tre") [Ig + 28" — 7,V qu, (5.6)
where uo and Ao are the surface elastic constants, 7o is the residual surface stress (i.e., the
surface stress at zero strain), I is the projection tensor with I, =I-n®n, V| is the
surface gradient operator defined by V,()=(I-n®n)V(-), and £° is the surface strain tensor
given by

g =%[Vsu+(vsu)r]. (5.7)

Note that the three constants o, A0 and 7o can be determined from atomistic simulations or
experimental measurements (e.g., Shenoy, 2005; Jing et al., 2006; Zhang et al., 2013).
Clearly, Eq. (5.6) indicates that T is not a symmetric tensor.

The out-of-plane components of the surface stress tensor read (Gurtin and Murdoch,

1978)
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T35 = Tolly 5 (5.8)
It follows from Egs. (5.1a-c), (5.2a,b) and (5.4) that the geometrical equations in the

bulk of the current axisymmetric circular Mindlin plate are given by

ou 09, 1 1(ow
grr ZE_ZE’ 81919 :;(M—Z¢},), gzr ZE(E_ rj’ gzz :grﬁ :g(9z :0’ (59)
1(ow
W, =——(—+¢rj, v, =y, =0, (5.10)
2\ or

1 0|1 ow
Ir@ =——r_—|—- ¢r +— = lHr’ er = ;(99 = Zzz :Zrz :Zgz :O (511)
4 or|r or

The total strain energy in the elastically deformed circular Kirchhoff plate, Ur, can be

expressed as

U,=U,+Ug = %J-Q(O'ﬁgij +myx, )dV +%J.s+ TpE,pd4 +%J.S TopE,pdd4, (5.12)

y

where Q is the region occupied by the plate, dV is a differential volume, and d4 is a
differential area. In Eq. (5.12), U is the strain energy in the bulk of the plate, which is
governed by the modified couple stress theory, and Us is the strain energy in the surface
layers S* and S~ satisfying the surface elasticity theory. It should be mentioned that only

the first part of Up is considered in the classical Mindlin plate theory as the total strain
energy (i.e., US = %IQ o,&,dV) in the plate.

Note that in Eq. (5.12) and throughout the paper the summation convention and
standard index notation are used, with the Greek indices taking » or 6 (e.g., a € {r, 8}) and

the Latin indices taking , 8 or z (e.g., i € {r, 6, z}) unless otherwise indicated.
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From Egs. (5.6), (5.7) and (5.9)—(5.12), it follows that the first variation of the total
strain energy in the circular Mindlin plate over the time interval [0, 7 can be obtained as

(e.g., Zhou and Gao, 2014; Zhang et al., 2015)
T T
5[ Udt={ [ (0,38, + 0,06, +20.,5., +2m,5y,,)dVdt
T + 1 + + 1 +
[ | |G = T3 + (20 =005 | ddds (5.13)

T | _ o1 _
+ J-o I . |:(Trr _570)55” (T4 _570)5509}(1‘4‘1@

where T;ﬂ and 7, represent, respectively, the surface stress components on the plate top

(S") and bottom (S-) surfaces. In reaching Eq. (5.13), use has been made of the fact that zos
is non-symmetric. This fact has been overlooked in some variational studies employing the
surface elasticity theory of Gurtin and Murdoch (1975, 1978).

Note that the volume integral of a sufficiently smooth function D (x, y, z, t) over the

region Q occupied by a uniform-thickness plate can be represented by

h/2
jQD(x, y, z, H)dV = jR j_m D(x, y, z, t)dzd4, (5.14)
where # is the plate thickness, and R is the plate mid-plane area.
Using Egs. (5.9), (5.11) and (5.14) in Eq. (5.13) yields, with the help of Green’s

theorem,
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y

5j Udt = j jzj {{ _O(N,, )+f§g—a(;;’:)+fga—a(gr’_’)}5u

2
B 8(err)+18 (rlzcg)Jrl@Yrg Swa 8(rMW)_M66+18(rY9) le
or 2 or 2 Or or 2 or 2
ho(rz,) ho(r,) h h _
—r o +—1., |0@. rdrdOdt (5.15)
Q”zar 2 or 299299(15'
1 6(rY9)
+II {(rN +r7, 41T, —rro)§u+[er,+2 > 2Yr9}5w
1 h h 1
~(M , +—=rY,, +—rt) ——r7, )0 ——rY, 5— =" dodt,
(r ST, 2rz'r,) P, > Yo ( )}
where
h/2 h/2 h/2
N, .[h/z Nog =J:h/20',99dz, o ZJ:h/zo-Z"dZ’
(5.16)
h/2 hi2 h/2
Mrr:th/zO-rerZ’ Mo = 7h/20'992dz, Yre:th/zmredZa

are the Cauchy stress and couple stress resultants through the plate thickness. Note that in
reaching Eq. (5.15) use has been made of the relations S" = R =S, 0S" = OR = &S~ for the
uniform-thickness plate under consideration in order to facilitate the integral evaluations.

The kinetic energy of the plate has the form (e.g., Ma et al., 2011; Gao et al., 2013)

Kz% J, o[ () (@) +(a,) |av. (5.17)

where p is the mass density of the plate material. Here and in the sequel the overhead “-”

€c,.”»

and denote, respectively, the first and second time derivatives (e.g.,
1, = 0u, / Ot, ii, = 0’u, / Ot").
From Egs. (5.1a-c), (5.14) and (5.17), the first variation of the kinetic energy for the

axisymmetric plate, over the time interval [0, 7], can be obtained as (e.g., Zhou and Gao,

2014)
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5[ Kat=—[ [ ['[my(iidu-+ iwsw)+m.5p, Jdrdod, (5.18)
where

m, =

3
[ paz=ph, my=["" priaz =L (5.19)

~h/2 12
In reaching Eq. (5.18), it has been assumed that the initial (# = 0) and final (¢ = 7)
configurations of the plate are prescribed so that the virtual displacements vanish at =0

and ¢ = T. In addition, p is taken to be constant along the plate thickness and over the time
interval [0, T] such that 71, =0, n1, =0

From the general expression of the work done by external forces in the modified couple
stress theory (Park and Gao, 2008) and in the surface elasticity theory (Gurtin and
Murdoch, 1975, 1978), the virtual work done by the forces applied on the current circular
plate over the time interval [0, 7 can be written as (e.g., Zhou and Gao, 2014; Gao and
Zhang, 2016)

5[ war=["[ (f-0u+c-sy)dddr+[ § (-ou+5-sy)dsdr

; (5.20)
+ |, [t SGue,)dadr,

where f and ¢ are, respectively, the body force resultant (force per unit area), body couple
resultant (moment per unit area) through the plate thickness acting in the area R (i.e., the
plate mid-plane), t and § are, respectively, the Cauchy traction resultant (force per unit

length) and the surface couple resultant (moment per unit length) through the plate

thickness acting on OR (i.e., the boundary of R), t’ is the surface traction that is related to
the surface stress T through t' =V _-1=17,_ e, (e.g., Gurtin and Murdoch, 1978; Altenbach

io,a™i

et al., 2010), and ds is a differential arc length along OR,. Note that the last term in the
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virtual work expression in Eq. (5.20) accounts for the contribution of the normal stress on
the top and bottom plate surfaces o, (= izfa’a from the equilibrium equations in Eq. (5.5)),
which is neglected in the classical Mindlin plate theory that does not consider the surface
energy effect.

Using Egs. (5.1a-c), (5.5) and (5.10) in Eq. (5.20) leads to, with the help of Green’s

theorem,

sflwar=[{’ I{f& {16(”9) rfz+a(g§r)+8(7;3")}5w—%rceé¢r}drd6dt

~b dodt,

+ j j {rt5u+(——rcg+rt Yow—(ri, +1rs9)5¢ rsgfs(—)}

(5.21)
where fi, ¢i, & and 5, (i €{ r, 0, z}) are, respectively, the components of f, ¢, t and s,

and M , is the applied moment per unit arc length along the circular boundary. Note that the
positive directions of M, , which is along the eo direction, is opposite to the positive

direction of ¢ (see Fig 5.1).

According to Hamilton’s principle (e.g., Reddy, 2002; Ma et al., 2008),
5 j w)]de=0. (5.22)

Substituting Egs. (5.15), (5.18) and (5.21) into Eq. (5.22) gives
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I J«sz« { 8(rN ) + 7, __8(;1';) + 7, __8((7;1';) —rf + mom'i}é'u
r r
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00
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h _ 1 . T p27 " _ _
+52'% + Ercg +myrg, |0¢, »drd@dr + IO IO {(rNW +rT, +r7, —rr,—rt)ou

1a¢y,) |

Yrg +— ! re, —rt, |ow—(rM,, +err9 +ﬁrr:r —ﬁrz';r
or 2 2 2 2 2

+ [’”er +—

> d@dt = 0.

_ 1 _ 1 1
_FMH_EFS€)5¢r_(Er EI’SQ)5(—)}
Applying the fundamental lemma of the calculus of variations to Eq. (5.23) then yields,
with the arbitrariness of du, ow and 54, (e.g., Gao and Mall, 2001; Ma et al., 2008),

_No +la(”Nrr)+la(7”Tr+,~)_l_la(ﬂr_r)_fga T
r r or r or r or r r

=+ f. =myii, (5.24a)

2 ] + -
1000, , 1 {am LO0T) | 1007,)  100m,) | LAG) | o i s o)

or or’ r or r or 2r or

r or

_loM,,) —M%—L Y, + o(rY,) er_i@(l”f ) i@(rf )
r or r 2r or 2r or 2r or
(5.24¢)
+ir i —T, —lc —m(ﬁ'
2 66 2 2 o) o — "0V

as the equations of motion of the circular Mindlin plate for any (r, ) € R and t € (0, 7),
and

N, +7, +7,—71,=t or u=u at r=a and r=>, (5.25a)

er+%%+%ne+%cgztz or w=w at r=a and r=»>, (5.25b)
r or r

105



1 — 1 —
M, +—Yr9+2r+ —ﬁz':Mg+E§67 or ¢ =¢ at r=a and r=>, (5.25c¢)

Y,=s5, or ow_ow at r=a and r=>0 (5.25d)
or Oor

as the boundary conditions.

From Egs. (5.2a,b), (5.9), (5.11) and (5.16), the Cauchy stress and couple stress

resultants can be expressed in terms of u, w and ¢, , the three kinematic variables, as

N =h(+2 s an (5.26a)
or 7
ou u
N,y = A+ h(A+2u) 2, (5.26b)
or 7
M ——h—s(mz )%—h—sllyﬁ (5.26¢)
STV T '
My, =t 20 oty (5.26d)
TP TR S '
ow
0, = K uh(Z2-4)), (5.26¢)
or
1 o ’w 1ow 1
Y, = Pup(le W 2OV 1 , 5.26
o 2 a (6r or* ror r¢r) ( D

where K is the shear correction factor to account for the non-uniformity of the shear strain
along the plate thickness.
From Eqgs. (5.5)—(5.7) and (5.8a-c), the surface stress components can be written in

terms of u, w and ¢, as

: ou _ ) u_ h
7, =T+ (24 +ﬁ~0)(5+5 o j"'(ﬂ'o +T0)(7+;¢rj9 (5.27a)
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. h h O
Ty =7, +(24, +/10)(%$5¢,.j+(/10 +TO)(; 28_¢j (5.27b)

Ty, =T, =Ty—. (5.27¢)

Using Egs. (5.26a-f) and (5.27a-c) in Egs. (5.24a-c) then leads to the equations of

motion of the circular Mindlin plate in terms of u, w and ¢, as

1 2
[((A+2)h+2(4, +2y0)](—i2+—a—”+a—”2‘)+ﬁ = m,i, (5.28a)
r- ror or

10 2, L 0 0119 -
Kﬂh_g{ (E‘q’fﬂ_zl ’75{ 5{?5(”%”5)}} (5.280)

10 ra—w +L—a(rcg)+f2=mov'{/,
or 2r or

M_{_ } [__ j e 3{13“ a_wm
(r ¢) +K, Lh ¢ [”uh ¢ +
12 or|lro 4 or |ror or (5.28¢)

h’ o|1l0 1 .
+7(2/u0 +/10)E|:;5(V¢r):|_509 =m,g,.

From Egs. (5.28a-c), it can be seen that the radial displacement (stretching) u(r, t) is

uncoupled with the deflection w(r, #) and rotation angle ¢ (r,t). Therefore, u(r, ¢) can be

obtained from solving Eq. (5.28a) subject to prescribed boundary conditions of the form in
Eq. (5.25a) and suitable initial conditions. Note that the material length scale parameter /
is not involved in Eq. (5.28a) or (5.25a). As a result, the radial displacement u(r, ¢) will not
be affected by the microstructure of the plate material.

When / = 0 and ¢g = 0 (i.e., with the microstructure effect ignored), Egs. (5.28a-c)

reduce to

1 2
[((A+2)h+2(4, +2y0)](—i2+—a—”+a—‘2‘)+ﬁ = m,i, (5.29a)
r° ror or
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10 1 o 0O

A+2000 (A + 241, 10, w Y
[ > + 5 }8}{ (¢)}+K h(a ¢j—m2¢r, (5.29¢)

which are the governing equations for the circular Mindlin plate with the surface energy
effect alone.

When Ay = uo = n = 0 (i.e., with the surface energy effect neglected), Egs. (5.28a-c)
become

10(ru)

(ﬂ,+2,u)hai[7 5 } S, =myii, (5.30a)

2
K uh 8 ”(%_‘bfj Fuho) 0110 V¢r+r6—wj +Lm+ﬁ=mow,
r or or 4r oOr | or|ror or 2r Or

(5.30b)

(A+2)1 ow N Fwholof [ ow
12 87{?8 (¢)} & h( ¢j 4 ‘%{Mr{ ("’5"+arm(5_30®

1 ..
—Ecg =m,@..

Equations (5.30a-c) are the governing equations for the circular Mindlin plate
incorporating the microstructure effect alone, which are identical to those derived in Zhou
and Gao (2014) using the modified couple stress theory.

When [ =0, coy= 0 and Ao = o = © = 0 (i.e., with both the microstructure and surface

energy effects suppressed), Egs. (5.28a-c) simplifies to

(i+2,u)ha{ (”")} £ = mii, (5.31a)
or|\r oOr
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Ksluhli r(a—W—QJ + f. =myw, (5.31b)
r or or

12 orl|ror

Mi{ﬁ(m)}%ﬂh@—j—@j=m2¢;.- (5310

Equations (5.31a-c) are the classical elasticity-based equations of motion for the circular
Mindlin plate. That is, the classical Kirchhoff plate model is included in the current model
as a special case. Note that the three-dimensional Hooke’s law in Eq. (5.2a) used here is
different from the two-dimensional Hooke’s law for the plane stress state employed in
classical Mindlin plates theories (e.g., Reddy, 2002).

When ¢ =ow/or (i.e., with the normality assumption reinstated), Eqs. (5.1a-c)

reduce to the displacement field in a thin circular Kirchhoff plate undergoing axisymmetric

deformations, and Egs. (5.28a-c) become

2
[(A+20)h+2(2, +2y0)](—l2+15—”+6—’;‘j+ﬂ = m,i, (5.32a)
r° ror or
3 2
[@s2wp ey 2|1 o[ af1af aw
12 2 ror| or|\ror\ or
) . (5.32b)
+2101i(r@)+1—a(m9)+f2=m0v'{/—m2 l@_w+8v2v :
ror\ or r or ror Or

Equations (5.32a) and (5.32b) are the equations of motion of the circular Kirchhoff plate
derived in Zhang and Gao (2015) based on the modified couple stress theory and the
surface elasticity theory, which is included in the current circular Mindlin plate model as a

special case.
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5.3 Example

To further demonstrate the new circular Mindlin plate model developed in Section 5.2,
the static bending problem of a clamped circular plate subjected to a uniformly distributed
normal load f: = — g (with the negative sign here indicating that the normal load ¢ (> 0) is
pointing downward) by directly applying the new model.

In view of the general boundary conditions (BCs) in Egs. (5.24a—d), the BCs for the
current solid circular Mindlin plate (with @ = 0) clamped at its edge » = b can be identified

as

ow

u =0, w =0, —
r=b r=b ar

=0, ¢

r=b

=0 (5.33a-d)

In addition, the following symmetry conditions need to be satisfied at » = 0:

ur:(]:O, 8_w

or

= 03 ¢r

r=0

=0. (5.34a-c)

r=0

For static bending problems, u, w and ¢, are independent of time ¢ so that all of the

time derivatives involved in Egs. (5.27a-c) vanish. The governing equations for static

problems with f. = 0 = ¢ are given by

2
[((A+2)h+2(4, +2,u0)][—i2+la—u+ 0 L;j =0, (5.35a)

r- ror or

2
Ksuhai{r(g—w— rﬂ—lfhag{rai{laﬁ(r¢,+rg—wﬂ}
r or r r or r| ror r (5.35b)
+ﬂi[r6—wj+fz=0,
r or\_ or
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+l2yh8{ aH"H@m:O'
4 Or|ror or

As mentioned in Section 5.2, the radial displacement u is uncoupled with w and ¢, . It

{(’1””)}’3 +(/1°+2ﬂ°)h2}a—[——( ¢)}+K ﬂh(@—¢j
r 15}
(5.35¢)

can be obtained from solving the boundary value problem (BVP) defined by Egs. (5.33a),
(5.34a) and (5.35a). The solution of this BVP gives u(r) = 0 for any (7, 6) € R.

The deflection w and the rotation angle ¢ can be obtained from solving the BVP
defined by Egs. (5.33b—d), (5.34b,c) and (5.35b,c).

Consider the following Fourier-Bessel series solutions for w and ¢, :

X S W, o). (5.362)
al" n=l
¢ = i@,ﬁl(@r), (5.36b)

-1
where J; is the Bessel function of the first kind of the first order, 4, =4, /b, 4, is the nth
positive root of J1(r) = 0, and W, and @, are coefficients to be determined. It can be readily
shown that the expressions in Egs. (5.36a,b) automatically satisfy the boundary conditions
in Egs. (5.33c,d) and the symmetry conditions in Eqgs. (5.34b.c) for any W, and @, .

Integrating Eq. (5.36a) with respect to r yields, upon using Eq. (5.33b) (the only

remaining boundary condition),

i W[y (A,) =Ty (Z,)], (5.37)

_x\>|| _

where Jy is the Bessel function of the first kind of the zeroth order.
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The axisymmetrically distributed force f. () involved in Eq. (5.34b) can also be

expanded in a Fourier—Bessel series as
f.= 2 By (A1), (5.38)
n=l1

where the coefficient F, can be determined as (e.g., Zhou and Gao, 2014)

F=-—1 (5.39)

SR,

for f2 (r) = — g, where J2 is the Bessel function of the first kind of the second order.

Using Egs. (5.36a,b)—(5.38) in Eq. (5.35b,c) results in

G Gy W, _ q/J5(4,) (5.40)
C Cullo, o [ |

where
Cll = %lzﬂh/l_li + Ksﬂh/l_ln + 22—0//{_1n >

ClZ = %lzﬂhﬂ_,li - Kvﬂhﬂ_'ln 2

1 3 (5.41)
C, =K uh —le,uhxilzn,
2k — 1 — W -
2= _Mﬂ“fn — K, uh __Zzﬂhllzn _h_(/io + 2:“0)/112;7'
12 4 2
Solving the linear algebraic equation system in Eq. (5.40) then yields
Cx T, @- Ca 9 (5.42a, b)

W:’l = s n - °
C11C22 _C]2C2] JZ(/lln) C11C22 _C12C21 J2(ﬂ'ln)
Then, substituting W, and @ obtained in Egs. (5.42a) and (5.42b), respectively, into

n

Eqgs. (5.37) and (5.36b) will give the exact solutions of the deflection w and the rotation

angle ¢, based on the current non-classical circular Mindlin plate model for the clamped
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plate subjected to the axisymmetrically distributed load, while the classical elasticity-based
exact deflection w and the rotation angle ¢° solution are computed using the same
equations but with / = 0, 4,=x,=7,= 0 (i.e., with both the microstructure and surface
energy effects suppressed).

To illustrate the newly derived solution for the clamped solid circular Mindlin plate,
some numerical results are shown in Figs 5.2 and 5.3. Figure 5.2 displays the variation of
the plate deflection w along the radial direction, and Figure 5.3 shows the change of the
rotation angle ¢ with the radial coordinate r for the clamped circular Mindlin plate. The
numerical results predicted by the new model are obtained from Egs. (5.36b), (5.37), (5.41)
and (5.42a, b), while those by the classical model are determined using the same equations

with /=0, A,=p,=7,=0.
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Fig. 5.2 Deflection of the clamped circular Mindlin plate
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Fig. 5.3 Rotation angle of the clamped circular Mindlin plate

In generating the numerical results shown in Figs 5.2 and 5.3, the radius of the circular
plate is fixed at b = 204, while the plate thickness / is varying. The circular plate material
is taken to be aluminum with the following properties (e.g., Liu and Rajapakse, 2010; Gao,

2015): E=90 GPa, v=0.23, [ = 6.58 um for the bulk, and g, =—-5.4251 N/m, 4,=3.4939
N/m, z,=0.5689 N/m for the surface layers. Note that the Lamé constants 4 and x involved

in Eq. (5.41) can be calculated from the identified Young’s modulus £ and Poisson’s ratio
v using the following relations (e.g., Timoshenko and Goodier, 1970):

Ev E
A=——— U= .
(1+v)1-2v) 2(1+v)

(5.43)

The shear correction factor K used here is 0.8 (e.g., Liu and Soh, 2007; Ma et al., 2011).
In addition, the uniform, downward-pointing normal load is taken to be ¢ = 1 MPa.

From Figs 5.2 and 5.3, it is clearly seen that both the deflection w and rotation angle ¢,
predicted by the current non-classical circular Mindlin model are always smaller than those
predicted by the classical model in all cases considered. It also shows that the differences

in the deflection and rotation values predicted by the new model and the classical model

114



are very large when the thickness of the plate / is small (with 2 == 6.58 um here), but
the differences are diminishing when the thickness of the plate % increases. This predicted
size effect agrees with the general trend observed experimentally (e.g., McFarland and

Colton, 2005).

5.4 Summary

A new non-classical circular Mindlin plate model is provided, which is based on a
modified couple stress theory, a surface elasticity theory and Hamilton’s principle. The
equations of motion and the boundary conditions are derived simultaneously by using a
variational formulation. The newly developed model includes the circular Mindlin plate
models considering the microstructure effect only or the surface energy effect alone as
special cases. In addition, the current Mindlin plate model recovers the classical elasticity-
based circular Mindlin plate model when both the microstructure and surface energy effects
are ignored. As an example, the static bending problem of a clamped circular Mindlin plate
subjected to a uniform normal load is analytically solved by directly applying the new plate

model.
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Chapter

6. BAND GAPS FOR FLEXURAL ELASTIC WAVE PROPAGATION IN
PERIODIC COMPOSITE PLATE STRUCTURES USING A NON-
CLASSICAL KIRCHHOFF PLATE MODEL INCORPORATING
MICROSTRUCTURE, SURFACE ENERGY AND FOUNDATION EFFECTS

6.1 Introduction

Band gaps for elastic wave propagation in periodic composite beam and plate structures
have received increasing attention (e.g., Sigalas and Economou, 1994; Hsu and Wu, 2006;
Liu and Hussein, 2012; Xiao et al., 2012; Yu et al., 2012; Han et al., 2013; Piccolroaz and
Movchan, 2014; Trainiti et al., 2015; Liu et al., 2016; Zhang and Parnell, 2017; Piccolroaz
etal.,2017; Chen et al., 2017; Zhang et al., 2018a). Such periodic composite structures can
attenuate or stop wave propagation in certain frequency ranges (i.e., band gaps) and are
finding important applications in wave filtering, vibration isolating and energy harvesting.
Two major mechanisms responsible for band gaps, Bragg scattering and local resonance
(e.g., Liu and Hussein, 2012; Chen and Wang, 2014; Madeo et al., 2016), can both be
present in such composite structures. At the micron and nanometer scales, thin beams and
plates often exhibit size effects (e.g., Lam et al., 2003; McFarland and Colton, 2005).
Hence, band gaps for elastic wave propagation in micro- or nano-structured composite
beams and plates are also size-dependent, which cannot be described using the classical
elasticity-based wave equations due to a lack of any material length scale parameter. As a

result, wave equations based on higher-order continuum theories that contain
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microstructure-dependent material constants are needed to determine band gaps at small
length scales.

Wave equations built upon higher-order elasticity theories have been derived and
applied to study band gaps. Liu et al. (2012) investigated surface energy effects on band
gaps for 2-D phononic crystals using the wave equations satisfying the surface elasticity
theory of Gurtin and Murdoch (1975, 1978). Li et al. (2016) analyzed band gaps in 1-D
phononic crystals applying the equation of motion based on the dipolar gradient elasticity
theory, which is also known as the simplified strain gradient elasticity theory (e.g., Gao
and Park, 2007; Gao and Ma, 2010). Madeo et al. (2016) employed the wave equations
built upon a relaxed micromorphic elasticity theory to explore frequency band gaps in
metamaterials. Bacigalupo and Gambarotta (2017) analyzed dispersion functions of wave
propagation to detect band gaps for periodic materials through a micropolar continuum
theory. Band gaps for flexural elastic wave propagation in periodic composite beam
structures were recently studied in Zhang et al. (2018a) and Gao et al. (2018) by using non-
classical Bernoulli—Euler and Timoshenko beam models based on a modified couple stress
theory (Yang et al., 2002; Park and Gao, 2008) and a surface elasticity theory (Gurtin and
Murdoch, 1975, 1978). However, wave equations for plates built upon such higher-order
elasticity theories have not been utilized to determine band gaps in periodic composite plate
structures. This motivated the present work.

In this chapter, band gaps for flexural elastic wave propagation in a periodic composite
plate structure resting on a Winkler-Pasternak elastic foundation are studied by directly
using the non-classical model for Kirchhoff plates presented in Chapter 2. The rest of

Chapter 6 is organized as follows. In Section 6.2, the equations of motion for a Kirchhoff
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plate incorporating the microstructure, surface energy and foundation effects derived in
Gao and Zhang (2016) are applied to study flexural elastic wave propagation in a periodic
composite plate structure. The plane wave expansion method and Bloch’s theorem for
periodic structures are used in the formulation. In Section 6.3, numerical results are
provided to quantitatively illustrate the band gaps for flexural elastic wave propagation
predicted by the current non-classical model and those by its classical elasticity-based
counterpart. The effects of the foundation moduli, plate thickness, unit cell length and
volume fraction on the band gaps are studied there. The chapter concludes in Section 6.4

with a summary.

6.2 Formulation

Based on the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),
the surface elasticity theory (Gurtin and Murdoch, 1975, 1978) and a two-parameter
Winkler-Pasternak elastic foundation model (e.g., Selvadurai, 1979; Yokoyama, 1996), the
equations of motion for a Kirchhoff plate are derived in Chapter 2 (i.e., Egs. (2.36a-c)),
which incorporate the microstructure, surface energy and elastic foundation effects. When
only the deflection is considered (i.e., w = w(x, y, £), u = 0, v = 0), the equations of motion

reduce to

{é(ﬁ+2y)h3 +ul’h +%(ﬂo +2y0)h2}(w’xm 2w +w )

SXXYY YV

6.1a
o*w o*w ( )

+(27, + kp W, + w,yy) -k w+ f, - ¢, te,, = myw—m, _8x2 —m, _8)/2

b

which can be rewritten as
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2 2 2 2 2 2 5 2
_5_2(0‘9_%&_?]_8_2[06 Lol ”2”]_ 0 (B 0 Wj+i(s5_wj+i[s@j
*w  *w 0 0° o*w) 0° o*w
‘k‘“m"(axz oy j”z Tt =g ) ge (”2 7)5[” Ed j

where w = w(x, y, t) is the deflection (or z-displacement) of point (x, y, 0) on the plate mid-

plane at time ¢ (see Fig. 6.1(a)), and

2
D :%(mzmif + ul*h +%(/10 +2u,)h*, C :%h%—ylsz%(ﬂo +1,), (6.2a,b)

3
B:%yh3+4,ulzh+h2(2u0—fo), S=2z,, B =ph, Pzz’?];. (6.2¢-)

In Egs. (6.1a,b) and (6.2a-f), 1 and u are the Lamé constants in classical elasticity, / is a
material length scale parameter measuring the couple stress effect (e.g., Mindlin, 1963;
Park and Gao, 2006), w0, Ao and 7o are the surface elastic constants, p is the mass density of
the plate material, / is the uniform thickness of the plate, £ is the z-component of the body
force resultant (force per unit area) through the plate thickness acting on the plate mid-
plane occupying the area R, ¢x and ¢, are, respectively, the x- and y- components of the
body couple resultant (moment per unit area) through the plate thickness acting in the area
R, ky 1s the Winkler foundation modulus, and £, is the Pasternak foundation modulus (e.g.,
Selvadurai, 1979; Yokoyama, 1996). The plate on the two-parameter elastic foundation is

schematically shown in Fig. 6.1(b).
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Fig. 6.1 (a) Plate configuration and coordinate system; (b) plate on a two-parameter
elastic foundation

Note that Eq. (6.1a) is obtained using the Cartesian coordinate system (x, y, z) shown
in Fig. 6.1(a). The lower and upper surface layers (with zero-thickness) are taken to be
perfectly bonded to the bulk plate material at z = &+ A/2, respectively. The bulk material
satisfies the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008), while
the surface layers have distinct material properties and are governed by the surface
elasticity theory (Gurtin and Murdoch, 1975, 1978).

Consider a periodic two-phase composite plate structure containing through-thickness
square inclusions (as Phase 1) embedded periodically in a host matrix (as Phase II) which
is infinitely large in the xy-plane, as shown in Fig. 6.2. The unit cell for this periodic
composite plate structure with a uniform thickness # is taken to be a square of edge length
a containing a square inclusion of edge length d at its center, as illustrated in Fig. 6.3, where

the corresponding irreducible first Brillouin zone is also provided.
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Fig. 6.2 Periodic two-phase composite plate structure with a through-thickness square
inclusion phase and a matrix phase: (a) the composite plate structure; (b) the unit cell.
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Fig. 6.3 (a) Unit cell of the periodic composite plate with a square inclusion (phase I); (b)
the irreducible first Brillouin zone in the reciprocal lattice.

Based on the plane-wave expansion method and Bloch theorem for periodic media, the
deflection w can be written as a Fourier series of the following form (e.g., Kittel, 1986;

Sigalas, 1997; Suzuki and Yu, 1998; Zhang et al., 2018b; Zhang and Gao, 2018):

w(r,t) _ eik.r|: z WGE )eiGim’n)Ar}eiwt’ (63)

Gl

where W, are the Fourier coefficients, r = (x, ) is the position vector, k = (&, k) 1s the
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2-D Bloch wave vector, Gy, ,, =(27zm/a,2zn/a)=(G,G,) is the 2-D reciprocal lattice

(m,n)
vector for a square lattice with m and n being integers ranging from —oo to +oo and a being
the lattice constant which is equal to the unit cell edge length here (see Fig. 6.3), w is the
angular frequency (in rad/s), and i is the imaginary unit satisfying i* = —1.
Due to the periodicity of the composite plate structure, each of the material parameters
D(r), C(r), B(r), S(r), Pi(r), Px(r), kw(r) and k,(r) involved in the wave equation given in

Eq. (6.1b) can also be expanded in a Fourier series as

a(t)= Y ag, 7, (6.4)

Gor

where a represents D, C, B, S, P1, P2, kw ot ky, G, ,, =(27M /a, 2zN / a) = (Gx,Gy) is

the 2-D reciprocal lattice vector with M and N being integers ranging from —oo to +oo, and

o 1s the Fourier coefficient given by

_ 1 7iG(MYN)»r
UG, = Z”ﬂ a(r)e dr, (6.5)

where ) denotes the 2-D domain on the plate mid-plane occupied by the unit cell, and 4 is

the area of Q. For a two-phase composite, oG can be shown to have the form:

(6.6)

qg

NP+ 0=V, for G\, =0,
(al _aII)F(G(M,N)) for G(M,N) #0,

where ¢, and ¢, are, respectively, the property values for materials I and II (see Fig. 6.3),
V"= 4% ] 4 is the volume fraction of material I, with A being the area of material I on

the plate mid-plane in the unit cell, and F(G,, ) is the shape function defined by

1 =Gy Ny T
F(Gom) =[], e dr. 6.7)
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where Q1is the domain occupied by material I (the inclusion phase) on the plate mid-plane

in the unit cell.
For a square domain ) (see Fig. 6.3(a)), the shape function F(G ,, ,,) is given by (e.g.,

Susa, 2002):

2d . Gd
——sin(
aG, 2

2d . Gd
F(G .y = v sin( ;

y

) for G, 20, G, =0,

) for G, =0, G, #0; (6.8)

a’G.G

Xy

G.d
sin(sz)sin( ; ) for G, #0, G, #0,

where d is the edge length of the square region i, and a is the edge length of the square
unit cell Q (see Fig. 6.3(a)).

Using Egs. (6.3) and (6.4) in Eq. (6.1b) (with f2 = ¢x = ¢, = 0) results in, with the help
of Laurent’s rule for finding the Fourier coefficients of a product of two periodic functions

(e.g., Li, 1996; Cao et al., 2004),

(M)G(M.N)*G(' ; WGEm,n) = a)z (R) WGEW,”) (69)

Gt vy =Gl
Where

(M), . .. =Doalk, +G)(k,+G) +Cq gk, +G ) (k,+G))’

+ Dok, + G, ) (k, + G +Co_:(k, + G, ) (k, + G + By _.(k, + G )k, + G, )k, + G )k, +G.)
+ g (k, + Gk, +G)+Sg g (k, +G )k, +G)+(k,)g o +(k, )G_G, (k,+G.) +(k, )G_G' (k, +G.),

(6.10)

(R o ~(Blara H(Ply o b+ GF (R oG, (61D
W, =ijj e (Cimn K7 g (6.12)
Giew = 1o » :
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in which

3 1 ~i(Gy1 3y~Glm))T
LTemel _ijﬂae a, (¢4

where a_¢ represents D, ., Cq ¢ Bs_gr» Sg_»(F) o (R) e (k,) o OF (kp )GiG, .
When w and « (representing D, C, B, S, P1, P2, kv or kp) are approximated by truncated

Fourier series expansions with m, n, M and N ranging from — L to L, with L being an integer,

Eq. (6.9) gives (2L+1)? equations, which can be assembled to yield the following system:

2
(M) o ]{We} =0 [(R)g o ]{We ) (6.14)
Where
I M e M :
(G(’L”LVG(”L"“) (G"L’LVG(”L’L*”) (G(fl-fL)’G('L.Lfl)) (G(—L;L)’G('L,L))
M M M
) (Gt =Glorron) (Girore=Girim) (Girray=Girs))
[(M)G—G'] = : : : : ,
(Griy=Gi_io1)) (Gerioy=Gler ) (Griy=Glrin) (Gii1y-Girp)
M(G‘L-“_G(’Lf“) M(G“’U_GZ*L*LH)) M(G<LVL>‘GELVL—1)) M(G(L,L)_GszL)) J
(6.15)
(Ger1)=Glron)) (Gir1)=Glry) [ (TIPS PNy (Gr1)=Glon)
R e R
(G(,L,ful)_G{,L.fL)) (G(,L,—L+])_G(’7L,—L+l)) (G(fL,fLH)_G{L,L—l)) (G(—L;LH)‘G('L,L))
[(R)ch'] =
R ... R R
(G(L-Lfl)_G£fL,fL)) (G(L,Lfl)_G(’—L,—LH)) (G(L,Lfl)—GiL,L,l)) (G(L,Lfl)_G£L,L))
L (Gitt)=Giort)) (Gt ~Glrerm) . (Ger.t)=Giri) (Gr.y=Gir)) J
(6.16)

are two (2L+1)? x (2L+1)* matrices, and
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W6,
WG(’—L,—LH)
{ We } = (6.17)

Wer
G(ri-1

Wi,
is a (2L+1)? x 1 column matrix.

Note that for a non-trivial solution of wg, ~#0, it is required that the determinant of
the coefficient matrix vanish, i.e.,
[T]-[1]=0, (6.18)
where

[T]=[(R)s o] [(M)g ], (6.19)
and I is the (2L+1)*x(2L+1)? identity (unit) matrix. Equation (6.18) is the characteristic
equation of the eigenvalue problem defined in Eq. (6.14), which is a polynomial equation
in w? of degree (2L+1)%. By increasing the value of the integer L, the convergent solution
can be obtained. For a given wave vector k = (kx, k) in the first Brillouin zone shown in
Fig. 6.3, the corresponding eigen-frequencies @ can be obtained from the roots of Eq. (6.18).
The ranges of @ over which there exists no real-valued wave vector k will give band gaps.
It is seen from Egs. (6.18), (6.19), (6.15), (6.16), (6.10), (6.11), (6.13), (6.6), (6.8) and
(6.2a-f) that the value of @ depends on the material constants A, z, I, Ao, 1o, m and p, the
foundation moduli &, and k,, and the geometrical parameters a, d and 4.

The classical elasticity-based band gaps for flexural elastic wave propagation in the
periodic composite plate structure resting on the Winkler-Pasternak elastic foundation can

be obtained as a special case by setting / = 0 and A, = 4, =7,= 0 in the relevant equations
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(i.e., with both the microstructure and surface energy effects suppressed).

6.3 Numerical Results and Discussion
To quantitatively illustrate the new non-classical model developed in Section 6.2, some
numerical results are presented in this section. In generating these results, material I is

taken to be iron with the following properties (e.g., Gurtin and Murdoch, 1978): E¥ =

177.33 GPa, vV = 0.27, IV = 6.76 um, p = 7 g/cm? for the bulk, and z\" = 2.5 N/m, A\"=
—8 N/m, 7" = 1.7 N/m for the surface layer. Note that the value of the length scale

parameter /! listed above is computed using [ =b, //3(1-v) (e.g., Lam et al., 2003; Park

and Gao, 2006) with Poisson’s ratio v\! = 0.27 and the higher-order bending parameter b,
=10 pm (e.g., Wang, 2010). Material II is chosen to be epoxy with the following properties

(Chen and Wang, 2014): £V = 3.3 GPa, vV =0.33, 'V = 16.93 um, p¥ = 1.18 g/cm? for
the bulk, and £'" = 0.12406 N/m, A\ =0.16376 N/m, z\""= 0.045 N/m for the surface
layer. Note that the value of the length scale parameter /') given here is also computed
using [ =b, /+/3(1-v) but with Poisson’s ratio v’ = 0.33 and the higher-order bending
parameter b,V =24 um (e.g., Lam et al., 2003). The values of the surface elastic constants

ul”  and A listed above are estimated using 4" =u"™h° and

AN =224 R 1 (A" + 4"V (Sharma and Ganti, 2004), where /° is the thickness of

transition zone and is taken to be 1 Angstrom (e.g., Miller and Shenoy, 2000), and A1, (D
are the Lamé constants of the bulk epoxy given by

A = EMy M /114y ™)1 =2v ™)), 4™ = E™ /[2(0+v™)]. In addition, 7" is the
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surface tension for epoxy having a value of 45 mN/m (e.g., George, 1993; Lewin et al.,

2005). The foundation moduli &, and k, are non-dimensionalized to obtain K, = k a* / DY,
K,=k,a’ /DY, with DY = E®n’ / {12[1-(»")’]} being the plate flexural rigidity of
material I. Moreover, the edge length of the square inclusion is taken to be d = 0.4a (i.e.,
V} =d*/a’ =0.16) in all the calculations for simplicity. In Figs. 6.4-6.7, the blue dot lines

represent the wave frequency curves obtained from solving Eq. (6.18). In all the cases, the
convergent solutions are reached with L = 7.

Note that in the numerical analysis presented here, the first band gap in each case is
defined to be that between the fourth and fifth frequency curves, which is first observed for
the periodic composite plate structure without the elastic foundation (see Fig. 6.4(a)). This
corresponds to the lowest range of w that prohibits flexural wave propagation in the
periodic composite plate structure without including the foundation effect. In addition, the
first band gap for the composite plate structure with the elastic foundation, called the first
foundation band gap, is identified and discussed. The other band gaps for each periodic
composite plate structure with specified geometrical and material parameters can be found

by following the same procedure.

6.3.1 Effects of the elastic foundation on band gaps

Figure 6.4 shows the band gaps for the periodic composite plate structure with square
inclusions (see Fig. 6.2), where f'= w/(2n) is the wave frequency. The unit cell length a is
taken to be 1 mm and the plate thickness 2 =15 pm.

Figure 6.4(a) illustrates the first band gap frequency range predicted by the current non-

classical model without the foundation (i.e., K, =0, K , =0), which is 175.42-190.50 kHz
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(marked in orange). Figures 6.4(c) and 6.4(e) display the band gap frequency ranges

predicted by the new non-classical model with the Winkler foundation (i.e., k, =0): the

first band gap and the first foundation band gap of 177.33—192.17 kHz and 0—20.66 kHz

for the case with K =10 and I?p =0; 193.67-206.85 kHz and 0—62.97 kHz for the case

with I?W =100 and K , = 0. Figures 6.4(b), 6.4(d) and 6.4(f) show the band gap frequency

ranges predicted by the current non-classical model with the Winkler-Pasternak

foundation: the first band gap and the first foundation band gap of 186.82—199.32 kHz and

0-20.69 kHz for the case with K, =10 and K, =1;202.33-213.52 kHz and 0-63.18 kHz

for the case with K, =100 and I?p =1. For the case with K, =100 and l?p =10, the first

foundation band gap frequency range is 0—64.17 kHz, but there is no band gap existing
between the fourth and fifth frequency curves (which would be called the first band gap to
be consistent with that in the other cases), even though a band gap appears at a lower
frequency (between the first and second frequency curves, as indicated in green in Fig.

6.4(f). This is called the second foundation band gap, which also exists in the cases with
K_ =100, I?p =1 and EW =100, Kp =0, as shown in Figs. 6.4(d) and 6.4(e). The band

w

gaps calculated from these frequency ranges are listed in Table 6.1.
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Table 6.1 Band gaps for the periodic composite plate structure with different values of
the foundation moduli K, and K ,predicted by the current model (with a =1 mm, 4 =15

pm)
Fou]%datlon m]%duh First band gap (kHz) lli;ztd f;;scéi;ozr)l Szz(ilrclidgf;;?slitzl;)n
w j4

0 0 15.08 NA NA

10 0 14.84 20.66 NA

10 1 12.50 20.69 NA
100 0 13.18 62.97 14.85
100 1 11.19 63.18 14.89
100 10 NA 64.17 16.76

From Fig. 6.4 and Table 6.1, it is observed that the first band gap frequency ranges
predicted by the current non-classical model decrease with the increase of either I?W or K b
However, the first foundation band gap frequency ranges predicted by the new non-

classical model increase with these two foundation moduli. In addition, it is observed from

Fig. 6.4 that the presence of the Winkler-Pasternak foundation reduces the first band gap

size, and this effect is more significant than that of the Winkler foundation (i.e., k, =0).

4 210° , . 4 X100
15 ‘ a=1mm, h=15pm ‘ 3_5_‘ a=1mm, h=15pm ‘ _
N e sp e |
pslitm, T T 2.5 —":::3155'12:, ,,.-:j::"-
5 oL § ap i
Tist ..... s ........
. P I
0.5} e " 0.5 "'::;;:,:;;;::::;;:::::Zif:::2:j_.___ |
N e ———
r X M I r X M r

(a) (b)
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x10° %10

(e) ®
Fig. 6.4 Band gaps for the periodic composite plate structure predicted by the current

model with: (a) K, =0, K, =0 (i.e., without foundation), (b) K, =10, K, =1, (c)
K,=10,K,=0,(d) K,=100, K, =1, (e) K, =100, K, =0, and (f)
K =100, K , =10 The Bloch wave vector k = (kx, k) at I', X and M is, respectively, (0,
0), (n/a, 0) and (nt/a, n/a) (see Fig. 6.3(b)).

6.3.2 Effects of the microstructure and surface energy on band gaps

Figure 6.5 displays the band gaps for the periodic composite plate structure predicted
by the current model with a = 1 mm and IZW =10, I?p =1. Figures 6.5(a), 6.5(c), 6.5(e) and

6.5(g) show the first band gap frequency ranges (in orange ) and the first foundation band
gap frequency ranges (in grey) predicted by the current non-classical model for different

values of the plate thickness: 186.82—199.32 kHz and 0-20.69 kHz for 2 = 15 pm;
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322.81-355.31 kHz and 0—55 kHz for 4 = 40 pm; 581.07—638.05 kHz and 0—109.86 kHz
for 4 =80 um; and 841.20-923.78 kHz and 0—164.73 kHz for 4 =120 pm.

Figures 6.5(b), 6.5(d), 6.5(f) and 6.5(h) illustrate the first band gap frequency ranges
(in orange) and the first foundation band gap frequency ranges (in grey) predicted by the
classical elasticity-based model for different values of the plate thickness: 106.28—116.50
kHz and 0—20.59 kHz for 2 = 15 um: 282.65—-309.87 kHz and 0—54.9 kHz for # = 40 um;
560.00—614.20 kHz and 0—109.8 kHz for 2 = 80 um; 827.20—907.90 kHz and 0—164.68
kHz for 4 = 120 um. The band gaps calculated from these frequency ranges are listed in
Tables 6.2 and 6.3 respectively, where the relative difference is defined to be the difference

between the two band gap values over the value based on the classical model in each case.

% 10° %107

35t a-tmmh—tsum | . [ cument | | “=1m};=15”_'_3.1..{-::;:;-..

e |16 i+ e,

% 10° % 10°

‘ a=1mm, h=40 pm ‘ ' ‘ Classical ‘

131



«%10° %107

1; ‘ a=1mm, h =280 um ‘ ) | ]07‘ a=1mm, k=80 pm ‘ ‘

8 . = o DT o 8 bons,, "‘.-"""”".:::::- ':::,:: ........ -1

x10° <10°

14_‘ a=1nnn,h=120urri.‘.::._. q 14-‘ a=1mm,i;1=120um"':”

.............. e L TSRO tiie.,

J(Hz)
J(Hz)

r X M r r X M r

(2) (h)

Fig. 6.5 Band gaps for the periodic composite plate structure (with ¢ = 1 mm,
K, =10, K , =1) predicted by: (a) the current model with 4 = 15 um, (b) the classical

model with # =15 pum, (c) the current model with 2 =40 pm, (d) the classical model with
h =40 um, (e) the current model with # = 80 um, (f) the classical model with z = 80 um,
(g) the current model with 42 = 120 pm, and (h) the classical model with 2 = 120 um. The
Bloch wave vector k = (kx, ky) at I', X and M is, respectively, (0, 0), (w/a, 0) and (7/a,
m/a) (see Fig. 6.3(b)).

Table 6.2 First band gaps for the periodic composite plate structure with different values
of the plate thickness 4

h (um) Band gap (kHz) Band gap (kHz)
H Current model Classical model

15 12.50 10.22 22.31
40 32.50 27.22 19.40
80 56.98 54.20 5.13
120 82.58 80.70 2.33

Relative difference (%)
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Table 6.3 First foundation band gaps for the periodic composite plate structure with
different values of the plate thickness 4

Band gap (kHz) Band gap (kHz) . . o
h (um) Current model Classical model Relative difference (%)
15 20.69 20.59 0.49
40 55.00 54.90 0.18
80 109.86 109.80 0.05
120 164.73 164.68 0.03

It is observed from Fig. 6.5 and Table 6.2 that the first band gap predicted by the current
non-classical model is always larger than that predicted by the classical model. Also, when
the plate thickness /4 is small (with 2 = 15 pm here), the difference between the two band
gap values is large, with the band gap predicted by the current non-classical model being
1.22 times as large as that predicted by the classical model (giving a relative difference of
22.31%). However, the difference is diminishing with the increase of the plate thickness 4.
When 4 = 120 um, the band gap predicted by the current model is only 1.02 times of that
predicted by the classical model, with the relative difference being only 2.33%. This
indicates that the microstructure and surface energy effects on the first band gap are
significant only when the plate thickness is very small.

From Fig. 6.5 and Table 6.3, it is clearly seen that the first foundation band gap
predicted by the current non-classical model is always larger than that predicted by the
classical model. However, the difference decreases with the increase of the plate thickness
h. In addition, this difference is negligibly small compared to the difference between the
two first band gap values. This shows that the microstructure and surface energy effects on

the first foundation band gap are insignificant.
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6.3.3 Effect of the unit cell length on band gaps
Figure 6.6 displays the first band gap (in orange) and the first foundation band gap (in
grey) for the periodic composite plate structure predicted by the current model for different

values of the unit cell length a. The plate thickness is 2= 15 pm, and the elastic foundation

moduli are K, =10, I?p =1lin all cases.

The first band gap frequency range and the first foundation band gap frequency range
are, respectively, 2065.9—2204.6 kHz and 0—229.89 kHz for the case with a = 204 shown
in Fig. 6.6(a); 518.45—-553.19 kHz and 0—57.48 kHz for the case with a = 40/ displayed in
Fig. 6.6(b); 83.07—88.63 kHz and 0—9.20 kHz for the case with a = 100/ depicted in Fig.
6.6(c); and 20.80—22.18 kHz and 0—2.30 kHz for the case with a = 2004 illustrated in Fig.

6.6(d). The band gaps calculated from these frequency ranges are listed in Table 6.4.
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Fig. 6.6 Band gaps for the periodic composite plate structure with 2 =15 pm,
I?W =10, K , =1 predicted by the current model for (a) a = 204, (b) a = 404, (c) a = 1004,

and (d) a = 2004. The Bloch wave vector k = (k, k) at I', X and M is, respectively, (0,
0), (/a, 0) and (n/a, m/a) (see Fig. 6.3(b)).

Table 6.4 Band gaps for the periodic composite plate structure with different values of
the unit cell length a predicted by the current model (with # =15 um, I?W =10and K , =D

First foundation

a First band gap (kHz) band gap (kHz)
S0 138.7 229.89
40% 34.74 57.48
1004 5.56 9.20
200/ 1.38 230

From Fig. 6.6 and Table 6.4, it is seen that the frequency for producing the first band
gap or the first foundation band gap becomes lower as the unit cell length a gets larger and
the band gap size decreases with the increase of a. To further illustrate the effect of the unit
cell length on band gaps, Fig. 6.7 shows that the first band gap for the periodic composite
plate structure with # = 1 mm, which is much larger than # = 12 um used in getting the
results shown in Fig. 6.6 or # = 120 um identified in Section 6.3.2 to be a plate thickness

above which the microstructure and surface energy effects on band gaps are negligible.
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Fig. 6.7 Band gaps for the periodic composite plate structure with 2 = Imm,
I?W =10, K , =1 predicted by the current model for (a) a = 204, (b) a = 404, (c) a = 1004,

and (d) a = 2004. The Bloch wave vector k = (k, k) at I', X and M is, respectively, (0,
0), (/a, 0) and (n/a, m/a) (see Fig. 6.3(b)).

Figure 6.7 illustrates the first band gap frequency ranges (in orange) predicted by the
current model for the composite plate structure with # = 1 mm, IZ’W =10, K , =1 and
different values of the unit cell length: 17639—19339 Hz for a = 20k, 4426.1-4851.9 Hz
for a = 40k, 708.93—777.08 Hz for a = 1004, and 177.27-194.30 Hz for a = 200A4. Also,
Figure 6.7 displays the first foundation band gap frequency ranges for different values of
the unit cell length: 0-3431 MHz, 0-857.9 MHz, 0—137.26 MHz and 0—34.32 MHz for

the cases with a = 204, 40k, 1004 and 2004, respectively. The band gaps calculated from
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these frequency ranges are listed in Table 6.5. It is found that for this plate thickness of 4
= 1 mm the band gap frequency ranges and band gap sizes predicted by the classical
elasticity-based model are the same as the corresponding ones predicted by the current non-

classical model and shown in Figs. 6.7(a)—(d).

Table 6.5 Band gaps for the periodic composite plate structure with different values of
the unit cell length a predicted by the current model (with 4= Imm and K, =10, K ,=1)

a First band gap (Hz) First foundation band gap (Hz)
20h 1700 3431
40h 425.8 857.9
1004 68.15 137.26
200h 17.03 34.32

It is clear from comparing the numerical values shown in Fig. 6.7 and Table 6.5 that
both the frequency for producing the first band gap and the sizes of the first band gap and
the first foundation band gap decrease with the increase of the unit cell length a, which is
the same as that observed from Fig. 6.6 for the cases with # = 15 um. Moreover, the fact
that the trends of both the first band gap and the first foundation band gap changing with
the unit cell length predicted by the classical model are the same as those predicted by the
non-classical model indicates that the effect of the unit cell length on band gaps is present

at all length scales.

6.3.4 Effects of the volume fraction on band gaps

The variations of the first band gap and the first foundation band gap with the volume

fraction of material I are shown in Figs. 6.8 and 6.9, respectively. For comparison purposes,
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the first band gap and the first foundation band gap variations predicted by the classical
elasticity-based model are also plotted in Figs. 6.8 and 6.9. The numerical values for wave
frequency shown in Figs. 6.8 and 6.9 are obtained from solving Eq. (6.18). In all the cases,
the convergent solutions are reached with L = 7. The properties for materials I and I used
here are the same as those employed earlier to obtain the numerical results shown in Figs.

6.4-6.7. Here the unit cell length a is taken to be 1 mm, the plate thickness % is chosen to

be 15 um, and the foundation moduli are specified as K, =10 and K , =1
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Fig. 6.8 First band gap changing with V) predicted by the current and classical models
for the periodic composite plate structure (with @ =1 mm, 2= 15 pm,

K,=10 and K, =1).
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Fig. 6.9 First foundation band gap changing with ¥/ predicted by the current and
classical models for the periodic composite plate structure (with @ = 1 mm, 4 =15 um,

K, =10 and I?p =1).

From Fig. 6.8, it is clearly seen that the first band gap predicted by the current model
for the periodic composite plate structure starts at ) =9.5% and gradually increases with
the increase of ¥/ before reaching its maximum of 13.82 kHz at VU= 20%, after which
the first band gap decreases with ¥/ until it disappears at VA" = 30%. Also, the first band
gap predicted by the classical elasticity-based model increases from zero to its maximum
value 13.31 kHz as the volume fraction ¥/ increases from 9% to 21%, then it decreases
with the increase of /P until it vanishes at V0= 30%.

From Fig. 6.9, it is observed that the first foundation band gap predicted by the current
non-classical model or the classical elasticity-based model gradually decreases with the
increase of VA from 0% to 100%, and the first foundation band gap values predicted by

the current non-classical model and the classical elasticity-based model are very close.

139



Once again, these indicate that the microstructure and surface energy effects on the first
foundation band gap are not significant.

From Figs. 6.8 and 6.9, it is clear that the volume fraction does have a significant effect
on the first band gap and the first foundation band gap for the periodic composite plate
structure according to both the current non-classical model and its classical elasticity-based
counterpart. These results indicate that large band gaps can be attained by tailoring the

volume fraction.

6.4 Summary

A new model for predicting band gaps for elastic wave propagation in a periodic
composite plate structure is provided by employing a non-classical Kirchhoff plate model,
the plane wave expansion method and the Bloch theorem. The current non-classical model
recovers the classical elasticity-based model when the microstructure and surface energy
effects are both suppressed. The band gaps predicted by the new model incorporate the
microstructure, surface energy and elastic foundation effects and vary with the unit cell
size and volume fraction of the inclusion phase.

Numerical results are included to illustrate the newly developed model and compare it
with the classical elasticity-based model. It is found that the first band gap predicted by the
current model with the foundation is smaller than that without the foundation, and the first
foundation band gap increases with the elastic foundation moduli. In addition, the first band
gap predicted by the new non-classical model is seen to be always larger than that based
on the classical model, with the difference being significant for very thin plates. It is also

observed that the first band gap frequency and the band gap size decrease with the increase
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of the unit cell length for both the first band gap and the first foundation band gap. Finally,
the numerical results reveal that the band gap size varies significantly with the volume
fraction of the inclusion phase, indicating that large band gaps can be achieved by tailoring

the volume fraction and constituent properties.
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Chapter

7. BAND GAPS FOR FLEXURAL ELASTIC WAVE PROPAGATION IN
PERIODIC COMPOSITE PLATE STRUCTURES USING A NON-
CLASSICAL MINDLIN PLATE MODEL INCORPORATING
MICROSTRUCTURE AND SURFACE ENERGY EFFECTS

7.1 Introduction

Band gaps for elastic waves propagating in periodic composite plate structures have
been extensively studied using classical elasticity (e.g., Sigalas and Economou, 1994; Hsu
and Wu, 2006; El-Naggar et al., 2012; Cheng et al., 2015; Liu et al., 2016). Such composite
plate structures can stop elastic wave propagation in certain frequency ranges (known as
band gaps) and are finding applications in elastic wave filters, vibration isolators and
energy harvesters. Band gaps for wave propagation in these periodic composite structures
arise from Bragg scattering and local resonance (e.g., Chen and Wang, 2014) and are
inherently microstructure-dependent, which cannot be accurately described using the
classical elasticity-based wave equations due to a lack of any material length scale
parameter. Hence, non-classical, higher-order elasticity theories containing microstructure-
dependent material parameters need to be employed in studying band gaps.

Wave equations based on several higher-order elasticity theories have been applied to
determine band gaps. Liu et al. (2012) used wave equations built upon a surface elasticity
theory (Gurtin and Murdoch, 1975, 1978; Steigmann and Ogden, 1997, 1999; Altenbach

et al., 2010; Eremeyev and Lebedev, 2016) to investigate surface energy effects on band
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gaps. Madeo et al. (2015) employed the wave equations based on a relaxed micromorphic
elasticity theory (Neff et al., 2014) to study band gaps in metamaterials. Li et al. (2016)
studied band gaps in 1-D phononic crystals by using the equation of motion built upon the
dipolar gradient elasticity theory (e.g., Gourgiotis and Georgiadis, 2009), which is also
known as the simplified strain gradient elasticity theory (e.g., Gao and Park, 2007; Gao
and Ma, 2010). Bacigalupo and Gambarotta (2017) utilized a micropolar continuum theory
(e.g., Eremeyev et al., 2013) to determine band gaps in periodic materials. Zhang et al.
(2018a) and Gao et al. (2018) investigated band gaps for flexural elastic wave propagation
in periodic composite beam structures by using non-classical Bernoulli-Euler and
Timoshenko beam models based on a modified couple stress theory (Yang et al., 2002;
Park and Gao, 2008) and a surface elasticity theory (Gurtin and Murdoch, 1975, 1978).
Band gaps for elastic wave propagation in 2-D and 3-D periodic composite materials were
studied in Zhang et al. (2018b) and Zhang and Gao (2018) by employing the wave
equations built upon the modified couple stress theory. However, band gaps in periodic
composite plate structures have not been explored through applying non-classical
elasticity-based wave equations for plates that include both the microstructure and surface
energy effects.

In Chapter 7, the band gaps of flexural elastic wave propagation in periodic composite
plate structures are studied by using the non-classical Mindlin plate model formulated in
Chapter 4. The rest of this chapter is organized as follows. In Section 7.2, the non-classical
equations of motion for a Mindlin plate are reduced from the general equations derived in
Gao and Zhang (2016) and applied to investigate flexural elastic wave propagation in

periodic composite plate structures. The plane wave expansion method and Bloch’s
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theorem for periodic media are used to determine the band gaps. In Section 7.3, numerical
results are provided to quantitatively illustrate the band gaps for flexural elastic wave
propagation predicted by the current model and those by its classical elasticity-based
counterpart. The effects of plate thickness, unit cell length, and volume fraction on the band

gaps are studied there. The chapter concludes in Section 7.4 with a summary.

7.2 Formulation

Based on the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008),
the surface elasticity theory (Gurtin and Murdoch, 1975, 1978) and a two-parameter
Winkler—Pasternak elastic foundation model, the equations of motion for a Mindlin plate
incorporating the microstructure, surface energy and elastic foundation effects have been
derived in Chapter 4 (i.e., Egs. (4.39a-¢)). When the stretching is not considered (i.e., u =
0, v=0) and the foundation effect is suppressed (i.e., kw = k» = 0), the equations of motion

for the Mindlin plate of uniform thickness /# and mid-plane area R reduce to

ow _ ow | 10 O’w  0g, 09,
[ ( . )} [K( 2 )} 2 OxOy {CQ 8x8y+ oy " Ox )}
R R I T R o

2
a(sa_wj ooty 1 2
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for any (x, y) € R, where w = w(x, y, ?) is the z-displacement (or deflection) of point (x, y,
0) on the plate mid-plane at time ¢, ¢, and ¢, are, respectively, the rotation angles of a

transverse normal about the y- and x-axes (see Fig. 7.1), and

1 1 1
D=—A+2u)l’*,D,=—Ah*,D, =—uh’, K=k uh, 7.2a-d
5 (A+2u) =15 2= H U ( )
2 1 ph3 .
C=ul"h,C =—pul’n’, S=21,, F,=ph, P,= , (7.2e-1)

24 12
h h h(2u, -7 .

Bl 25(’10 +2/‘0)’Bz ZE(;I‘O +To)’ B3 = ( j‘_ 0) (7-2.]'1)

In Egs. (7.1a-c)-(7.2a-1), 4 and u are the Lamé constants in classical elasticity, / is a material
length scale parameter measuring the couple stress effect (e.g., Park and Gao, 2006), uo

and Ao are the surface elastic constants, 7o is the residual surface stress (i.e., the surface
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stress at zero strain), p is the density of the plate material, 4 is the thickness of the plate, 12
is the z-component of the body force resultant (force per unit area) through the plate
thickness acting in the plate mid-plane area R, c¢x and ¢, are, respectively, the x- and y-
components of the body couple resultant (moment per unit area) through the plate thickness

acting in the area R.

Fig. 7.1 Plate configuration and coordinate system

Note that Egs. (7.1a-c) are obtained using the Cartesian coordinate system (x, y, z)
shown in Fig. 7.1, where the xy-plane is coincident with the geometrical mid-plane of the
undeformed plate. The lower S"and upper S~ surface layers (with zero-thickness) are taken
to be perfectly bonded to the bulk plate material at z == A/2, respectively. The bulk material
satisfies the modified couple stress theory (Yang et al., 2002; Park and Gao, 2008), while
the surface layers are governed by the surface elasticity theory (Gurtin and Murdoch, 1975,
1978).

Consider a periodic two-phase composite plate structure containing inclusions (as

Phase I) in the shape of a square or a square with connecting rods embedded periodically
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in a host matrix (as Phase II) which is infinitely large in the xy-plane, as shown in Fig. 7.2.
The latter represents a co-continuous or interpenetrating phase composite (e.g., Ai and Gao,
2016, 2017; Zhang and Gao, 2018). The unit cell for this periodic composite plate structure
is taken to be a square of edge length a containing a square inclusion of edge length d at its
center or a center square inclusion of edge length d with connecting rods of rectangular
cross section having a width g and a height 4, as illustrated in Fig. 7.3, where the
corresponding irreducible first Brillouin zone is also provided. For brevity, the second type

of inclusion is called a cruciform inclusion hereafter.

(b)
Fig. 7.2 Periodic two-phase composite plate structure with an inclusion phase and a
matrix phase: (a) square inclusions; (b) cruciform inclusions.
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Fig. 7.3 Unit cell of the periodic composite plate structure: (a) square inclusion; (b)
cruciform inclusion; (c) irreducible first Brillouin zone in the reciprocal lattice.

Based on the plane-wave expansion method and Bloch theorem for periodic media, w,

¢. and ¢y can each be written as a Fourier series (e.g., Kittel, C., 1986; Hsu and Wu,

2006):
W(r’ t) = eik'r { WG(’m n)eic(ym,n)'r } e*ia)t , (73a)
G(’m,n)
p.(r,1) =" { > (8)e e} , (7.3b)
mn)
G(’m n) (
¢) (r’ t) — eik»r { Z (¢y )G’ eic(m.n)'r } e*ia)t (7.30)
G(’m » (m,n)
where W, s (¢x ) o and (¢y )G, are the Fourier coefficients, r = (x, y) is the position
mn (m,n) (m,n)

vector, k = (k, k) is the 2-D Bloch wave vector which is confined to the first Brillouin

zone shown in Fig. 7.3(c), G{,, =2zm/a,2zn/a)=(G,,G)) is the 2-D reciprocal

(m,n)
lattice vector for a square lattice with m and » being integers ranging from —o to +oo and a

being the lattice constant which is equal to the unit cell edge length here (see Fig. 7.3), w
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is the angular wave frequency, and i is the imaginary unit satisfying i> = —1.

Due to the periodicity of the composite plate structures under consideration, each of
the material parameters D(r), Di(r), Da(r), K(r), C(r), Ci(r), S(r), Pi(r), P2(r), Bi(r), B2(r)
and Bs3(r), defined in Egs. (7.2a-1) and involved in the wave equations given in Egs. (7.1a-

¢), can also be expanded in a Fourier series as

a)= 3 ag,, e (7.4)

Gy

where « represents D, Di, D, K, C, Ci, S, P, P, Bi, B» or Bj,

Guyxy=Q@aM/a,2zN/a)=(G,,G,) is the 2-D reciprocal lattice vector with M and N

being integers also ranging from —oo to +oo, and g, v is the Fourier coefficient given by

:iJ‘J‘Qa(r)eiiG(M’N}‘rdra (75)

Gy
where Q denotes the 2-D domain on the plate mid-plane by the unit cell, and A4 is the area

of Q. For a two-phase composite, G, has the form (e.g., Zhang et al., 2018b)

Gy

Ve + (=T ey, for G, =0, 76
(& —ay)F(Gyy,) for G,y #0, '

where ¢, and ¢ are the property values for materials I and II (see Fig. 7.3) respectively,
V/,I = A"/ A is the volume fraction of material I, with 4' being the area of material I on the

plate mid-plane in the unit cell, and F(G,, ,,) is the shape function defined by

1 —iG(Mdvyr
F(Gyn) = Z‘”'QI e dr, (7.7)

where Q1 is the domain on the plate mid-plane occupied by material I on the plate mid-

plane in the unit cell.
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For a square domain Qi (see Fig. 7.3(a)), the shape function F(G,, ) is given by
(e.g., Susa, 2002; Zhang et al., 2018b):

2d . Gd
>——sin(
aG, 2

2d . Gd
F(G(M,N)): %SIH( ;

y

) for G_#0, G,=0;

) for G, =0, G, =0; (7.8)

G.d
> sin( G"d)sin( ~—) for G #0, G, #0,
a’G.G, 2 2 g
where d is the edge length of the square region i, and a is the edge length of the square
unit cell Q (see Fig. 7.3(a)).

For the cruciform inclusion shown in (see Fig. 7.3(b)), the shape function F(G ,, )

has been obtained as (see Appendix A for derivations)

4> d
F(Gy ) = %(AxFy +EA) YL, —a—f(foy +Ef), (19
where
1, G, =0,
F, = G 7.10a
pT12 sin(ﬁj, G, #0; (7.102)
23 2
1, G, =0,
- G.d 7.10b
Ts 2 gin| 224 , Gy #0; ( )
G,d 2
. L, G,=0,
= 7.10
’710. G, =0. (7.10¢)

Note that the subscript £ in Egs. (7.10a-c) represents x and y, respectively.
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Using Egs. (7.3a-c) and (7.4) in Egs. (7.1a-c) yields, with £z = 0, ¢x = ¢, = 0 and upon
using Laurent’s rule for finding the Fourier coefficients of a product of two periodic

functions (e.g., Li, 1996; Cao et al., 2004),

(Ml 1 )G(M ) ~Glmam (M12 )G(M,N) =Gl (M13 )G(M ) ~Glmam
(M21 )G(M,N)*G('m,n) (M22 )G(M,N)*sz,n) (M23 )G(M,NFG('m,n) (¢x )G’m_,,

(M31 )G(M‘N]—Gém‘,,) (M32 )G(.M‘N]_Gémﬁ) (M33 )G(M,N)_G(’m,n) (¢y )
G

(7.11)
_(Pl )G(M.N)_Gém,n) 0 O WG;W”)
2
=0 0 (PZ )G(MM—G('W) 0 (¢x )G(’mvn)
0 0 (P2 )G(,\//,N)*Gfm,n) (¢y )G§ :
where
(Mll)G(MTN)—Gbn’n) = _KG—G'(kx + Gx)(kx + G;) - KG—G'(ky + Gy )(ky * G)”)
~Co ok, +G)(k, + G, )k, + Gk, +G)) = Co ok, + G (k, + G’
1 ' 1 '
+7Co k4G (k, +GY +7Co ok, +G,) (k, + 1)’ (7.12a)
1 ' '
_Z ch'(ky + Gy)2 (ky + Gy)2 —Se ok, +G )k, +G))
=S¢ ok, +G )k, +G)),
. 1. '
M), 6., =Kok + G)+2iCq ok + Gk, + G, )k, +G)
1 1 (7.12b)
+1Co (b, + G (k4 G) = iCo g (k, + G, (k, + G,
) 1. '
M), .., =K ok, + G+ iC ok + Gk, + G )k, +G)
1 (7.12¢)

. N :
4 Ca k4G (k, + G+ iCq o (k, +G,Y (k, +G))

151



. oL '
(Maa,, ., =Ko ok, + G+ 7iCo ok + Gk, + G')
(7.12d)

1. , I, , '
o o (b + Gk, + G)*+ ~iC o (k, + Gk, + Gk, +G)),

M, )G(MM—G;W) =Kg o+ Dg g (k, +G )k, + G;) + (DZ )c—c’ (ky + Gy )(ky + G)’)

+%CG_G, (k,.+G )k +G)+Cq (ky +G, )(ky + G;)

%(c1 ) (ke + GOk, +G, )k, +G)(k, +G') (7.12€)

1

+E(C1 oo kb, +G ) (k, +G)) +h(B,), . (k, +G)(k, +G.)

+h(B,), o (k, +G )k, +G)),

M), i = (D)o kb, + Gk, + G +(D,)_, (k, +G )k, +G))

1 N '
) Co ok, +G )k, +G))— ) Ce ok, +G )k, +G))

(7.12f)
1

’ 1 ! ’
—5(01 )eo (k, + G )k, +G, )k, +G)? —E(Cl )i (k, +G ) (k, +G)(k, +G.)
+h(B,)y . (k,+ Gk, +G)+h(B,), . (k, +G, )k, +G.),

. N ' '
M), -6, = Keg(k, +G))+ EZCG*G' (k, +G )k, +G.)(k, +G!)

| | (7.12g)
~iCoc (b, +G )k + G') + 2 1Caclh, + G0k, + Gy,
M3)e, ocins =(D))g o (ky + G )k, + G +(D,) ok, + Gk, +G))

1 o1 .
_E G*G'(kx + Gx)(ky + Gy) _ZCG’G,(k,V + G}’)(kx + Gx)

m.n)

(7.12h)
1 ’ ! 1 ’
_E(Cl )G_G, (k. +G.) (k, + G)(k,+G)) _E(Cl )G_G, (k, +G )k, +G ) (k, + Gy)2

+h(B,)e_o (k, +G )k, +G)+h(By), .. (k,+G )k, +G)),

M, )G(M’N)_sz_n) =Kg ¢ +Dg gk, +G )k, + G;) + (D2 )G_G, (k. +G )k, +G))
! 1 !

+Cq ok, +G )k, +G)+ 2 Co gk, +G )k, +G))

(7.12i)

1 1 1 ’ 1
+5(c1 ) (ki + Gk, +GL)* + E(Cl )k, + GOk, +G, )k, +G)(k, +G)

+h(B, )G_G, (k, +G )k, + G;)+h(B3 )G_G, (k,+G )k +G)),

1 —i(G k)T
We,, = Z“‘Q we dr, (7.13)
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_ ”¢ (Gl #h)r (7.14)

e, =
GW =—jj o e Gl tk)r (7.15)
in which
do o = % [[ e ConnrCionrgy, (7.16)

where ag o represents Dg g, (D)) os (D)oo Koo Cor (Ceg» Sec »

(Pl)((;fc')’ (PZ)(G—G')’ (Bl )G—G" (B2 )ch' or (B3 )G—G"
When w, ¢x,¢y and « (representing D, D1, Do, K, C, Ci, S, P1, P>, B1, B> or B3) are

approximated by truncated Fourier series expansions with m, n, M and N ranging from — L
to L, with L being an integer, Eq. (7.11) gives 3(2L+1)? equations, which can be assembled

to obtain

[(Mn)c G’ ] I:(Mn )6-c' ] I:(MIS)G—G’ ] {WG' }
(Moo ] [Mee] [Mee ][ 18]
':(MSI)G G’ ] [(M32 )-c ] [(M33 )e-c :I {(¢y) }

_[(Pl )cfc' } 0 0 {WG' }

(7.17)
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where

(M6, e

(Mif )G(—L,7L+I)7G(’*L<’L)
[(M,-j)c—c’] = :

(M, )G(,“,l,,)—(;(,,_v,,_,

| Mye,, 6,

(Mi/ )G(—L,—L)_szL,fLH)
(Mif )G(—L,fLH)*G(LLrLH)

(MU )G(L,Lfl)_c(yfl.,fld»])
(M!'/ )G(L,L)‘GE—L.—LH)

(M!'/ )G(—L,—L)_G('L.Lfl)

(lef )G(*L.fLH)*G(’L.Lfl) (MU )G<’Lv*L*”7G"L~“

(MU )G(I/,I/fl)_G(’l_,l_fl)
(M!'/)G(LL)‘G('L.L—I)

(Mii )G(fL.fL)_G(’L-L)

(MU )G(L.L—l)_G{L,I,)
(Mii)c(L.L)‘GEL,L) i

(7.18)

is a (2L+1)*x (2L+1)* matrix representing, respectively, [M y ] , [M 12] , [M 13] , [M 21] , [M 22]

, [My], [M,], [M,,] and [M,,] for each (i, j) combination (with i, j € {1, 2, 3}),

(Pi)c(,L’,L)_G(’—LﬁL]

[(B )6-c' ] = )
(B)G(L,H)’G(’*L«*U
L (Pi)G(L,L)*GE_L,—L)

(Pi)c(,L’,L)_GLL,—LH)

(P’ )G(—qul)’G('—L,—L) (R )G(fLrLH) “Giereram

(P, )G(LL,l)fGLL;Lu)
(Fe,,.,

=G L1+

(B)G',L’,L)_G(’L,Lfl)

(B)G(—L,ful)’G(VL,L—l) (P")G(fLrLH)’G(’L’L)

(Pi)G(L,Lfl)*G('L,H)
(P[)G(L’L)*GEL,L—I)

(Pi)G(—L,—L)_G('L‘L)

(Pf)G(L,L—l)*GEL,L)
(P")G<L.L>*G<'L‘L) i

(7.19)

is a (2L+1)? x (2L+1)? matrix representing, respectively, [F], [] and [B] (with i € {1,

2,3}),, and

W
Giren

Weo
Gli 1)

ief=1 1 b 10)e )=

GEL,L*I)

W
Gl

(@)e, .,
(#.)e,

(-L,-L+1)

(¢,)
(4.)

GéL,L*l)

GiLr)

are three (2L+1)? x 1 column matrices.
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=0 and ()~ =0, itis

Note that for a non-trivial solution of w;, #0, (4,)
Gl x Gl

Gém,n)

required that the determinant of the coefficient matrix vanish, i.e.,

[T]-e’[1]=0, (7.21)

where
[(R)ee] 0 o | (Moo ] (Moo ] [y ]
o (@] 0| [ee] [0s] [0 ]
0 0 [(})Z)G—G'] [(M31)ch’] [(Msz)cfc'] [(Mss)cfc']
(7.22)

and I is the [3(2L+1)*] x [3(2L+1)?] identity (unit) matrix. Equation (7.21) is the
characteristic equation of the eigenvalue problem defined in Eq. (7.17), which is a
polynomial equation in w? of degree 3 x (2L+1) x (2L+1). By increasing the value of the
integer L, the convergent solution can be obtained. For a given wave vector k = (kx, k) in
the first Brillouin zone, the corresponding eigen-frequencies @ can be obtained from the
roots of Eq. (7.21). The band gaps are the ranges of w over which there exists no real-
valued wave vector k.

The classical elasticity-based band gaps of the flexural elastic wave propagation in the

periodic composite plate structure can be obtained as a special case by setting / =0 and 4,
= u, =17, = 0 1n the relevant equations (i.e., with both the microstructure and surface energy

effects suppressed).

7.3 Numerical Results and Discussion

To quantitatively illustrate the current non-classical model, numerical results for
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sample cases are presented in this section. In generating these results, material I is taken to

be iron with the following properties (e.g., Gurtin and Murdoch, 1978; Gao and Zhang,

2016): EV =177.33 GPa, V! = 0.27, [V = 6.76 um, p = 7 g/cm® for the bulk, and "= 2.5
N/m, A" =—8N/m, z{"= 1.7 N/m for the surface layer. Note that the value of the length

scale parameter /! listed above is computed using / =5, /\/3(1-v) (e.g., Lam et al., 2003;

Park and Gao, 2006) with Poisson’s ratio v = 0.27 and the higher-order bending parameter
by® = 10 um (e.g., Wang, 2010). Material II is chosen to be epoxy with the following

properties (Chen and Wang, 2014; Lam et al., 2003; Sharma and Ganti, 2004): E/ =33

GPa, vV =0.33, /' = 16.93 um, p™ = 1.18 g/cm? for the bulk, and 4" = 0.12406 N/m,

A =0.16376 N/m, 7\ = 0.045 N/m for the surface layer. Note that the value of /™ is

also computed using [ = b, / \/3(1-v) but with v =0.33 and b, = 24 um for epoxy (e.g.,

Lam et al., 2003). The values of the surface elastic constants . " and A\" listed above are

computed using " = 4™h* and 3" =224k /(A" + 4" (Sharma and Ganti,
2004), where 4’ is the thickness of transition zone and is taken to be 1 Angstrom (e.g.,
Miller and Shenoy, 2000), and A and 2™V are the Lamé constants of the bulk epoxy given
by A™ = EMyM /{141 =20M)], 2™ = ED /[2(1+v™)].Tn addition, the value of
the surface elastic constantz" for epoxy is 45 mN/m (e.g., George, 1993; Lewin et al.,

2005).
Note that in the numerical analysis presented herein, only the first band gap (marked in
orange) is identified and discussed in each case, which corresponds to the lowest range of

 that prohibits flexural wave propagation. The other band gaps for each periodic

156



composite plate structure with specified geometrical and material parameters can be found
by following the same procedure. In all the cases, the convergent solutions are reached with

L="1.

7.3.1 Effects of the microstructure and surface energy on band gaps
Figure 7.4 shows the band gaps for the periodic composite plate structure with square
inclusions (see Fig. 7.3(a)), where f = w/(2m) is the wave frequency. In obtaining the

numerical results shown in Fig. 7.4, the unit cell length @ = Imm and the volume fraction
V; = 16% are used. Figures 7.4(a), 7.4(c) and 7.4(e) display the first band gap frequency

ranges predicted by the current non-classical model for different values of the plate
thickness 4: 189.14—213.27 kHz for & = 20 pum, 344.70-391.68 kHz for # = 60 um and
557.27-617.63 kHz for 7 = 120 um. Figures 7.4(b), 7.4(d) and 7.4(f) show the first band
gap frequency ranges predicted by the classical elasticity-based model: 110.44—127.19 kHz
for A =20 um, 311.39-355.64 kHz for # = 60 pm, and 541.40—599.50 kHz for 2 =120 pm.
The first band gaps calculated from these frequency ranges are listed in Table 7.1, where
the relative difference is defined to be the difference between the two band gap values over
the value based on the classical model in each case.
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Fig. 7.4 First band gaps for the periodic composite plate structure with square inclusions
predicted by the current model with: (a) 2 =20 pum, (¢) &= 60 um, (¢) 2 = 120 pm, and by
the classical model with: (b) 2 =20 pm, (d) 2= 60 um, (f) 2~ =120 um. The Bloch wave
vector k = (ky, k) at I', X and M is, respectively, (0, 0), (n/a, 0) and (n/a, nt/a) (see Fig.
7.3(c)).

Table 7.1 First band gaps for the periodic composite plate structure containing square
inclusions with different values of the plate thickness /

h (um) Band Gap (kHz) Band Gap (kHz)
Current Model Classical Model

20 24.13 16.75 44.06
60 46.98 44.25 6.17
120 60.36 58.1 3.89

Relative difference (%)
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It is observed from Fig. 7.4 and Table 7.1 that the first band gap value increases with
the increase of the plate thickness / according to both the current non-classical and classical
models. In addition, when /4 is smaller, the difference between the two first band gap values
is significantly larger. However, the difference is diminishing with the increase of /. This
indicates that the microstructure effect on the band gap as measured by /4 is significant only
when the plate is very thin.

Figure 7.5 shows the band gaps for the periodic co-continuous composite plate structure
with cruciform inclusions (see Fig. 7.3(b)). The values of a and Vf“) used here are the same

as those employed earlier to obtain the numerical results displayed in Fig. 7.4. Note that in
the numerical analysis presented herein and in the sequel, the width of the rectangular cross
section of each connecting rod is taken to be g = d /10 for the periodic co-continuous
composite plate structure.

Figures 7.5(a), 7.5(c) and 7.5(e) display the first band gap frequency ranges predicted
by the current non-classical model for different values of the plate thickness 4: for 7 =20
um, 60 pum and 120 pum, the first band gap frequency range is 195.54-201.49 kHz,
388.94—-405.13 kHz and 647.34—654.72 kHz, respectively. Figures 7.5(b), 7.5(d) and 7.5(%)
show the first band gap frequency ranges predicted by the classical elasticity-based model:
for 7 =20 pm, 60 um and 120 pm, the first band gap frequency range is 127.62—131.97
kHz, 359.05-371.85 kHz and 624.72—632.01 kHz, respectively. The first band gaps

calculated from these frequency ranges are listed in Table 7.2.
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Fig. 7.5 First band gaps for the periodic co-continuous composite plate structure with
cruciform inclusions predicted by the current model with: (a) # =20 pum, (c) 2 = 60 um,
(e) A =120 um, and by the classical model with: (b) # =20 um, (d) # =60 um, (f) 2 =120
um. The Bloch wave vector k = (ky, k) at ', X and M is, respectively, (0, 0), (/a, 0) and
(m/a, m/a) (see Fig. 7.3(¢)).

Table 7.2 First band gaps for the periodic co-continuous composite plate structure

containing cruciform inclusions with different values of the plate thickness 4

Band Gap (kHz) Band Gap (kHz)

o o
# (pm) Current Model Classical Model Relative difference (%)
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20 5.95 4.35 36.78
60 16.19 12.8 26.48
120 7.38 7.29 1.23

From Fig. 7.5 and Table 7.2, it is observed that the relative difference between the two
band gap values predicted by the current non-classical and classical models is large when
the plate is thin (with 2 = 20 um here). However, the difference is diminishing with the

increase of the plate thickness (with 2 > 120 um here).

In addition, it is seen from Tables 7.1 and 7.2 that the band gap size predicted by both
the current and classical models depends on the inclusion shape. For each plate thickness
considered, the first band gap size for the composite plate with square inclusions is always

larger than that for the co-continuous composite with cruciform inclusions for the same
value of Vf(l) according to both the current non-classical model and its classical elasticity-

based counterpart.

7.3.2 Effect of the unit cell length on band gaps
Figure 7.6 displays the first band gap for the periodic composite plate structure with

square inclusions (see Fig. 7.3(a)) predicted by the current model for different values of

the unit cell length a. The values of 2 = 20 pm and V;I) =16% are used in obtaining the

numerical results presented here.
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Fig. 7.6 Band gaps for the periodic composite plate structure (with # =20 pum and

Vfa) =16% )containing square inclusions predicted by the current model for (a) a = 204,
(b) a=40h, (c) a = 100A, and (d) a = 200A. The Bloch wave vector k = (kx, k) at I, X

and M is, respectively, (0, 0), (n/a, 0) and (n/a, w/a) (see Fig. 7.3(c)).
For the cases with a = 204, 40A, 1004 and 2004, the first band gap frequency range is
1126.7-1255.5 kHz, 293.74-330.85 kHz, 47.713—-53.861 kHz and 11.977-13.512 kHz,
respectively. The first band gaps calculated from these frequency ranges are listed in Table

7.3.
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Table 7.3 First Band gaps for the periodic composite plate structure with square
inclusions for different values of the unit cell length a predicted by the current model
(with 2 =20 pum)

a Band Gap (kHz)
20h 128.8
40h 37.11
1004 6.148
2004 1.535

From Fig. 7.6 and Table 7.3, it is seen that the first frequency for producing the band
gap becomes lower as the unit cell length a gets larger and the band gap size decreases with

the increase of a.

Figure 7.7 displays the first band gap for the periodic co-continuous composite plate

structure (with 2 =20 um and Vf(.l) =16% ) containing cruciform inclusions (see Fig. 7.3(b))

predicted by the current model for different values of the unit cell length a.
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Fig. 7.7 Band gaps for the periodic co-continuous composite plate structure containing
cruciform inclusions with 2 =20 pm predicted by the current model for (a) a = 204, (b) a
=40h, (c) a = 100A, and (d) a = 200A. The Bloch wave vector k = (&, k) at T, X and M
is, respectively, (0, 0), (n/a, 0) and (/a, n/a) (see Fig. 7.3(c)).

For the cases with a =204, 40h, 1004 and a = 2004, the first band gap frequency range
is 1171.2—1209.3 kHz, 303.81-313.09 kHz, 49.331-50.811 kHz and 12.395—12.749 kHz,
respectively. The first band gaps calculated from these frequency ranges are listed in Table
7.4.

Table 7.4 First Band gaps for the periodic co-continuous composite plate structure with

cruciform inclusions predicted by the current model (with 2 =20 um) for different values
of the unit cell length a

a Band Gap (kHz)
20h 38.1
40h 9.28
1004 1.48
200h 0.354

From Fig. 7.7 and Table 7.4, it is seen that the band gap size for the periodic co-
continuous composite plate structure decreases with the increase of unit cell length a. From
Tables 7.3 and 7.4, it is observed that for each unit cell length considered, the first band

gap size for the composite plate with square inclusions is always larger than that for the
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composite plate with cruciform inclusions.

To further illustrate the effect of the unit cell length on band gaps, Fig. 7.8 displays the
first band gap for the periodic composite plate structure containing square inclusions with
h =2 mm, which is much larger than 42 = 20 pm used in getting the results shown in Fig.
7.6 or h = 120 pum identified in Section 7.3.1 to be a plate thickness above which the

microstructure and surface energy effects on band gaps are negligible. The volume fraction

ijl) remains to be 16%.
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Fig. 7.8 Band gaps for the periodic composite plate structure containing square inclusions
with 4 = 2 mm predicted by the current model for (a) a =204, (b) a = 40h, (c) a = 1004,
and (d) a =2004. The Bloch wave vector k = (k, k) at I', X and M is, respectively, (0,

0), (n/a, 0) and (nt/a, n/a) (see Fig. 7.3(c)).
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Figure 7.8 show the first band gap frequency ranges predicted by the current model for
the periodic composite plate structure (with # = 2 mm) containing square inclusions with
different values of the unit cell length: 6616.1-7579.2 Hz for a = 20Ah, 1717.3—1976.7 Hz
for a = 40h, 278.04-320.40 Hz for a = 1004, and 69.63—80.25 Hz for a = 2004. The band
gaps calculated from these frequency ranges are listed in Table 7.5.

Table 7.5 First Band gaps for the periodic composite plate structure with square

inclusions for different values of the unit cell length a predicted by the current model
(with 2 =2 mm)

a Band Gap (Hz)
20h 963.1
40h 259.4
1004 42.36
200h 10.62

It is clear from comparing the numerical values shown in Fig. 7.8 and Table 7.5 that
both the first frequency for producing the band gap and the band gap size decrease with the
increases of the unit cell length @, which is the same as that observed from Fig. 7.6 for the
cases with 7 = 20 um. Moreover, as the band gap frequency ranges and band gap sizes
predicted by the classical elasticity-based model are found to be the same as the
corresponding ones predicted by the current non-classical model and shown in Figs. 7.8(a)—
(d), which indicates that the effect of the unit cell length on band gaps is present at both

micro- and macro-length scales.

7.3.3 Effects of the volume fraction on band gaps
The variations of the first band gap size with the volume fraction of material I are shown

in Fig. 7.9 for the two different inclusion shapes. For comparison purposes, the first band
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gap variations predicted by the classical elasticity-based model are also plotted in Fig. 7.9.
The materials I and II used here are the same as those employed earlier to obtain the

numerical results displayed in Figs. 7.4-7.8.
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1 Z23
Fig. 7.9 First band gap size changing with /¥ predicted by the current and classical
models for the periodic composite plate structures with square and cruciform inclusions
(with a =1 mm, /4 = 20 um).

From Fig. 7.9, it is clearly seen that the first band gap size for the periodic composite
plate structure with square inclusions predicted by the current non-classical model (i.e., the
pink area) gradually increases with the increase of V/V from 9% before reaching its
maximum of 27.94 kHz at V/V = 20%, after which the first band gap size decreases with
VY until it disappears at VY = 31%. Similarly, the first band gap size for the periodic
composite plate structure with square inclusions predicted by the classical elasticity-based
model (i.e., the red area) increases from zero to its maximum of 20.99 kHz as VA" increases
from 9% to 20% and then decreases with the increase of /Y until it vanishes at V0= 31%.

For the periodic co-continuous composite plate structure with cruciform inclusions, the
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size of the first band gap predicted by the current model (i.e., the black area) is gradually
increasing with ¥/ from 14.5% until reaching the maximum value of 19.39 MHz at V¥ =
24%, and it then decreases with /D until it vanishes at V"= 33%. However, the first band
gap predicted by the classical model (i.e., the blue area) increases with VA" from 14.5% to
its maximum value of 20.74 MHz at V"= 27%, and it is then decreasing with the increase
of V/V until it disappears when V¥ becomes 37.5%. These variation trends are similar for
the periodic composite plate structures with square and cruciform inclusions. However, the
ranges of the first band gap are different for these two composite plate structures. The
maximum first band gap size for the composite plate structure with square inclusions is
larger than that for the co-continuous composite plate structure with cruciform inclusions
according to both the current and classical models.

From Fig. 7.9, it is clearly seen that the volume fraction does have a significant effect
on the first band gap for the two periodic composite plate structures as predicted by both
the current non-classical model and its classical elasticity-based counterpart. In addition,
the inclusion shape has a large influence on the band gap. These indicate that large band

gaps can be attained by tailoring the volume fraction and shape of the inclusion phase.

7.4 Summary

A new model for predicting band gaps for elastic wave propagation in periodic
composite plate structures is provided, which is based on the modified couple stress theory
and surface elasticity theory. The wave equations including the microstructure and surface
energy effects are solved by using the plane wave expansion method and Bloch theorem to

determine band gaps. The current non-classical model reduces to its classical elasticity-
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based counterpart when the microstructure and surface energy effects are both suppressed.

Numerical results are included to illustrate the new model and compare it with the
classical model for periodic composite plate structures with square or cruciform inclusions.
It 1s found that for both the composite structures the microstructure and surface energy
effects are significant for very thin plates. In addition, the first band gap frequency and the
band gap size are seen to decrease with the increase of the unit cell length for both the
inclusion shapes at all length scales. Moreover, the numerical results reveal that the band

gap size varies significantly with the volume fraction and inclusion shape.

Appendix A

It is shown here that the shape function F(G,, y,) for the cruciform inclusions

displayed in Fig. 7.3(b) has the form:

d? d
F(G(M’N))zf(AxFy HEA) YL, —a—f(foy +E.f), (A.1)
where
1, G, =0,
F,= G A2a
2 2
1, G, =0,
= G.d A2b
Iy N , Gy #0; (A2b)
G,d 2
L, G,=0,
Ay = A2
7“0, G, =0. (820)

These are listed in Egs. (7.9) and (7.10a-c) in Section 7.2.
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Proof. Note that the unit cell of the cruciform inclusion (see Fig. 7.3(b)) can be divided

into three parts: a large cross structure (part I), a center square inclusion (part II) and a

small cross structure 3 (part III), as shown in Fig. 7.10.

When Gusy) # 0, the shape function for the cruciform inclusion can be obtained from

Eq. (7.7) as, with the help of the decomposition shown in Fig. 7.10,

(M N))

where

FO_

FI —

Fan

U‘J‘Am “IGmT ey ”Am) “IGm T e “ e ~iG oy ny* dr:| FO 4 p 4 pan
(A3)

A ”A“)

1 (pa2 _ g2 _ig g2 G, G g2 iy
=— I e’xxdeA e’yydy+j e”xdxj U dy — I ”xdxj e dy
-g/2 2 —a/2 5/2 -g/2

—al2

sm( )sm( Gya ) X sin(GEg) sin(G;g)

1 sin
g a +a ’
4“7 Ga T Gg % Gg Gya £ Gg G
2 2 2 ) >
(A4)
1 —iG(y )T _1 dl2 ~iGx ) G,y _d2 Sln
Z.Uwe dr_Z(-[—dxze dxj_d/ze dy)—; @ Gyd " (AS)
2 2

1 ~iG, -
A

1 dr . g2 _; g2 . dr  _; g2 . g2 _;
—iG, —iG, -iG -iG, -iG -iG
=— J. e’ “de‘ e 'ydy+J. e’ "dej. e }ydy—J- e’ *deJ. e dy
A\J-an g2 g2 —an g2 g2

1 sin( G.g sin( G"g) sin( G g)
=—|dg +dg 2 _gz 2 2 _
A G, d Gy g G.g Gyd G.g G.g
2 2 2 2 2 2

(A6)
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Fig. 7.10 Decomposition of the cruciform inclusion into three parts

Using Egs. (A4)—(A6) in (A3) then gives, noting that

2zM 2zN
G =(6,,6,)= (T’

) and M # 0, N # 0 needed for Gy # 0,

G.d G G.d
1 sin( G"d) sin(——) sin( Gxd) sin(— c) sin( ch) sin(——)
F, =—|d*—2 2 de—2 2 _de—2 2|
o g Gd G,d G.d G,c G.c G,d
2 2 2 2 2 2
(AT)
When Guzn =0, Eq. (7.7) yields

A(I) W A8
F(G ) =——=V}". (A8)

Combining Egs. (A7) and (A8) then leads to the shape function listed in Egs. (A1) and

(A2a-c), thereby completing the proof.
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