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In time-to-event data analysis, censoring is one of the unique features that restricts our

ability to observe the time-to-events and poses difficulties for statistical analysis. Censoring

occurs when the exact time-to-event cannot be observed for some or all observations. In this

thesis, we study the parameter estimation methods for a two-parameter gamma distribution

and a three-parameter generalized gamma distribution based on different kinds of censored

data arising from life-testing experiments.

We first study the parameter estimation of a three-parameter generalized gamma distri-

bution based on left-truncated and right-censored data. It is well known that the maximum

likelihood estimates of the parameters for the generalized gamma distribution may not be

stable, especially when the data is incomplete. A stochastic version of the expectation-

maximization (EM) algorithm is proposed as an alternative method to compute approxi-

mate maximum likelihood estimates. The proposed estimation procedure is compared with

some existing estimation procedures based on the maximum likelihood method, such as the

direct optimization method, the profile likelihood method, and the EM algorithm, in terms

of accuracy and stability. Two different methods to obtain reliable initial estimates of the

parameters required for the iterative algorithms are also proposed. Interval estimation based

on a parametric bootstrap method is discussed. The proposed methodologies are illustrated

with a numerical example. Then, a Monte Carlo simulation study is used to evaluate the

performance of the proposed estimation procedures. Based on the simulation results, we

v



make some recommendations about which estimation procedures are more appropriate in

practice.

Then, we consider the parameter estimation and reliability analysis based on one-shot

device testing data in a realistic situation where defectives are produced in the manufacturing

process. For one-shot device testing, all the lifetimes of the devices are either left-censored

or right-censored due to the destructive nature of the test. Unlike non-destructive testing

of products with continuous monitoring, defective one-shot devices will not be detected

until the time of usage or testing. Moreover, in the presence of defectives, if a one-shot

device does not work at the time of testing, we may not be able to distinguish whether the

particular device is a defective or a device that has a lifetime smaller than the testing time.

A maximum likelihood approach and a Bayesian approach are proposed for the point and

interval estimation of the parameters and reliability indices under different scenarios. The

proposed methodologies are illustrated with a numerical example when the lifetimes of the

devices follow a two-parameter gamma distribution. A Monte Carlo simulation study is used

to evaluate the performance of the proposed estimation procedures under different settings.

Based on the simulation results, some practical guidelines are provided.

Finally, some possible future research directions based on this thesis are discussed.
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Chapter 1

Introduction

1.1. Time-to-event Data

Time-to-event data are the measurement of time that elapses until an event occurs. An

event could be the healing of a wound, the death of a patient, or the failure of a machine.

With a well-defined time origin, the time-to-event is defined as the time from the origin to

the time of the occurrence of the event of interest. For example, in reliability engineering,

an energy company is interested in the lifetimes of its fleet of high-voltage transmission and

distribution transformers. The time-to-event is defined as the time from the installation of

the transformer to the failure of the transformer (Hong et al., 2009). For statistical analysis of

time-to-event data, also known as survival analysis or reliability analysis, special techniques

and methods are required due to the distinct features of time-to-event data. Censoring and

truncation are two specific features of time-to-event data that lead to the incompleteness of

the data. More details on censoring and truncation will be discussed in Sections 1.3.1 and

1.3.2.

1.2. Generalized Gamma Distribution

The generalized gamma distribution can be traced back to Amoroso (1925) and D’Addario

(1932), which can be regarded as a special case of a function introduced for analyzing eco-

nomic income data. Stacy (1962) and Stacy and Mihram (1965) introduced the widely-used

three-parameter generalized gamma distribution and examined the elementary properties

of the distribution. As the name itself implies, the generalized gamma distribution is a
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generalization of the two-parameter gamma distribution, which is also related to other com-

monly used parametric models in survival analysis, such as the exponential distribution, the

Weibull distribution, and the chi-squared distribution. The generalized gamma distribution

has gained more attention recently because of its flexibility.

1.2.1. Characteristics

There are several ways to parameterize the generalized gamma distribution. The proba-

bility density function (pdf) of the generalized gamma distribution can be expressed as

f(x) =
η

αΓ(κ)

(x
α

)κη−1

exp
{
−
(x
α

)η}
, x > 0, (1.1)

where Γ(p) =
∫∞

0
up−1e−u du is the gamma function, and α > 0, η > 0, κ > 0 are the

parameters. The cumulative distribution function (cdf), the survival function and the hazard

function of the generalized gamma distribution are, respectively,

F (x) =
1

Γ(κ)
γ
(
κ,
(x
α

)η)
, x > 0, (1.2)

S(x) =
1

Γ(κ)
Γ
(
κ,
(x
α

)η)
, x > 0,

h(x) =
η

αΓ
(
κ,
(
x
α

)η) (x
α

)κη−1

exp
{
−
(x
α

)η}
, x > 0,

where γ(p, t) =
∫ t

0
up−1e−u du is the lower incomplete gamma function and Γ(p, t) =

∫∞
t
up−1e−u du

is the upper incomplete gamma function.
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1.2.2. Relationship with other distributions

A unique feature of the generalized gamma distribution is that many well-known distri-

butions are special cases of it (Stacy and Mihram, 1965). This feature allows us to use the

generalized gamma distribution for model selection. Table 1.1 summarizes the relationships

between the generalized gamma distribution and some commonly used lifetime distributions.

Table 1.1: Relationships between the generalized gamma distribution and some commonly
used lifetime distributions

Distribution pdf Parameters

Exponential f(x) = 1
α

exp{−x
β
} η = 1, κ = 1

Gamma f(x) = 1
ακΓ(κ)

xκ−1 exp{− x
α
} η = 1

Weibull f(x) = η
α

( x
α

)η−1 exp{−( x
α

)η} κ = 1

Chi-squared f(x) = 1
2n/2Γ(n/2)

xn/2−1 exp{−x
2
} α = 2, η = 1, κ = n

2

Half-normal f(x) = 2√
2π

exp{−x2

2
} α =

√
2, η = 2, κ = 1

2

Rayleigh f(x) = x
σ2 exp{− x2

2σ2} α = σ
√

2, η = 2, κ = 1

1.2.3. Parameter estimation

Stacy and Mihram (1965) discussed the maximum likelihood estimation method and

derived the method of moments estimators for the parameters of the generalized gamma

distribution. Parr and Webster (1965) derived the maximum likelihood estimators (MLEs)

of the parameters and showed that the MLEs are asymptotically multivariate normally dis-

tributed. Harter (1967) considered a four-parameter generalized gamma distribution with an

additional location parameter compared to the three-parameter generalized gamma distri-

bution and formulated an iterative procedure for the maximum likelihood estimation. Hager

and Bain (1970) explored the distributional properties of some statistics related to hypoth-

esis testings for the generalized gamma distribution. Since different sets of parameters may

result in pdfs of generalized gamma distributions that look alike, estimating the parameters
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becomes difficult. To address this issue, Prentice (1974) and Farewell and Prentice (1977)

considered reparameterizing the generalized gamma distribution. Lawless (1980) considered

the construction of confidence intervals and tests of significance related to the parameters in

the generalized gamma distribution. Hirose (1995) discussed another reparameterization of

the generalized gamma distribution and developed a predictor-corrector method to estimate

the parameters. Huang and Hwang (2006) proposed a procedure to obtain the estimators for

the reparameterized form of the generalized gamma distribution using a moment estimation

approach. Gomès et al. (2008) proposed a method based on goodness-of-fit test by trans-

forming the generalized gamma distribution to the gamma distribution with a finite number

of values of the parameter η. Balakrishnan and Mitra (2014) explored the expectation-

maximization algorithm to obtain the maximum likelihood estimates under a left-truncated

and right-censored scenario.

1.3. Censoring and Truncation

Censoring and truncation are two special features of time-to-event data (Meeker and

Escobar, 1998). Censoring and truncation restrict our ability to observe the time-to-events

and hence they pose difficulties for statistical analysis. In this section, we discuss different

kinds of censoring and truncation and introduce left-truncated and right-censored data and

one-shot device testing data.

1.3.1. Censoring

Censoring occurs when the exact time-to-event cannot be observed for some or all ob-

servations. For example, it could happen when some units accidentally broke, when some

subjects in medical studies dropped out, or when a machine had not failed when the life

testing experiment terminated. Different types of censoring can occur in a study of time-to-

events.

• Right Censoring: A time-to-event is said to be right-censored if the event of interest

occurs after the termination of the study. It occurs when an observation has not failed
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by the last inspection. We only know that the failure time is greater than the time of

the last inspection. For example, we consider a life testing experiment on integrated

circuits and the experiment is set to be terminated at 1370 hours. Those integrated

circuits which have not failed by 1370 hours are right-censored.

• Left Censoring: A time-to-event is said to be left-censored if the event of interest

occurs before the starting of the study. It occurs when an observation has failed at

the time of its first inspection. We only know that the observation fails before the

inspection time. For example, we consider a life testing experiment of car airbags. If

the car airbag fails at the time of the inspection, then the observation is left-censored.

Left censoring also arises when the exact value of a response has not been observed and

we only have an upper bound on that response. For example, we consider an ultrasonic

measuring system that lacks the sensitivity needed to measure observations below a

noise floor. When the measurement is taken, if the signal is below the noise floor, all

we know is that the measurement is less than the threshold.

• Interval Censoring: A time-to-event is said to be interval-censored if the event of

interest is only known to have occurred in a given time interval in the study. It

occurs when the failure time of an observation is known to have happened between

two inspections. In fact, right censoring and left censoring can be considered as special

cases of interval censoring. If an observation has failed at its first inspection, then it

is the same as a left-censored observation. If an observation has not failed by the time

of the last inspection, then it is right-censored.

1.3.2. Truncation

The selection process of subjects that is inherent in the study design gives rise to trun-

cated observations. When truncation is present, the observations come from a conditional

distribution. In other words, truncation occurs when time-to-events can only be observed

when they are in a particular range. In general, two kinds of truncation can be considered.
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• Right Truncation: The observations that are greater than a certain value are ex-

cluded in the selection process of the units for the study. For example, in a study of the

degree of porosity in castings for automotive engine mounts, the units are inspected

by X-ray to make sure there are no large internal pores. Since pores larger than 10

microns can be easily detected, the inspection process eliminates the units containing

pores greater than 10 microns. Thus, the distribution of pore size of the units passing

the inspection is a right-truncated distribution with support (0, 10) microns.

• Left Truncation: The observations that are less than a certain value are excluded in

the selection process of the units for the study. For example, in a field-tracking study

of circuit packs, the units from a certain vendor had already undergone a 1000-hour

burn-in process at the manufacturing plant. Thus, the circuit packs after the burn-in

process are left-truncated and they follow a left-truncated distribution with support

(1000, ∞) hours.

1.3.3. Left-truncated and right-censored data

Truncation and censoring can occur at the same time in a time-to-event study. One

situation is that left truncation and right censoring occur simultaneously. For example,

Hong et al. (2009) discussed the data of power transformers of an energy company. The

failure time of a unit is observed only if it failed after 1980, as detailed record keeping on

the lifetime of transformers was started only in 1980. Information on the lifetime of units

that were installed after 1980 is available, while for units that were installed before 1980,

lifetimes are available only if they failed after 1980. No information is available on units that

were installed and failed before 1980. Thus the units that were installed before 1980 and

failed after 1980 are left-truncated. Also, the study ended in 2008, which incorporates right

censoring into the data. The units that failed before 2008 are completely observed, while

the units that were still in service in 2008 are right-censored.
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1.3.4. One-shot device testing (Left- and right-censored) data

In a time-to-event study, it is possible that all the time-to-events are unobservable, and

they are either left-censored or right-censored. “One-shot device” testing is an example that

all the lifetimes of the devices are either left-censored or right-censored due to the destructive

nature of the test. Bain and Engelhardt (1991) considered a device that is destroyed after its

use and performs its intended function only once, regardless of whether the device performs

its intended function properly. Such a device is a so-called “one-shot device” or “single-shot

device”.

Automatic weapons (Valis et al., 2008) and electro-explosive devices (Fan et al., 2009) are

examples of one-shot devices. For instance, an automatic weapon could fire all the rounds

placed in a magazine or in an ammunition feed belt without any external intervention.

Such devices will usually get destroyed and can therefore perform their intended function

only once. On the other hand, an electro-explosive device inducts a current to excite inner

powder and makes it explode. Naturally, we can only observe it by detonating it directly.

Since the device cannot be used anymore after a successful detonation, we will not know the

failure time of the device if the detonation becomes a failure. Thus, data of one-shot devices

are binary (a success or a failure). In the same manner, one-shot device testing data also

arise in destructive inspection procedures, wherein each device is allowed for only a single

inspection because the test itself results in its destruction. Morris (1987) presented a study

of 52 Li/SO2 storage batteries under destructive discharge. Each battery was tested at one

of three inspection times and then classified as acceptable or unacceptable according to a

critical capacity value.

Instead of observing exact failure times obtained by continuous monitoring, we could

only observe either a success or a failure at the inspection times for one-shot devices. The

corresponding binary data consequently result in less precise inference. In this manner, one-

shot device testing data differ from typical data obtained by measuring lifetimes in standard

life-tests. If a successful test occurs, it implies that the lifetime is beyond the inspection time

and therefore right-censored. Furthermore, the lifetime is smaller than the inspection time
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and therefore left-censored when a test results in a failure. Consequently, all lifetimes are

either left-censored or right-censored. The nature of one-shot devices results in very limited

lifetime data and therefore poses a unique challenge in analysis from a statistical point of

view. For a comprehensive review of data collection and statistical analysis of one-shot

devices, one can refer to the book by Balakrishnan et al. (2021).

1.4. Maximum Likelihood Estimation Method

1.4.1. Maximum likelihood estimator

SupposeX = (X1, . . . , Xn) is a random sample from a population with pdf f(x|θ), where

θ is the vector of parameters. Based on the observed value of the sample x = (x1, . . . , xn),

the likelihood function is defined as

L(θ|x) =
n∏
i=1

f(xi|θ). (1.3)

The MLE of the parameter θ based on a sample x, denoted as θ̂ = θ̂(x), is the value of θ

at which L(θ|x) attains its maximum, i.e., θ̂ = argmax
θ

L(θ|x).

The MLE has many desirable properties, however, obtaining the MLE can be a challeng-

ing task in practice. There are many situations that the analytical form the MLE cannot be

obtained and numerical methods are required to find the value of θ that obtains the global

maximum. The numerical methods can be unstable and sensitive to the initial value of the

numerical algorithm as well as some extreme observations. Moreover, these numerical meth-

ods may be trapped in a local maximum or a saddle point instead of the global maximum.

Therefore, computational algorithms that provide reliable estimates based on the maximum

likelihood method are desired (Casella and Berger, 2002).
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1.4.2. Asymptotic properties of MLE

Let l(θ) = lnL(θ) denote the logarithm of the likelihood in Eq. (1.3). Denote li(θ) as

the contribution of Xi to the total log-likelihood, i.e., l(θ) =
∑n

i=1 li(θ). Let I(θ) denote

the large-sample (or limiting) average amount of information per observation. Then, under

some regularity conditions which will be discussed below,

I(θ) = lim
n→∞

{
1

n
E
[
−∂

2l(θ)

∂θ∂θᵀ

]}
= lim

n→∞

{
1

n

n∑
i=1

E
[
−∂

2li(θ)

∂θ∂θᵀ

]}
, (1.4)

where the expectation is with respect to the as of yet unobserved data X. For large samples,

the matrix I(θ) = nI(θ) approximately quantifies the amount of information that we expect

to obtain from our future data. For most of the statistical models, I(θ) can be simplified to

the Fisher information matrix for θ, i.e.,

I(θ) = E
[
−∂

2l(θ)

∂θ∂θᵀ

]
=

n∑
i=1

E
[
−∂

2li(θ)

∂θ∂θᵀ

]
.

When data are available, the observed information matrix for θ is defined as

Î(θ̂) = −∂
2l(θ)

∂θ∂θᵀ

∣∣∣∣∣
θ=θ̂

= −
n∑
i=1

∂2li(θ)

∂θ∂θᵀ

∣∣∣∣∣
θ=θ̂

. (1.5)

To discuss the asymptotic results of the MLE, we first need to define a set of conditions

on the model, which are usually referred to as the regularity conditions. Regularity con-

ditions mainly relate to the differentiability of the density and the ability to interchange

differentiation and integration. The usual regularity conditions are:

• The point x at which f(x|θ) > 0 does not depend on θ.

• The parameters are identifiable; that is, if θ 6= θ′, then f(x|θ) 6= f(x|θ′).

• The true parameter value θ is in the interior of the parameter space Θ.
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• The density f(x|θ) has third mixed partial derivatives with respect to the elements

of θ in a neighborhood of the true θ. Each one of these derivatives is bounded by a

function that has finite expectations with respect to f(x|θ).

• For all θ in a neighborhood of the true θ,

E
[
∂2 ln f(x|θ)

∂θ∂θᵀ

]
=
∂2 E[ln f(x|θ)]

∂θ∂θᵀ
,

where the expectations are with respect to the data from f(x|θ).

• The elements of I(θ) in (1.4) are finite and I(θ) is positive definite.

Let θ̂n denote the MLE of θ obtained from a sample of size n, and let g(θ) be a continuous

function of θ. Then the limit of the θ̂n has the following properties (Meeker and Escobar,

1998):

• Consistency : Under the regularity conditions on f(x|θ), for every ε > 0 and every

θ ∈ Θ,

lim
n→∞

Pθ(|g(θ̂n)− g(θ)|≥ ε) = 0.

That is, g(θ̂n) is a consistent estimator of g(θ).

• Asymptotic Normality : Under the regularity conditions on f(x|θ),

√
n(θ̂n − θ)→ N(0, I(θ)−1),

where N(0, I(θ)−1) is the normal distribution, with mean 0 and variance-covariance

matrix I(θ)−1, and I(θ) is defined as in (1.4).

• Efficiency : The variance of θ̂ achieves the I(θ)−1 when the sample size tends to infinity.

No consistent estimator has a lower asymptotic mean squared error than the MLE.
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1.5. Expectation-Maximization and Stochastic Expectation-Maximization Al-

gorithms

1.5.1. Expectation-maximization algorithm

The expectation-maximization (EM) algorithm proposed by Dempster et al. (1977) is an

iterative procedure designed to find maximum likelihood estimates (MLEs) of parametric

models where incomplete data are observed. The EM algorithm is based on the idea of

replacing one difficult likelihood maximization with a sequence of easier maximizations whose

limit is the answer to the original problem. The EM algorithm intends to converge to the

MLE (Casella and Berger, 2002; McLachlan and Krishnan, 2007).

Let Y = (Y1, . . . , Yn) denote the incomplete or observed data, and X = (X1, . . . , Xm)

be the augmented or missing data. Then, (Y , X) is the complete data. The densities g(·|θ)

of Y and f(·|θ) of (Y , X) have the relationship

g(y|θ) =

∫
f(y, x|θ) dx,

where y = (y1, . . . , yn) and x = (x1, . . . , xm) are the realizations of Y and X respectively,

and θ is the vector of the parameters of interest. For the discrete case, the integrals are

replaced by summations.

Let L(θ|y) = g(y|θ) be the incomplete-data likelihood and L(θ|y, x) = f(y, x|θ) be the

complete-data likelihood. The goal is to estimate θ by finding θ̂ which maximizes L(θ|y).

The EM algorithm allows us to maximize L(θ|y) by working with L(θ|y, x) = f(y, x|θ)

and the conditional pdf or probability mass function (pmf) of X given y and θ. Define the

conditional density of x given y as

h(x|θ, y) =
f(y, x|θ)

g(y|θ)
,
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then we can obtain

lnL(θ|y) = lnL(θ|y, x)− lnh(x|θ, y). (1.6)

As we do not observe x, we replace the terms on the right side of Eq. (1.6) with their

expectation with respect to x given the current estimate of θ, denoted as θ(k), i.e.,

lnL(θ|y) = E
[
lnL(θ|y, x)|θ(k), y

]
− E

[
lnh(x|θ, y)|θ(k), y

]
.

The EM algorithm consists of two steps – the E-step and the M-step. The E-step cal-

culates the expected log-likelihood, and the M-step maximizes the expected log-likelihood

with respect to the parameters. In the E-step, given the current estimate of θ, denoted as

θ(k), we obtain the objective function

Q(θ, θ(k)) = E
[
lnL(θ|y, X)|θ(k), y

]
. (1.7)

Then, in the M-step, we maximize the objective function in Eq. (1.7) with respect to θ to

obtain the updated estimate as

θ(k+1) = argmax
θ

Q(θ, θ(k)).

The EM algorithm is particularly suited to missing data problems. Filling in the missing

data and maximizing the likelihood based on complete data often simplify the computation.

The EM algorithm also has many other desirable and advantageous properties. However,

the sequence {θ(k)} might not converge to the global maximum of L(θ) when there are

several stationary points in the likelihood function. The convergence of the EM algorithm

can be extremely slow in some applications. In some situations, particularly with high-

dimensional data, the conditional expectation is a high-dimensional integral or an integral

over an irregular region, which might not be easy to calculate explicitly. Moreover, the
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limiting position of {θ(k)} also greatly depends on the initial value in many cases. For more

details of the EM algorithm and its properties, one may refer to Celeux et al. (1995); Nielsen

(2000); Casella and Berger (2002).

1.5.2. Stochastic EM algorithm

The stochastic EM (SEM) algorithm is a stochastic version of the EM algorithm to

address the limitations of the EM algorithm. The basic idea underlying the SEM algorithm

is to avoid the computation of the conditional expectation involved in Q(θ, θ(k)) in Eq. (1.7)

by simulating the unobserved sample. Based on the simulated pseudo-complete sample, we

obtain the updated estimate θ(k+1)(Celeux et al., 1995).

The SEM algorithm replaces the E-step of the EM algorithm with a stochastic step.

S-step: Instead of taking the expected value with respect to some σ−finite measure dx of

the missing data in Eq. (1.7), we randomly draw values of x(k) = (x
(k)
1 , . . . , x

(k)
m ) from the

conditional distribution h(x|θ, y) in Eq. (1.6) given the current estimate of θ, denoted as

θ(k), and the observed data y. Thus, we obtain the objective function

Q(θ, x(k)) = lnL(θ|y, x(k)). (1.8)

M-step: Maximize the objective function in Eq. (1.8) with respect to θ to obtain the updated

estimate as

θ(k+1) = argmax
θ

Q(θ, x(k)).

The random drawings prevent the sequence {θ(k)} generated by the SEM algorithm from

converging to the first stationary point of the likelihood function that the algorithm encoun-

ters. At each iteration, there is a non-zero probability of accepting an updated estimate

θ(k+1). This is the reason why the SEM algorithm can avoid the convergence to a saddle

point or a local maximum of the likelihood function. The sequence {θ(k)} does not converge

pointwise, however, the sequence is a time-homogeneous Markov chain when the observed
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data are fixed. If the Markov chain is ergodic, the algorithm will converge in the sense that

as the number of iterations tends to infinity, θ(k) converges in distribution to a random vari-

able, θ̃, where θ̃ is distributed according to the stationary distribution of the Markov chain

(Celeux et al., 1995; Nielsen, 2000).

To obtain an estimate of θ based on SEM algorithm, we obtain {θ(k)}, k = 1, 2, . . . , K,

discard the first B iterations as burn-in, and average over the estimates from the remaining

iterations, i.e.,

θ̂ =
1

K −B

K∑
k=B+1

θ(k).

Since the SEM algorithm can be viewed as a stochastic extension of the EM algorithm, it

is still directed by the EM algorithm dynamics. Thus, the SEM algorithm can be expected to

detect the most stable fixed point of the EM algorithm in a comparatively small number of

iterations. In some situations, the M-step of the EM algorithm is not analytically tractable

while the SEM algorithm does not involve such difficulties.

1.6. Goodness-of-fit Test

The goodness-of-fit of a statistical model describes how well the model fits a set of

observations. Measures of goodness-of-fit typically summarize the discrepancy between the

observed data and the expected values under the model in consideration. Such measures can

be used in a statistical hypothesis testing procedure to test whether the observed data follow

a specified statistical distribution. A goodness-of-fit test can be used to test the following

hypotheses:

H0 : F (x) = F0(x)

agianst Ha : F (x) 6= F0(x). (1.9)
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There are many classical goodness-of-fit tests for testing the hypotheses in Eq. (1.9),

for example, the Anderson-Darling test, the Pearson’s chi-squared test and the Kolmogorov-

Smirnov test (D’Agostino and Stephens, 1986; Huber-Carol et al., 2002). In this thesis, we

consider some estimation procedures based on the Kolmogorov-Smirnov (K-S) test. The K-S

test is a nonparametric hypothesis test that measures the probability that a chosen univariate

dataset is drawn from a continuous model. The test is based on the K-S statistic that

measures the supremum distance between the empirical distribution function of a univariate

dataset and the cumulative distribution function of the target distribution. Specifically,

given a random sample {x1, . . . , xn}, the empirical cdf Fn(x) is defined as

Fn(x) =
1

n

n∑
1

I (xi ≤ x) ,

and the of K-S test statistic to test the hypotheses in Eq. (1.9) is defined as

Dn(x) = sup
x

(|Fn(x)− F0(x)|) .

The limiting form of the distribution function of Dn under H0 is

lim
n→∞

Pr(
√
nDn ≤ δ) = 1− 2

∞∑
i=1

(−1)i−1e−2i2δ2 .

Thus, the p-value of the K-S test can be approximated as,

Pr(Dn > Dn, obs) = 2
∞∑
i=1

(−1)i−1e−2i2nD2
n, obs ,

where Dn, obs is the observed value of the K-S statistic. Marsaglia et al. (2003) provided a

numerical method to compute the p-value of the K-S test.
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1.7. Scope of the Thesis

In this thesis, we study the parameter estimation methods for gamma and generalized

gamma distributions based on different kinds of censored data arising from life-testing ex-

periments. The rest of this thesis is organized as follows. In Chapter 2, we focus on the

parameter estimation of the generalized gamma distribution using the maximum likelihood

estimation method based on left-truncated and right-censored data with direct optimization

methods, the EM algorithm, and the stochastic EM algorithm. In Chapter 3, we study

the parameter estimation based on one-shot device testing data. Both frequentist approach

and Bayesian approach are considered. These methodologies are illustrated by considering

the lifetimes of the one-shot devices that follow gamma distributions. In Chapter 4, some

possible extensions based on the results presented in this thesis are described as future re-

search directions. All the detailed proofs and derivations are relegated to the appendices for

conciseness in the presentation of the main text of the thesis.
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Chapter 2

Estimation of Parameters for Generalized Gamma Distributions Based on Left-Truncated
and Right-Censored Data

2.1. Introduction

In this chapter, we study the parameter estimation of the generalized gamma distribution

based on left-truncated and right-censored (LTRC) data. It is well known that the maximum

likelihood estimates of the parameters for the generalized gamma distribution may not be

stable, especially when the data is incomplete. Different estimation procedures are proposed

and their performances are evaluated by means of a Monte Carlo simulation study. These

estimation procedures are also compared with some existing estimation procedures based

on the maximum likelihood method, such as the direct optimization method, the profile

likelihood method and the expectation maximization algorithm, in terms of accuracy and

stability. Based on the simulation results, we make some recommendations about which

estimation procedures are more appropriate in practice.

This chapter is organized as follows. In Section 2.2, we describe the data structure and the

notations used in this chapter. In Section 2.3 we review some existing parameter estimation

procedures and propose several novel parameter estimation procedures. In Section 2.4, a

method based on the goodness-of-fit test is proposed to obtain an initial estimate for the

iterative parameter estimation procedures. In Section 2.6, a numerical example is presented

to illustrate the parameter estimation procedures described in Section 2.3. In Section 2.7,

a Monte Carlo simulation study is used to evaluate the performances of the parameter

estimation procedures considered here. Some concluding remarks are provided in Section

2.8.
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2.2. Data Description and Notation

Suppose we are interested in studying the lifetime distribution of a manufacturing product

with random installation time. Field failure time data were collected for this purpose. We

assume that the failure time of a unit is observed only if it failed after the time τ ∗, which

is the time we started collecting the field failure data. When the failure time of a unit is

observed, the installation time of that product can also be observed. Then, the lifetime of

a product is defined as the difference between the failure time and the installation time.

For those units that failed before τ ∗, no information related to the failure time and the

installation time can be obtained. Hence, they are not included in the study. This results in

left-truncated data. In addition, the lifetimes of the units were followed until the end of the

study, c∗, which incorporates right-censoring into the data. In other words, the units that

failed before c∗ are completely observed, while the units that were still working at c∗ are

right-censored. For those right-censored observations, we assume that the installation times

are known.

Suppose we obtain the information of the installation time and the failure/censoring time

of n products. Let δi (i = 1, . . . , n) denote the censoring indicator, i.e.,

δi =


1, if the product failed before c∗,

0, otherwise,

and υi (i = 1, . . . , n) denote the truncation indicator, i.e.,

υi =


1, if the product is installed after τ ∗,

0, otherwise.

Let the random installation time of the i-th product be Wi and the time of failure of the

i-th product be Yi. We can summarize the four types of field failure data being observed as

follows:
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1. Installed after τ ∗ and failed before c∗ (i.e., Wi > τ ∗ and Yi < c∗): The lifetime of the

product, Xi = Yi−Wi, is observed. The observation is neither truncated nor censored,

i.e., υi = 1, δi = 1.

2. Installed after τ ∗ and failed after c∗ (i.e., Wi > τ ∗ and Yi > c∗): The lifetime of the

product is right-censored with censoring time c∗−Wi. The observation is not truncated

but it is right-censored, i.e., υi = 1, δi = 0.

3. Installed before τ ∗ and failed before c∗ (i.e., Wi < τ ∗ and Yi < c∗): The lifetime of

the product, Xi = Yi − Wi, is observed. The observation is not censored but it is

left-truncated, i.e., υi = 0, δi = 1.

4. Installed before τ ∗ and failed after c∗ (i.e., Wi < τ ∗ and Yi > c∗): The lifetime of the

product is right-censored with censoring time c∗−Wi. The observation is left-truncated

and right-censored, i.e., υi = 0, δi = 0.

In Figure 2.1, we illustrate the four types of field failure data being observed and

those products that are not observed. We further define Ti = min{Yi, c∗} − Wi and

Ti = max{0, τ ∗ − Wi}, and their realizations as ti and τi, respectively, for i = 1, . . . , n.

Therefore, the field failure data that we observed are (δi, υi, ti, τi), i = 1, . . . , n.

Suppose the lifetime of the manufacturing product of interest follows the GG(α, η, κ)

distribution in Eqs. (1.1) and (1.2), based on the observed left-truncated and right-censored

data (δi, υi, ti, τi), i = 1, . . . , n, the log-likelihood function

lnL(θ) =
n∑
i=1

δiυi ln fX(ti;θ) +
n∑
i=1

(1− δi)υi ln(1− FX(ti;θ))

+
n∑
i=1

δi(1− υi) ln

(
fX(ti;θ)

1− FX(τi;θ)

)
+

n∑
i=1

(1− δi)(1− υi) ln

(
1− FX(ti;θ)

1− FX(τi;θ)

)
,
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where θ = (α, η, κ) is the vector of parameters. The log-likelihood function can be expressed

as

lnL(θ) =
n∑
i=1

δiυi

[
ln η − ln ti + κη(ln ti − ln η)−

(
ti
α

)η
− ln Γ(κ)

]
+

n∑
i=1

(1− δi)υi
[
ln Γ

(
κ,

(
ti
α

)η)
− ln Γ(κ)

]
+

n∑
i=1

δiυi

[
ln η − ln ti + κη(ln ti − ln η)−

(
ti
α

)η
− ln Γ

(
κ,
(τi
α

)η)]
+

n∑
i=1

(1− δi)(1− υi)
[
ln Γ

(
κ,

(
ti
α

)η)
− ln Γ

(
κ,
(τi
α

)η)]
. (2.1)

| |o o

Not truncated; Not censored

τ* c*W i Y i

| |o x

Not truncated; Right−censored

τ* c*W i Y i

| |o o

Left−truncated; Not censored

τ* c*W i Y i

| |o x

Left−truncated; Right−censored

τ* c*W i Y i

| |x x

Not observed

τ* c*W i Y i

x: not observed; o: observed

Figure 2.1: Illustration of the four types of field failure data.
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2.3. Parameter Estimation Procedures

2.3.1. Direct optimization methods

Direct optimization methods that maximize the log-likelihood function using numerical

methods are considered here. The following methods require a vector of initial estimates of

θ denoted as θ(0) = (α(0), η(0), κ(0)).

2.3.1.1. Direct optimization using Nelder-Mead method (DONM)

To obtain the MLE of θ, denoted as θ̂
∗

= (α̂∗, η̂∗, κ̂∗), numerical methods can be used

to maximize the log-likelihood function in Eq. (2.1). In our study, we use the Nelder-Mead

method to maximize the likelihood function with respect to θ under the constraints α > 0,

η > 0 and κ > 0. Note that the constraint optimization algorithm based on the Nelder-Mead

method is implemented in the R function constrOptim (R Core Team, 2020).

2.3.1.2. Direct optimization based on three-stage profile likelihood approach (DOPL1)

Instead of maximizing the likelihood function in Eq. (2.1) with respect to α, η and κ

simultaneously which requires dealing with a three-dimensional optimization problem, we

consider a three-stage profile likelihood approach which only requires to deal with a one-

dimensional optimization problem repeatedly. Specifically, suppose θ(k) = (α(k), η(k), κ(k))

is the estimate in the k -th iteration, the following algorithm is used to obtain the MLE of θ:
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Step 1. Consider η(k) and κ(k) to be fixed, use a numerical optimization method to maximize

the following function with respect to α in order to obtain α(k+1):

lnL(α|η(k), κ(k))

=
n∑
i=1

δiυi

[
ln
η(k)

ti
− ln Γ(κ(k)) + κ(k)η(k) ln

ti
α
−
(
ti
α

)η(k)]

+
n∑
i=1

(1− δi)υi

[
ln Γ

(
κ(k),

(
ti
α

)η(k))
− ln Γ(κ(k))

]

+
n∑
i=1

δi(1− υi)

[
ln
η(k)

ti
+ κ(k)η(k) ln

ti
α
−
(
ti
α

)η(k)
− ln Γ

(
κ(k),

(
ti
α

)η(k))]

+
n∑
i=1

(1− δi)(1− υi)

[
ln Γ

(
κ(k),

(
ti
α

)η(k))
− ln Γ

(
κ(k),

(τi
α

)η(k))]
. (2.2)

Step 2. Consider α(k+1) and κ(k) to be fixed, use a numerical optimization method to maximize

the following function with respect to η in order to obtain η(k+1):

lnL(η|α(k+1), κ(k))

=
n∑
i=1

δiυi

[
ln
η

ti
− ln Γ(κ(k)) + κ(k)η ln

ti
α(k+1)

−
(

ti
α(k+1)

)η]
+

n∑
i=1

(1− δi)υi
[
ln Γ

(
κ(k),

(
ti

α(k+1)

)η)
− ln Γ(κ(k))

]
+

n∑
i=1

δi(1− υi)
[
ln
η

ti
+ κ(k)η ln

ti
α(k+1)

−
(

ti
α(k+1)

)η
− ln Γ

(
κ(k),

(
ti

α(k+1)

)η)]
+

n∑
i=1

(1− δi)(1− υi)
[
ln Γ

(
κ(k),

(
ti

α(k+1)

)η)
− ln Γ

(
κ(k),

( τi
α(k+1)

)η)]
. (2.3)
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Step 3. Consider α(k+1) and η(k+1) to be fixed, use a numerical optimization method to maxi-

mize the following function with respect to κ in order to obtain κ(k+1):

lnL(κ|α(k+1), η(k+1))

=
n∑
i=1

δiυi

[
ln
η(k+1)

ti
− ln Γ(κ) + κη(k+1) ln

ti
α(k+1)

−
(

ti
α(k+1)

)η(k+1)
]

+
n∑
i=1

(1− δi)υi

[
ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)
− ln Γ(κ)

]

+
n∑
i=1

δi(1− υi)
[
ln
η(k+1)

ti
+ κη(k+1) ln

ti
α(k+1)

−
(

ti
α(k+1)

)η(k+1)

− ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)]

+
n∑
i=1

(1− δi)(1− υi)

[
ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)
− ln Γ

(
κ,
( τi
α(k+1)

)η(k+1)
)]

.(2.4)

Step 4. Repeat Steps 1–3 until the convergence is achieved to the desired level of accuracy.

Here, we define that the convergence occurs as

max{|α(k+1) − α(k)|, |η(k+1) − η(k)|, |κ(k+1) − κ(k)|} < ε,

where ε is the preset tolerance level.

In our study, we use the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method

to maximize the functions in Eqs. (2.2) – (2.4). Note that the BFGS quasi-Newton method

is implemented in the R function optim (R Core Team, 2020).

2.3.1.3. Direct optimization based on two-stage profile likelihood approach (DOPL2)

We consider a two-stage profile likelihood approach. We update (α, η) simultaneously

while we update κ individually as κ is involved with the gamma function. Specifically,

suppose θ(k) = (α(k), η(k), κ(k)) is the estimate in the k -th iteration, the following algorithm

is used to obtain the MLE of θ:
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Step 1. Consider κ(k) to be fixed, use a numerical optimization method to maximize the fol-

lowing function with respect to (α, η) in order to obtain
(
α(k+1), η(k+1)

)
:

lnL(α, η|κ(k))

=
n∑
i=1

δiυi

[
ln
η

ti
− ln Γ(κ(k)) + κ(k)η ln

ti
α
−
(
ti
α

)η]
+

n∑
i=1

(1− δi)υi
[
ln Γ

(
κ(k),

(
ti
α

)η)
− ln Γ(κ(k))

]
+

n∑
i=1

δi(1− υi)
[
ln
η

ti
+ κ(k)η ln

ti
α
−
(
ti
α

)η
− ln Γ

(
κ(k),

(
ti
α

)η)]
+

n∑
i=1

(1− δi)(1− υi)
[
ln Γ

(
κ(k),

(
ti
α

)η)
− ln Γ

(
κ(k),

(τi
α

)η)]
. (2.5)

Step 2. Consider α(k+1) and η(k+1) to be fixed, use a numerical optimization method to maxi-

mize the following function with respect to κ in order to obtain κ(k+1):

lnL(κ|α(k+1), η(k+1))

=
n∑
i=1

δiυi

[
ln
η(k+1)

ti
− ln Γ(κ) + κη(k+1) ln

ti
α(k+1)

−
(

ti
α(k+1)

)η(k+1)
]

+
n∑
i=1

(1− δi)υi

[
ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)
− ln Γ(κ)

]

+
n∑
i=1

δi(1− υi)

[
ln
η(k+1)

ti
+ κη(k+1) ln

ti
α(k+1)

−
(

ti
α(k+1)

)η(k+1)

− ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)]

+
n∑
i=1

(1− δi)(1− υi)

[
ln Γ

(
κ,

(
ti

α(k+1)

)η(k+1)
)
− ln Γ

(
κ,
( τi
α(k+1)

)η(k+1)
)]

.(2.6)
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Step 3. Repeat Steps 1–2 until the convergence is achieved to the desired level of accuracy.

Here, we define that the convergence occurs as

max{|α(k+1) − α(k)|, |η(k+1) − η(k)|, |κ(k+1) − κ(k)|} < ε,

where ε is the preset tolerance level.

In our study, we use the Newton-Raphson method to maximize the functions in Eqs.

(2.5) – (2.6). Note that the Newton-Raphson method is implemented in the R function

maxNR of package maxLik (Henningsen and Toomet, 2011).

2.3.2. Expectation-maximization algorithm (EMPL2)

Balakrishnan and Mitra (2014) studied the EM algorithm for GG(α, η, κ) distribution

based on LTRC data. In the E-step, the objective function Q(θ|θ(k)) in Eq. (1.7) can be

expressed as

Q(θ|θ(k)) = n(ln η − lnα) +
n∑
i=1

δi(ln ti − lnα) +
n∑
i=1

(1− δi)(E(k)
i − lnα)

−
n∑
i=1

δi

(
ti
α

)η
−

n∑
i=1

(1− δi)
(
α(k)

α

)η Γ
(
κ(k) + η

η(k)
,
(

ti
α(k)

)η(k))
Γ
(
κ(k),

(
ti
α(k)

)η(k))
−

n∑
i=1

[
υi ln Γ(κ) + (1− υi) ln Γ

(
κ,
(τi
α

)η)]
, (2.7)

where

E
(k)
i = E [lnTi|Ti > ti]

= lnα(k) +
1

η(k)Γ
(
κ(k),

(
yi
α(k)

)η(k)) ∫ ∞( ti

α(k)

)η(k) uκ(k)−1 lnue−u du.

In the M-step, a process similar to DOPL2 is used. Due to the difficulties in maximizing

Eq. (2.7), Balakrishnan and Mitra (2014) proposed using EM-gradient algorithm (see also,
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Lange, 1995) to obtain the updated estimates. Specifically, the algorithm is described as

follows:

Step 1. Given the value of κ(k), perform a one-step Newton-Raphson on the Q-function in Eq.

(2.7) to obtain α(k+1) and η(k+1).

Step 2. Given the values of α(k+1) and η(k+1), perform a one-step Newton-Raphson on the Q-

function in Eq. (2.7) to obtain κ(k+1). Then, go to the next cycle of the E-step with

(α(k+1), η(k+1), κ(k+1)).

The algorithm is continued until convergence is achieved to the desired level of accuracy.

This method requires a vector of initial estimates of θ denoted as θ(0) = (α(0), η(0), κ(0)).

See Balakrishnan and Mitra (2014) for more details.

2.3.3. Stochastic EM algorithm (SEM)

The SEM algorithm is essentially using imputation of the unobserved data to approximate

the MLE. The SEM algorithm for GG(α, η, κ) distribution is based on imputing the censored

observations with the current parameter estimates θ(k) of θ from the k-th SEM cycle, then

estimate the parameter θ based on the pseudo-complete data (see, for example, Ng and Ye,

2014). The SEM algorithm is described as follows:

In the S-step, a random sample for the censored observations is drawn from the condi-

tional distribution in Eq. (1.6), to generate the pseudo-complete data. If the lifetime for the

i -th unit is censored, the lifetime of the i -th unit is imputed from the distribution with pdf

fXi|Xi>ti(x) =
η

αΓ(κ, (ti/α)η)

(x
α

)κη−1

exp
(
−
(x
α

)η)
, x > ti,

and cdf

FXi|Xi>ti(x) =

∫ x

ti

η

αΓ(κ, (ti/α)η)

(u
α

)κη−1

exp
(
−
(u
α

)η)
du

=
Γ(κ)

Γ(κ, (ti/α)η)
[FX(x)− FX(ti)], x > ti,
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where FX(·) is the cdf of GG(α, η, κ) in Eq. (1.2). The imputation is implemented by

generating the random variate using the inverse transformed method. For a given value of

(α, η, κ), the imputed lifetime xi of the item with censoring time ti can be obtained by:

Step 1. Generate u from the uniform distribution in (0, 1).

Step 2. Let z = Γ(κ, (ti/α)η)
Γ(κ)

u+FX(ti), obtain x = F−1
X (z), where F−1

X (·) is the inverse cdf of the

generalized gamma distribution defined in Eq. (1.2).

Let x
(k)
i denote the imputed lifetime of the i-th unit if the unit is censored, given the current

estimate of the parameters θ(k) = (α(k), η(k), κ(k)). After the k-th S-step, the lifetime of the

pseudo-complete data t(k) = (t
(k)
1 , . . . , t

(k)
n ) can be expressed as

t
(k)
i =


ti, if δi = 1,

x
(k)
i , if δi = 0.

In the M-step, we maximize the log-likelihood function based on the pseudo-complete

data t(k) = (t
(k)
1 , . . . , t

(k)
n ). The Q-function in Eq. (1.8) can be expressed as

Q(θ|x(k)) = lnL(θ|t(k))

=
n∑
i=1

υi ln fX(t
(k)
i ) +

n∑
i=1

(1− υi) ln
fX(t

(k)
i )

1− FX(τi)

=
n∑
i=1

υi

[
ln

η

t
(k)
i

− ln Γ(κ) + κη ln
t
(k)
i

α
−

(
t
(k)
i

α

)η]

+
n∑
i=1

(1− υi)

[
ln

η

t
(k)
i

+ κη ln
t
(k)
i

α
−

(
t
(k)
i

α

)η

− ln Γ

(
κ,

(
t
(k)
i

α

)η)
+ ln Γ(κ)

]
. (2.8)

Then, use an appropriate optimization method to obtain θ(k+1) which maximizes the

Q-function in Eq. (2.8). We consider several different optimization methods as described in

Sections 2.3.3.1 – 2.3.3.3.
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Let {θ(k)}, k = 1, 2, . . . , K denote the SEM chain. The first B iterations are discarded

as the burn-in period. The average of the rest (K − B) iterations will be used as the final

estimate, i.e.,

θ̂ =
1

K −B

K∑
k=B+1

θ(k).

Similar to the procedures described in Sections 2.3.1 and 2.3.2, the SEM algorithms presented

below require a vector of initial estimate θ(0) = (α(0), η(0), κ(0)).

2.3.3.1. SEM using Nelder-Mead method (SEMNM)

For a given θ(k) = (α(k), η(k), κ(k)), we use the Nelder-Mead method to maximize the

Q-function in Eq. (2.8) with respect to θ under the constraints α > 0, η > 0 and κ > 0

in the M-step of the SEM algorithm. This maximization method is the same as the one

presented in Section 2.3.1.1.

2.3.3.2. SEM based on three-stage profile likelihood approach (SEMPL1)

Similar to the optimization method presented in Section 2.3.1.2, we consider a profile

likelihood approach which deals with a one-dimensional optimization problem repeatedly

in the M-step of the SEM algorithm. Due to the difficulties in maximizing Eq. (2.8), we

propose using a variation of the EM-gradient algorithm (Lange, 1995) in our SEM algorithm.

In the k-th cycle of the SEM algorithm,

Step 1. Consider η(k) and κ(k) to be fixed, perform a one-step BFGS quasi Newton method on

Eq. (2.8) to obtain the updated value α(k+1).

Step 2. Consider α(k+1) and κ(k) to be fixed, perform a one-step BFGS quasi Newton method

on Eq. (2.8) to obtain the updated value η(k+1).

Step 3. Consider α(k+1) and η(k+1) to be fixed, perform a one-step BFGS quasi Newton method

on Eq. (2.8) to obtain the updated value κ(k+1).
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Thus, we can obtain the estimate of the parameter vector θ(k+1) = (α(k+1), η(k+1), κ(k+1))

and go to the (k + 1)-th cycle of the SEM algorithm.

2.3.3.3. SEM based on two-stage profile likelihood approach (SEMPL2)

Similar to the optimization method presented in Section 2.3.1.3, we consider a two-stage

profile likelihood approach in the M-step of the SEM algorithm. Due to the difficulties in

maximizing Eq. (2.8), we propose using a variation of the EM-gradient algorithm (Lange,

1995) in our SEM algorithm. In the k-th cycle of the SEM algorithm,

1. Consider κ(k) to be fixed, perform a one-step Newton-Raphson method to maximize

Eq. (2.8) to obtain the updated value
(
α(k+1), η(k+1)

)
.

2. Consider α(k+1) and η(k+1) to be fixed, perform a one-step Newton-Raphson method

to maximize Eq. (2.8) to obtain the updated value κ(k+1).

Thus, we can obtain the estimate of the parameter vector θ(k+1) = (α(k+1), η(k+1), κ(k+1)) and

go to the (k + 1)-th cycle of the SEM algorithm.

2.4. Initial Estimate for Iterative Procedures

One key component in all the aforementioned methods is the initial estimate of the

iterative algorithm. Finding a feasible and reliable initial value is crucial in obtaining the

parameter estimates. As mentioned in Casella and Berger (2002), when the analytic solution

to the MLE is not possible, using a numerical method to find MLE might not be stable due

to the initial value. Balakrishnan and Mitra (2014) used the true value of the parameters

in the simulation study as the initial value, however, we do not have the information about

the true value of the parameters in practice. Therefore, we propose to use the estimation

method proposed by (Gomès et al., 2008) which utilizes a goodness-of-fit test to obtain an

initial estimate of the parameter vector based on LTRC data.
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2.4.1. Goodness-of-fit-based estimation method (GOFT)

Suppose X ∼ GG(α, η, κ), when η is known, Y = Xη follows the two-parameter gamma

distribution with the shape parameter K and the scale parameter A, where

K = κ and A = αη. (2.9)

Therefore, given an estimate of η, we can transform the generalized gamma distribution

into a two-parameter gamma distribution. Suppose Y = (Y1, Y2, . . . , Yn) is a random

sample from a two-parameter gamma distribution with the shape parameter K and the

scale parameter A, the parameters K and A can be estimated using the method of moments

as

K̂ =
µ̂2
Y

σ̂2
Y

and Â =
µ̂Y

σ̂2
Y

, (2.10)

where µ̂Y = 1
n

∑n
i=1 Yi and σ̂2

Y = 1
n−1

∑n
i=1(Yi − µ̂Y )2.

To obtain a reasonable estimate of η, goodness-of-fit-based procedures can be considered.

The p-value of the K-S test discussed in Section 1.6 can be used in a generalized gamma

distribution to show how compatible the data is with a particular choice of η. In practice,

a reasonable value of η is no more than 20 and the accuracy of the tenth decimal is usually

sufficient (Gomès et al., 2008). We apply the K-S test to all η̂ from 0.1(0.1)20.0. For each

η̂, a K-S test is performed on the transformed two-parameter gamma distribution with the

shape parameter K̂ and the scale parameter Â calculated from Eq. (2.10). We pick the η̂

with the largest p-value since this estimate is most compatible with the data. Then, calculate

α and κ based on Eq. (2.9). Note that K̂ and Â are explicit and do not require a numerical

method to get the estimate.

Applying the K-S test to truncated and censored data can be complicated, therefore, we

consider the truncated data as non-truncated and apply the following two ways to perform

the K-S test based on LTRC data.
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2.4.2. Initial values based on uncensored data

The first way is to apply the K-S test to the uncensored observations by discarding the

censored data. The detailed algorithm to obtain the initial estimate can be described as

follows:

Step 1. Let x = (x1, x2, . . . , xm) denote the lifetime of the units which are not censored. For

∀ηi ∈ H = {0.1, 0.2, . . . , 20}, let y[i] = (y
[i]
1 , y

[i]
2 , . . . , y

[i]
m) = (xηi1 , x

ηi
2 , . . . , x

ηi
m).

Step 2. Estimate K̂ [i] and Â[i] as shown in Eq. (2.10).

Step 3. A K-S test is performed to test

H0: the transformed data y[i] follows the gamma distribution with the shape parameter

K̂ [i] and the scale parameter Â[i]

against Ha: the transformed data y[i] does not follow the gamma distribution with the

shape parameter K̂ [i] and the scale parameter Â[i].

Let p[i] denote p-value of the K-S test.

Step 4. Pick ηi∗ for p[i∗] = max
i

p[i] and the corresponding K̂ [i∗] and Â[i∗]. From Eq. (2.9),

we can obtain an estimate of θ as θ̂ =

((
Â[i∗]

) 1
ηi∗ , ηi∗ , K̂

[i∗]

)
which can serve as an

initial estimate of the iterative procedures.

2.4.3. Initial values based on pseudo-uncensored data

The second way is to apply the K-S test to all the observations by treating the censoring

time as the failure time. We obtain a pseudo-uncensored sample by treating the censoring

times as failure times and the conventional K-S test can be applied. The detailed algorithm

to obtain the initial estimate based on pseudo-uncensored data can be described as follows:

Step 1. Let x = (x1, x2, . . . , xn) denote the pseudo-uncensored lifetime data. For ∀ηi ∈ H =

{0.1, 0.2, . . . , 20}, let y[i] = (y
[i]
1 , y

[i]
2 , . . . , y

[i]
n ) = (xηi1 , x

ηi
2 , . . . , x

ηi
n ).

Step 2. Estimate K̂ [i] and Â[i] as shown in Eq. (2.10).
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Step 3. A K-S test is performed to test

H0: the transformed data y follows the gamma distribution with the shape parameter

K̂ [i] and the scale parameter Â[i]

against Ha: the transformed data y does not follow the gamma distribution with the

shape parameter K̂ [i] and the scale parameter Â[i].

Let p[i] denote p-value of the K-S test.

Step 4. Pick ηi∗ for p[i∗] = max
i

p[i] and the corresponding K̂ [i∗] and Â[i∗]. From Eq. (2.9),

we can obtain an estimate of θ as θ̂ =

((
Â[i∗]

) 1
ηi∗ , ηi∗ , K̂

[i∗]

)
which can serve as an

initial estimate of the iterative procedures.

2.5. Interval Estimation

For interval estimation, we attempt to construct confidence intervals for the parameters

α, η and κ based on the asymptotic normality of the MLEs. However, in a preliminary study,

we find that the asymptotic variances obtained by inverting the observed Fisher information

matrix (see, for example, Louis, 1982) may be negative. As pointed out by Molenberghs and

Verbeke (2007), the observed Fisher information matrix need not be positive definite which

results in negative asymptotic variances. to obtain 100(1 − 2λ)% (0 < λ < 1/2) percentile

bootstrap confidence intervals (Efron and Tibshirani, 1993) for parameters α, η and κ based

on different point estimation methods presented in Sections 2.3 – 2.4.

Suppose θ̂ = (α̂, η̂, κ̂) is the estimate of the parameter vector θ based on LTRC sample,

the following procedures are used to generate the bootstrap sample with truncated and

non-truncated observations:

• For non-truncated observations:

1. Fix the installation time wi.

2. Generate a lifetime yi following GG(θ̂).

3. If wi + yi < c∗, the observed lifetime is ti = yi; otherwise, ti = c∗ − wi.
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• For left-truncated observations:

1. Fix the installation time wi.

2. Generate a lifetime yi following GG(θ̂).

3. If wi + yi < τ ∗, discard yi and go back to Step 2.

4. If wi + yi < c∗, the observed lifetime ti = yi; otherwise, ti = c∗ − wi.

Based on the m-th bootstrap sample B(m) (m = 1, 2, . . . , M ), we obtain the vector of

parameter estimates θ̂
(m)

= (α̂(m), η̂(m), κ̂(m)). Take the parameter α as an example, we

denote the M ordered parameter estimates as α[1] < α[2] < . . . < α[M ], then a 100(1− 2λ)%

percentile bootstrap confidence interval for α is (α[int(Mλ)], α[int(M (1−λ))]), where int(a) is the

integer part of a.

2.6. Numerical Example

In this section, a numerical example based on LTRC data presented in Balakrishnan and

Mitra (2014) is used to illustrate the estimation methods discussed in Sections 2.3 – 2.4 (see

also, Hong et al., 2009). For this dataset, an energy company began careful archival record-

keeping on their power transformers in 1980. The dataset contains complete information

on all units that were installed after 1980 (i.e., τ ∗ = 1980). Information on units that were

installed before 1980 and failed after 1980 are also available. However, there is no information

on units installed and failed before 1980. Thus, transformers that were installed before 1980

must be viewed as transformers sampled from left-truncated distribution(s). The lifetimes

of the units are followed until 2008 (i.e, c∗ = 2008). Units that are still in service have

lifetimes that are right-censored. Hence, the data are left-truncated and right-censored. For

those units that are left-truncated or right-censored (or both), the truncation times and

censoring times differ from unit to unit because of the staggered entry of the units into

service. The dataset has n = 200 observations with 61 of them are neither truncated nor

censored (δi = 1, υi = 1), 99 of them are right-censored but not truncated (δi = 0, υi = 1),
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40 of them are left-truncated but not censored (δi = 1, υi = 0), and 0 observation is LTRC

(δi = 0, υi = 0). The percentage of censoring is 49.5%.

For the iterative estimation procedures, the tolerance limit required for convergence is

taken as ε = 10−5. For the SEM algorithms, K = 2000 iterations is used and B = 400

burn-ins is used for SEMNM and SEMPL2, and B = 1600 burn-ins is used for SEMPL1

due to the slow convergence rate. For the initial values, we consider (α(0), η(0), κ(0)) =

(15.0, 3.0, 5.0) and the initial estimates obtained from the procedures in Sections 2.4.2 and

2.4.3, (α(0), η(0), κ(0)) = (11.7, 2.7, 7.1) and (α(0), η(0), κ(0)) = (25.4, 7.3, 0.6), respectively.

The parameter estimates from the seven estimation methods in Section 3 with different initial

values and the corresponding log-likelihood values are presented in Table 2.1. Since different

methods have different numbers of iterations, for the sake of comparing the SEM algorithm

implementations among each other and with other estimation methods, we also present

the computation time for different estimation methods in Table 2.1. When calculating the

percentile bootstrap confidence intervals based on the SEM algorithm, different values of K

and B are used to ensure the convergence of the SEM algorithm sequences. Specifically, K =

2000 and B = 400 are used for the SEMNM method, K = 60000 and B = 48000 are used

for the SEMPL1 method, and K = 10000 and B = 2000 are used for the SEMPL2 method.

The bootstrap confidence intervals are computed with M = 1000 bootstrap samples.

From Table 2.1, we observe that the direct optimization methods, the EM algorithm, and

the estimation procedures based on the SEM algorithm provide similar estimates. We can

see that different implementations of the SEM algorithm provide estimates that are robust to

the initial values and the computation time is not depending on the initial value. In Figure

2.2, we present the SEM algorithm sequences {θ(k), k = 1, 2, . . . , 2000} based on SEMNM,

SEMPL1 and SEMPL2 methods. From Figure 2.2, we can see that the sequence of SEMPL1

method becomes stable much slower than the SEMNM and SEMPL2 methods.

In terms of computation time, the direct maximization method takes less computation

time compared to the EM algorithm and the SEM algorithm in this example. SEMPL1 is the

fastest among the three SEM algorithm implementations considered here in this example.

34



However, SEMPL1 method requires a much longer chain to achieve the stationary status. We

also observe that the computation time of different implementations of the SEM algorithm

does not depend on the initial value, while the computation time of the EM algorithm and

the direct maximization methods based on profile likelihood does. In this example, the

initial value based on the pseudo-uncensored sample proposed in Section 2.4.3 reduces the

computation time of the EM algorithm and the direct maximization methods based on profile

likelihood.

We also notice that the confidence interval for κ based on EMPL2 method varies with

the initial value while the confidence intervals based on other methods are relatively stable

for different initial values.
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Figure 2.2: Stochastic expectation-maximization (SEM) iterative chains of SEM using
Nelder-Mead method and SEM based on profile likelihood approach of two parameters meth-
ods for the numerical example
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Table 2.1: Estimates of the parameters of GG(α, η, κ) and the corresponding 95% confidence
intervals, log-likelihood values and the computation time (in seconds) for the numerical
example

Initial Value Method α̂ η̂ κ̂ Log-likelihood Time

(15.0, 3.0, 5.0) DONM 23.87 6.27 1.60 −296.31 0.08

(4.76, 28.09) (1.71, 16.21) (0.44, 16.97)

DOPL1 23.78 6.21 1.63 −296.31 10.12

(9.50, 28.02) (2.30, 14.98) (0.48, 9.93)

DOPL2 23.79 6.22 1.62 −296.31 8.86

(9.02, 27.99) (2.31, 17.24) (0.43, 10.86)

EMPL2 23.87 6.27 1.60 −296.31 29.81

(14.86, 28.02) (3.13, 15.92) (0.45, 5.50)

SEMNM 24.03 6.62 1.57 −296.49 28.08

(6.61, 27.88) (1.82, 19.66) (0.45, 75.26)

SEMPL1 24.13 6.49 1.52 −296.31 6.44

(7.85, 28.33) (2.15, 17.93) (0.41, 11.43)

SEMPL2 23.63 6.14 1.67 −296.31 15.49

(15.85, 28.00) (3.37, 16.04) (0.47, 4.64)

(11.7, 2.7, 7.1) DONM 23.88 6.27 1.60 −296.31 0.08

(4.61, 28.16) (1.66, 16.55) (0.43, 16.28)

DOPL1 23.78 6.21 1.63 −296.31 10.12

(9.49, 28.12) (2.27, 17.68) (0.40, 9.38)

DOPL2 23.79 6.22 1.62 −296.31 10.34

(8.55, 28.09) (2.18, 15.17) (0.46, 10.99)

EMPL2 23.87 6.27 1.60 −296.31 47.60

(8.49, 28.10) (2.15, 16.59) (0.46, 10.38)

SEMNM 23.88 6.51 1.61 −296.48 28.76

(3.70, 27.93) (1.23, 19.31) (0.45, 113.8)

SEMPL1 23.85 6.27 1.61 −296.31 6.26

(5.94, 28.09) (1.91, 16.29) (0.44, 15.59)

SEMPL2 23.67 6.16 1.66 −296.31 15.52

(16.50, 27.81) (3.43, 14.94) (0.51, 4.36)

(25.4, 7.3, 0.6) DONM 23.88 6.27 1.60 −296.31 0.08

(5.25, 28.05) (1.76, 14.66) (0.5, 14.89)

DOPL1 23.96 6.33 1.57 −296.31 3.00

(9.65, 28.10) (2.33, 16.21) (0.45, 9.32)

DOPL2 23.96 6.33 1.58 −296.31 4.23

(8.91, 28.1) (2.29, 16.35) (0.43, 10.88)

EMPL2 23.89 6.28 1.59 −296.31 8.92

(15.73, 27.89) (3.24, 15.04) (0.49, 4.83)

SEMNM 23.98 6.55 1.59 −296.46 28.12

(2.99, 27.91) (1.26, 18.97) (0.47, 109.61)

SEMPL1 24.11 6.47 1.53 −296.31 6.45

(6.18, 28.15) (1.91, 18.16) (0.39, 13.53)

SEMPL2 23.73 6.19 1.64 −296.31 15.63

(16.32, 27.88) (3.45, 16.91) (0.45, 4.43)
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2.7. Monte Carlo Simulations

2.7.1. Simulation settings

In this section, a Monte Carlo simulation study is used to evaluate the performance of

the estimation procedures. The datasets are simulated in a manner that mimics the data

collection process for the dataset described in Section 2.6 (Balakrishnan and Mitra, 2014;

Hong et al., 2009). The entire set of installation years is divided into two parts: with

truncation (1960 – 1979) and without truncation (1980–1995). The sample size is set to be

n = 200 and we consider 40 of them to be truncated. We simulate the year of installation

for truncated observations (W = 1960, 1961, . . . , 1979) based on the following distribution:

Pr(W = w) =


0.15, 1960 ≤ w ≤ 1964,

0.25/15, 1965 ≤ w ≤ 1979.

We simulate the year of installation for non-truncated observations (W = 1980, 1981, . . . , 1995)

based on the following distribution:

Pr(W = w) =


0.1, 1980 ≤ w ≤ 1985,

0.04 1986 ≤ w ≤ 1995.

The lifetime of the power transformers (in years) are simulated from the generalized

gamma distribution GG(α, η, κ) with α = 15, η = 3 and κ = 5, and hence, the year of

failure is the installation year plus the lifetime. If the year of failure is before τ ∗ = 1980,

then the observation is discarded and a new pair of installation year and lifetime is simulated.

If the simulated year of failure exceeds the censoring point c∗, the observation is censored at

c∗. Three different proportions of censoring are considered in the simulation study:

• High censoring proportion: c∗ = 2004, the censoring proportion ranges from 64.5% to

78%.
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• Medium censoring proportion: c∗ = 2008, the censoring proportion ranges from 38%

to 61.5%.

• Low censoring proportion: c∗ = 2014, the censoring proportion ranges from 15% to

33.5%.

For each setting, we simulate 1000 LTRC data sets. The tolerance level required for conver-

gence of the algorithms is set to be ε = 10−5. For the DONM, DOPL1, DOPL2 and EMPL2

methods, the maximum number of iterations is set to be 10000. For different implemen-

tations of the SEM algorithm, we find that the rate of convergence varies from sample to

sample for the implementations SEMPL1 and SEMPL2. Therefore, we choose a sufficiently

large number of iterations to ensure that the SEM chains converge. Specifically, we consider

K = 2000 cycles with B = 400 burn-ins for the SEMNM method (average computation

time 46.97 seconds), K = 60000 cycles with B = 48000 burn-ins for the SEMPL1 method

(average computation time 230.35 seconds), and K = 10000 cycles and B = 2000 burn-ins

for the SEMPL2 method (average computation time 107.56 seconds). The following three

choices of initial values are considered:

(i) the initial estimate θ(0) = (15, 3, 5), which are the true values of the parameters;

(ii) the initial estimate obtained from the procedure described in Section 2.4.2;

(iii) the initial estimate obtained from the procedure described in Section 2.4.3.

If the SEM algorithm fails to obtain an update due to the numerical maximization diffi-

culties, then the imputed sample is discarded and the algorithm goes back to the S-step

to impute another sample. If the SEM algorithm still fails to obtain an update after 100

re-imputations, we stop the algorithm and count it as a failure of the algorithm. If the EM

algorithm fails to obtain an update due to the numerical maximization difficulties, we stop

the algorithm and count it as a failure of the algorithm. Note that we have also considered

other simulation settings with different proportions of truncation and different values of true

parameters. Since the simulation results provide similar conclusions, we only present part

of the simulation results here.
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2.7.2. Results and Discussions

In Tables 2.5, 2.6, and 2.7, we present the simulated biases and mean squared er-

rors (MSEs) based on 1000 simulations for different settings with high, medium and low

censoring proportions, respectively. Due to the properties of the parameterization of the

three-parameter generalized gamma distributions (see, for example, Stacy, 1962; Stacy and

Mihram, 1965), there are cases where the estimates are very different, but the likelihood

and the fitted pdf are quite close (Prentice, 1974). Therefore, in addition to considering

biases and MSEs as the criteria to evaluate the performances of the estimation methods, we

also compare the value of the log-likelihood at the final estimate for each dataset. Since the

estimates obtained from the direct optimization methods usually lead to the largest likeli-

hood value by their nature, we only compare the log-likelihood values based on the estimates

obtained from the EM algorithm and different implementations of the SEM algorithm. The

column “LL” in Tables 2.5, 2.6, and 2.7 stands for the proportion of the times that the

estimation method gives the largest log-likelihood value among the estimates obtained from

the EM algorithm and different implementations of the SEM algorithm.

From Tables 2.5, 2.6, and 2.7, we first notice that the performance of the estimation

procedures that rely on solving a three-dimensional constraint optimization problem (i.e.,

DONM and SEMNM methods) can be poor, especially for the estimation of parameter κ.

These results are due to some extreme estimates, where the estimate of α is very close to its

boundary (i.e., 0) and the corresponding estimate of κ is a very large value. It is noteworthy

that although the estimates of the parameters are extreme, the fitted pdfs and the likelihood

values might still be similar. To illustrate this issue, we plotted the fitted pdfs and present

the values of the log-likelihood for one of the simulated data sets with extreme parameter

estimates with the true pdf (i.e., the pdf of GG(15, 3, 5)) in Figure 2.3. From Figure 2.3,

we can see that the fitted pdfs and the values of the log-likelihood are similar even when

the parameter estimates are very different. This example also illustrates the difficulties in

estimating the parameters for the generalized gamma distribution.
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From Tables 2.5, 2.6, and 2.7, we also observe that the performance of the direct opti-

mization methods and different implementations of the SEM algorithm are consistent when

different initial values are used, while the performance of the EM algorithm depends on the

initial values. This observation also indicates that the proposed methods for obtaining initial

values for the iterative procedures are quite reliable. In all the settings considered here, the

SEMPL2 method provides estimates with the smallest simulated biases and MSEs in most

cases. From the likelihood values based on the estimates obtained from the EM algorithm

and different implementations of the SEM algorithm, we observe that the SEMPL1 method

has higher proportions than the EM algorithm and other SEM implementations in obtaining

the largest likelihood value. To further investigate the performance of the EM and SEM al-

gorithms, we report the proportions of times that the numerical optimization fails in the EM

or SEM iterations in Table 2.4. From Table 2.4, once again, we observe that the SEMPL1

and SEMPL2 are more reliable alternatives to the EM algorithm.

Based on the simulation results, both the direct optimization method using the three-

stage profile likelihood approach (DOPL1) and the proposed SEM algorithm based on the

two-stage profile likelihood approach (SEMPL2) are superior to other methods considered

here for estimating the parameters of the generalized gamma distribution based on LTRC

data. The results indicate that the SEM algorithm is a useful alternative to the direct

optimization method. Since the SEM algorithm provides an approximate MLE instead of an

exact MLE, we recommend using both DOPL1 and SEMPL2 methods in practice in order

to verify the estimation results.

2.8. Concluding Remarks

In this chapter, we study the parameter estimation of the generalized gamma distribution

based on LTRC data. We show that some commonly used iterative procedures, such as

the direct optimization method based on Nelder-Mead algorithm and the EM algorithm,

can yield extreme estimates. Therefore, we propose the stochastic EM algorithm as an

alternative way to estimate the parameters of the generalized gamma distribution. We also
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propose two different ways to obtain reliable initial values for the iterative procedures for

obtaining the estimates. The proposed estimation procedures are illustrated by a numerical

example and they are compared with the direct optimization method and the EM algorithm

using a Monte Carlo simulation study.

Overall speaking, we recommend the use of the SEM algorithm with a two-stage profile

likelihood method in the M-step due to its robustness and stability. However, since the SEM

algorithm provides an approximate MLE instead of an exact MLE, we recommend using

both DOPL1 and SEMPL2 methods in practice in order to verify the estimation results.

10 15 20 25 30 35 40
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0
0

.0
5

0
.1

0
0

.1
5 GG(15, 3, 5) pdf: 53.0% censoring

x

f(
x
)

True Value: (15, 3, 5); logL: −282.70

DONM: (0.0742, 0.765, 86.8); logL: −280.50

SEMNM: (0.00906, 0.623, 141); logL: −280.68

SEMPL2: (14.4, 3.07, 6); logL: −281.15

EMPL2: (13.4, 2.89, 6.63); logL: −281.07

Figure 2.3: Fitted pdfs based on estimates obtained from different methods
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Table 2.3: Proportion of times that α̂ < 0.1 for the direct optimization methods

censoring method initial (i) initial (ii) initial (iii)

HIGH DONM 9.3% 9.2% 9.0%

DOPL1 0% 0% 0%

DOPL2 0% 0% 0%

MED DONM 8.9% 8.9% 8.8%

DOPL1 0% 0% 0%

DOPL2 0% 0% 0%

LOW DONM 4.8% 4.9% 4.8%

DOPL1 0% 0% 0%

DOPL2 0% 0% 0%

Table 2.4: Proportion of times that the numerical optimization fails

censoring method initial (i) initial (ii) initial (iii)

HIGH EMPL2 0.4% 0.6% 0.1%

SEMNM 3.6% 3.2% 3.4%

SEMPL1 0% 0% 0%

SEMPL2 0.1% 0.1% 0.2%

MED EMPL2 0.1% 0.3% 0.3%

SEMNM 3.8% 3.2% 3.5%

SEMPL1 0% 0% 0%

SEMPL2 0.2% 0.2% 0.2%

LOW EMPL2 1.6% 2.4% 2.8%

SEMNM 1.6% 1.9% 1.9%

SEMPL1 0% 0% 0%

SEMPL2 2.0% 1.9% 1.8%
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Chapter 3

On Reliability Analysis of One-Shot Devices Testing Data with Defectives Based on
Gamma Distribution

3.1. Introduction

Reliability analysis of one-shot devices testing data has attracted increasing attention in

the past decades. For example, Fan et al. (2009) presented a Bayesian approach for inferring

the reliability at a mission time and the mean lifetime of electro-explosive devices under an

exponential lifetime distribution based on samples collected from constant-stress accelerated

life-tests. In a series of papers, Balakrishnan and Ling (2012, 2013, 2014b) and Ling et al.

(2015) presented the maximum likelihood estimation method as well as different confidence

intervals under the exponential, Weibull and gamma distributions as well as under the pro-

portional hazards model. Subsequently, Balakrishnan et al. (2019a,b,c, 2020) presented the

weighted minimum density power divergence estimators for one-shot device testing data in

the presence of outliers under the exponential, Weibull and gamma distributions. Balakr-

ishnan et al. (2015, 2016a,b) considered competing-risk models to analyze one-shot device

testing data when the devices contain multiple components and have multiple failure modes.

Apart from the works on statistical estimation, some other important aspects in reliability

analysis have also been discussed. Pan and Chu (2010) investigated two- and three-stage in-

spection schemes for assessing one-shot devices in series systems with components following

Weibull lifetime distributions. Recently, Cheng and Elsayed (2015, 2017, 2018) examined dif-

ferent approaches to measure the reliability of one-shot devices with a mixture of units under

various scenarios and presented reliability metrics of systems with mixtures of nonhomoge-

neous one-shot units subject to thermal cyclic stresses and further optimal operational use
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of such systems. Balakrishnan and Ling (2014a) discussed optimal designs of constant-stress

accelerated life-tests for one-shot devices in the presence of budget and time constraints. A

recently published book by Balakrishnan et al. (2021) provides a review of data collection,

experimental designs, and statistical analysis of one-shot devices.

In a realistic situation of the manufacturing industry, defectives (i.e., devices that fail

to function normally or satisfactorily at time t = 0, also known as nonconformities) could

be produced in the manufacturing process due to different reasons. For instance, Singh

and Nandula (2020) pointed out that the root cause for defects in one-shot devices is due to

human error, insufficient quality process, inadequate training and failure to address reliability

aspects during the design stage, etc. It has been suggested that zero-defect is an impossible

goal to achieve or cost-prohibitive (Raina, 2008). As Abilia (2007) mentioned, zero defects

means a defect level of infinity sigma (σ) statistically, which is not possible. Considering

defectives in reliability analysis of one-shot devices poses a unique challenge due to the

special feature of one-shot devices. Specifically, unlike non-destructive testing of products

with continuous monitoring (e.g., batteries and light bulbs), defective one-shot devices will

not be detected until the time of usage or testing. Moreover, in the presence of defectives,

if a one-shot device does not work at the time of testing, we may not be able to distinguish

if the particular device is a defective or a device with a lifetime smaller than the testing

time. The model considering defectives in reliability and survival analysis is also known as

the infant mortality model, infancy problem model, or birth-death model.

Considering one-shot devices with defectives, Bain and Engelhardt (1991) proposed a

mixed Weibull model for the development of reliability test plans for one-shot devices. In this

paper, we develop the maximum likelihood approach and the Bayesian approach to estimate

the model parameters of gamma distribution and the reliability characteristics based on a

sample of one-shot devices in the presence of defectives. Guikema and Paté-Cornell (2005)

studied the infancy problems for space launch vehicles and proposed a Bayesian approach to

estimate the system reliability. Although the defectives of one-shot devices can be considered

as a competing risk, the competing risk model based on continuous distribution cannot be
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directly applied here since the failure time distribution of the defectives is a degenerate

distribution with probability mass function that equals 1 at time t = 0 and 0 elsewhere.

Therefore, special treatments for the problem of defectives in one-shot devices are needed.

In this chapter, we aim to provide a comprehensive study of the effect of the presence

of defectives in one-shot device testing and reliability analysis. Based on the simulation

results, we provide some practical guidelines on product defect tolerances in terms of the

effect in statistical analysis. This chapter is organized as follows. In Section 3.2, we describe

the data structure and the notations used in this chapter. In Section 3.3, we discuss the

maximum likelihood approach and the Bayesian approach for point and interval estimation.

In Section 3.4, we illustrate the estimation procedures when the lifetimes of one-shot devices

follow a gamma distribution and present a numerical example. In Section 3.5, a Monte

Carlo simulation study is used to evaluate the performances of the parameter estimation

procedures considered here under different defective proportions and masking rates. Finally,

some concluding remarks are provided in Section 3.6.

3.2. Model and Different Scenarios

3.2.1. Model and Notations

Suppose n one-shot devices are available for the life testing experiment, the i-th unit

is tested at the inspection time ti (i = 1, 2, . . . , n). Let Xi be the random variable of the

lifetime of the i-th unit and xi be the corresponding realization of the lifetime of the i-th unit

(i = 1, 2, . . . , n). If the i-th unit fails the test at time ti, we have xi < ti, i.e., a left-censored

observation. If the i-th unit is functioning at inspection time ti, we have xi ≥ ti, i.e., a

right-censored observation. Let δi be the indicator to denote if the i-th unit fails the test or

not, i.e.,

δi =


1, xi < ti,

0, xi ≥ ti.
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Thus, the observed data are (ti, δi), i = 1, 2, . . . , n.

Consider that there are defectives in the one-shot devices of interest, we define p as the

probability that a randomly selected one-shot device is a defective. Hence, the lifetime Xi has

a probability p to be 0 and a probability of 1− p to follow an absolutely continuous lifetime

distribution with the cumulative distribution function FX(x;θ), where θ is a k-dimensional

vector of parameters. In other words, if the i-th unit is not a defective, then Xi follows

FX(x;θ), and we have

Pr(Xi < ti) = p+ (1− p)FX(ti;θ)

and Pr(Xi ≥ ti) = (1− p)[1− FX(ti;θ)],

which are the likelihood for left-censored and right-censored units, respectively. We consider

three different scenarios regarding our knowledge on p in Sections 3.2.2, 3.2.3, and 3.2.4.

3.2.2. Scenario 1: Not aware of the existence of defectives

In Scenario 1, we consider that the experimenter or data analyst is not aware of the

existence of the defectives. In other words, we assume that p = 0 in the statistical anal-

ysis. Based on the observed data (ti, δi), i = 1, 2, . . . , n, the likelihood and log-likelihood

functions are

L1(θ) =
n∏
i=1

FX(ti;θ)δi [1− FX(ti;θ)]1−δi

and lnL1(θ) =
n∑
i=1

δi ln (FX(ti;θ)) +
n∑
i=1

(1− δi) ln(1− FX(ti;θ)), (3.1)

respectively.

3.2.3. Scenario 2: True proportion of defectives is known

In Scenario 2, we consider that we are aware of the fact that there are defectives. We

assume that the true probability that a randomly selected unit is a defective is known. In
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other words, we have p = p0, where p0 is the true value for p. We also assume that we can

determine whether a failed device is a defective or not after a careful investigation or autopsy

of the unit. In other words, we consider the case with masking, whereas the true causes of

failures (i.e., defectives or not) are unknown for some units. For the masking, we denote mi

as the indicator for whether a unit is masked, i.e.,

mi =


1, the i-th unit is masked,

0, the i-th unit is not masked.

For those units which are still functioning at the time of testing (i.e., δi = 0), the value of mi

is defined as 0 because those units are not defectives. Denote νi as the indicator for whether

a unit is defective, i.e.,

νi =


1, xi = 0,

0, xi > 0.

For Scenario 2, the likelihood and log-likelihood functions are

L2(θ) =
n∏
i=1

{
[p0 + (1− p0)FX(ti;θ)]mi [pνi0 [(1− p0)FX(ti;θ)]1−νi ]1−mi

}δi
[(1− p0)(1− FX(ti;θ))](1−δi)

and lnL2(θ) =
n∑
i=1

δimi ln (p0 + (1− p0)FX(ti;θ)) +
n∑
i=1

δi(1−mi)νi ln p0

+
n∑
i=1

δi(1−mi)(1− νi)[ln (1− p0) + lnFX(ti;θ)]

+
n∑
i=1

(1− δi)[ln (1− p0) + ln (1− FX(ti;θ))], (3.2)

respectively.
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3.2.4. Scenario 3: Aware of defectives but the true proportion of defectives is unknown

In Scenario 3, similar to Scenario 2, we consider that we are aware of the fact that

there are defectives, but the true value of p is unknown. For Scenario 3 with masking, the

likelihood and log-likelihood functions are

L3p(θ, p) =
n∏
i=1

{
[p+ (1− p)FX(ti;θ)]mi [pνi [(1− p)FX(ti;θ)]1−νi ]1−mi

}δi
[(1− p)(1− FX(ti;θ))](1−δi)

and lnL3p(θ, p) =
n∑
i=1

δimi ln (p+ (1− p)FX(ti;θ))

+
n∑
i=1

δi(1−mi)νi ln p

+
n∑
i=1

δi(1−mi)(1− νi)[ln (1− p) + lnFX(ti;θ)]

+
n∑
i=1

(1− δi)[ln (1− p) + ln (1− FX(ti;θ))],

respectively. Note that Scenario 1 and Scenario 2 can be considered as special cases of

Scenario 3 by setting p = 0 and p = p0, respectively.

In our preliminary study, we find that the maximum likelihood estimation method is

not numerically stable in some cases, especially when the estimate of p is extremely small.

This may be due to the fact that p is a parameter in a bounded range between 0 and 1.

Therefore, instead of considering the parameter p in the statistical analysis, we can consider

a reparameterization based on the logit transformation, i.e.,

φ = logit(p) = ln

(
p

1− p

)

or equivalently

p = logit−1(φ) =
1

1 + e−φ
.
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Since φ ∈ (−∞, ∞), the reparameterization based on logit transformation provides better

numerical stability and some advantages in the maximum likelihood estimation method. The

likelihood and log-likelihood function can be expressed in terms of φ as

L3(θ, φ) =
n∏
i=1

{
[logit−1(φ) + (1− logit−1(φ))FX(ti;θ)]mi

[logit−1(φ)νi [(1− logit−1(φ))FX(ti;θ)]1−νi ]1−mi
}δi

[(1− logit−1(φ))(1− FX(ti;θ))](1−δi)

and lnL3(θ, φ) =
n∑
i=1

δimi ln (logit−1(φ) + (1− logit−1(φ))FX(ti;θ))

+
n∑
i=1

δi(1−mi)νi ln (logit−1(φ))

+
n∑
i=1

δi(1−mi)(1− νi)[ln (1− logit−1(φ)) + lnFX(ti;θ)]

+
n∑
i=1

(1− δi)[ln (1− logit−1(φ)) + ln (1− FX(ti;θ))], (3.3)

respectively.

To incorporate the masking of failed units described in Section 3.2.3 in the statistical

analysis, we let w be the proportion of masking of failed units. To facilitate the subsequent

discussions, we consider the following three cases under Scenario 2 and Scenario 3 for different

values of w:

1. No masking: This is the case that when a one-shot device failed at the inspection time,

one can distinguish whether the unit is defective or not for all units, i.e., w = 0.

2. Partially masked: This is the case that when a one-shot device failed at the inspection

time, one can distinguish whether the unit is defective or not for at least one unit but

not for all units, i.e., 0 < w < 1.

3. Completely masked: This is the case that when a one-shot device fails at the inspection

time, one cannot distinguish whether the unit is defective or not, i.e., w = 1.

The flowchart presented in Figure 3.1 summarizes the scenarios considered in this chapter.
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Figure 3.1: Summary of different scenarios considered in this thesis

3.3. Point and Interval Parameter Estimation

In this section, we discuss the point and interval estimation of model parameters under

different scenarios presented in Section 3.2. Maximum likelihood estimation method and

Bayesian estimation method are considered.

3.3.1. Maximum likelihood estimation

3.3.1.1. Point estimation

To obtain the maximum likelihood estimate (MLE) of the parameter vector θ in Scenarios

1–3 and the proportion of defectives in the population (p) in Scenario 3, we can maximize the

corresponding log-likelihood function directly using the Nelder-Mead method. Specifically,

we maximize lnL1(θ) in Eq. (3.1) with respect to θ for Scenario 1, maximize lnL2(θ) in Eq.
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(3.2) with respect to θ for Scenario 2, and maximize lnL3(θ, φ) in Eq. (3.3) with respect to

θ and φ for Scenario 3. Let θ̂ and φ̂ be the MLEs of θ and φ, respectively. The MLE of p

can be obtained as p̂ = logit−1(φ̂).

3.3.1.2. Interval estimation

For the interval estimation based on MLEs, we consider the normal approximated confi-

dence intervals based on the asymptotic properties of the MLEs introduced in Section 1.4.2.

We consider the log-likelihood functions in Eq. (3.1)–(3.3) for Scenarios 1–3 and obtain the

observed Fisher information matrix defined in Eq. (1.5) as

Î1(θ̂) = − ∂2

∂θ∂θᵀ
lnL1(θ)

∣∣∣∣
θ=θ̂

and Î2(θ̂) = − ∂2

∂θ∂θᵀ
lnL2(θ)

∣∣∣∣
θ=θ̂

,

for Scenario 1 and 2, respectively; and

Î3(θ̂, φ̂) =

 − ∂2

∂θ∂θᵀ lnL3(θ)

− ∂2

∂θ∂φ
lnL3(θ, φ) − ∂2

∂φ2
lnL3(θ, φ)


∣∣∣∣∣∣∣∣
θ=θ̂, φ=φ̂

,

for Scenario 3. Here, Î1(θ̂) and Î2(θ̂) are k × k matrices, and Î3(θ̂, φ̂) is a (k + 1)× (k + 1)

matrix, where k is the number of parameters in the parameter vector θ (i.e., the dimension

of θ). Then, we can obtain the asymptotic variance-covariance matrix of the MLEs of the

model parameters (denoted as Σ̂) by inverting the corresponding observed Fisher information

matrix. Specifically, we have

Σ̂1(θ̂) = Î−1
1 (θ̂), (3.4)

Σ̂2(θ̂) = Î−1
2 (θ̂), (3.5)

and Σ̂3(θ̂, φ̂) = Î−1
3 (θ̂, φ̂) =

Σ̂3, 11(θ̂, φ̂)

Σ̂3, 21(θ̂, φ̂) Σ̂3, 22(θ̂, φ̂)

 , (3.6)
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where Σ̂1(θ̂), Σ̂2(θ̂), and Σ̂3, 11(θ̂, φ̂) are k×k matrices containing the asymptotic variance-

covaraince of θ̂, Σ̂3, 21(θ̂, φ̂) is a 1× k vector containing the asymptotic covariance of θ̂ and

φ̂, and Σ̂3, 22(θ̂, φ̂) is a scalar containing the asymptotic variance of φ̂,

The relevant second-order derivatives of the log-likelihood functions under different sce-

narios can be obtained as follows.

• Scenario 1:

∂2

∂θ∂θᵀ
lnL1(θ) =

n∑
i=1

δi
∂2

∂θ∂θᵀ
ln [FX(ti;θ)]

+
n∑
i=1

(1− δi)
∂2

∂θ∂θᵀ
ln [1− FX(ti;θ)].

• Scenario 2:

∂2

∂θ∂θᵀ
lnL2(θ)

=
n∑
i=1

δimi

(1− p0)(p0 + (1− p0)FX(ti;θ) ∂2

∂θ∂θᵀFX(ti;θ)− (1− p0)2( ∂

∂θ
Fθ)2

(p0 + (1− p0)FX(ti;θ))2

+
n∑
i=1

δi(1−mi)(1− νi)
∂2

∂θ∂θᵀ
lnFX(ti;θ)

+
n∑
i=1

(1− δi)
∂2

∂θ∂θᵀ
ln (1− FX(ti;θ)).

• Scenario 3 with parameter p:

∂2

∂θ∂θᵀ
lnL3p(θ, p)

=
n∑
i=1

δimi

(1− p)(p+ (1− p)FX(ti;θ)) ∂2

∂θ∂θᵀFX(ti;θ)− (1− p)2( ∂

∂θ
FX(ti;θ))2

(p+ (1− p)FX(ti;θ))2

+
n∑
i=1

δi(1−mi)(1− νi)
∂2

∂θ∂θᵀ
lnFX(ti;θ)

+
n∑
i=1

(1− δi)
∂2

∂θ∂θᵀ
ln (1− FX(ti;θ)),
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∂2

∂θ∂p
lnL3p(θ, p) =

n∑
i=1

−δimi

∂

∂θ
FX(ti;θ)

(p+ (1− p)FX(ti;θ))2
,

∂2

∂p2
lnL3p(θ, p) =

n∑
i=1

−δimi
(1− FX(ti;θ))2

(p+ (1− p)FX(ti;θ))2

+
n∑
i=1

−δi(1−mi)νi(
1

p2
)

+
n∑
i=1

−δi(1−mi)(1− νi)
1

(1− p)2

+
n∑
i=1

−(1− δi)
1

(1− p)2
.

• Scenario 3 with the reparameterization φ:

∂2

∂θ∂θᵀ
lnL3(θ, φ) =

∂2

∂θ∂θᵀ
lnL3p(θ, p),

∂2

∂θ∂φ
lnL3(θ, φ) =

∂2 lnL3p(θ, p)

∂θ∂p

dp

dφ
,

∂2

∂φ2
lnL3(θ, φ) =

∂2 lnL3p(θ, p)

∂p2

(
dp

dφ

)2

+
∂ lnL3p(θ, p)

∂p

d2p

dφ2
,

where dp
dφ

= eφ

(1+eφ)2
and d2p

dφ2
= eφ−e2u

(1+eφ)3
.

In reliability analysis, the focus is not usually on the estimation of the model parameters

but on the estimation of some reliability indices such as the mean time to failure (MTTF ),

the quantiles of the lifetime distribution and reliability function (i.e., probability that a

randomly selected unit survives until a specific time t). Here, for illustrative purposes, we

focus on estimating MTTF of the non-defective units, denoted as

MTTF = E(X) = g(θ),
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where X is the random variable of the lifetime of non-defective units, and g(·) is a real

function. Hence, the MLE of MTTF can be obtained as M̂TTF = g(θ̂). Note that the

methodologies described below can be easily modified for the other reliability indices since

those indices can also be expressed as functions of the model parameters.

Based on the asymptotic properties of the MLE, M̂TTF is asymptotically distributed

as normal with mean MTTF and variance V ar(M̂TTF ). Since the asymptotic variance-

covariance matrix of the model parameters can be obtained, we can apply the delta method

(see, for example, Meeker and Escobar, 1998) to obtain an estimate of the asymptotic vari-

ance of M̂TTF , i.e.,

V̂ ar(M̂TTF ) = ∇g(θ̂)ᵀΣ̂∇g(θ̂),

where Σ̂ is Σ̂1(θ̂) and Σ̂2(θ̂) defined in Eqs. (3.4) and (3.5) for Scenario 1 and 2, respectively,

and Σ̂3, 11(θ̂, φ̂) defined in Eq. (3.6) for Scenario 3. Since MTTF is non-negative, in order

to ensure a non-negative lower confidence limit for MTTF , Bishop et al. (2007) suggested

a log-transformation approach to construct the confidence interval for MTTF by assuming

that ln M̂TTF is asymptotically distributed as normal with mean lnMTTF and variance

V ar(ln M̂TTF ). Once again, we can use the delta method to obtain an estimate of the

asymptotic variance of ln M̂TTF as

V̂ ar(ln M̂TTF ) =
V̂ ar(M̂TTF )

M̂TTF
2 .

Let ŜE(ln M̂TTF ) =

√
V̂ ar(ln M̂TTF ) be the standard error of ln M̂TTF . Then, a

100(1− τ)% confidence interval for MTTF of non-defective items can be constructed as

(M̂TTF · e−z τ2 ŜE(ln M̂TTF )
, M̂TTF · ez τ2 ŜE(ln M̂TTF )

),

where zτ is the 100τ -th upper percentile of the standard normal distribution.
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Under Scenario 3, when we are aware of the existence of defectives and the proportion

of defectives is unknown, we can also consider the interval estimation of the mean time to

failure of all units (i.e., including the defective units) and interval estimation of the defective

proportion p. To distinguish the mean time to failure of non-defective units, we denote

MTTFp as the mean time to failure of all units including defectives. We have

MTTFp = (1− p)MTTF = gp(θ, p),

where gp(·, ·) is a real function of θ and p. Thus, the MLE of MTTFp is M̂TTFp =

(1− p̂)M̂TTF = gp(θ̂, p̂). With the reparameterization φ, we have

MTTFp = (1− logit−1(φ))MTTF = gφ(θ, φ),

where gφ(·, ·) is a real function of θ and φ. Thus, the MLE of MTTFp is M̂TTFp =

(1− logit−1(φ̂))M̂TTF = gφ(θ̂, φ̂). The estimate of the asymptotic variance of MTTFp can

be obtained as

V̂ ar(M̂TTFp) = ∇gφ(θ̂, φ̂)ᵀΣ̂3(θ̂, φ̂)∇gφ(θ̂, φ̂).

An estimate of the asymptotic variance of ln M̂TTFp can be obtained by the delta method

as

V̂ ar(ln M̂TTFp) =
V̂ ar(M̂TTFp)

M̂TTFp
2 .

Let ŜE(ln M̂TTFp) =

√
V̂ ar(ln M̂TTFp) be the standard error of ln M̂TTFp. Then, a

100(1− τ)% confidence interval for MTTFp can be constructed as

(M̂TTFp · e−z
τ
2
ŜE(ln M̂TTFp)

, M̂TTFp · ez
τ
2
ŜE(ln M̂TTFp)

).
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As for the interval estimation for p, let V̂ ar(φ̂) = Σ̂3, 22(θ̂, φ̂) defined in Eq. (3.6), and

ŜE(φ̂) =

√
V̂ ar(φ̂) be the standard error of φ̂. A 100(1− τ)% confidence interval for φ can

be constructed as

(φL, φU) = (φ̂− z τ
2
ŜE(φ̂), φ̂+ z τ

2
ŜE(φ̂)),

and hence, the corresponding 100(1− τ)% confidence interval for p is

(
eφL

1 + eφL
,

eφU

1 + eφU

)
.

3.3.2. Bayesian Estimation

Under the Bayesian framework, we consider that the unknown model parameters are

random variables that follow some prior distributions. In this section, we discuss the Bayesian

estimation method for the one-shot device testing data with defectives by assuming the

defective proportion p is a random variable and imposing a prior distribution on p.

3.3.2.1. Point estimation

When there is informative prior information about the defective proportion, we can use

Bayesian estimation method to estimate the defective proportion p. In practical applications,

the proportion of defectives is usually small (says < 5%) for a stable manufacturing process.

Therefore, one can consider a prior distribution with probability density concentrated near 0.

In this section, we restrict our focus on putting a prior on the defective proportion in order

to study the effect of the prior information on the performance of estimation procedures for

Scenario 3. Note that one can also impose a prior distribution on the parameter vector θ

and perform the corresponding Bayesian analysis.

In the following subsections, we describe the beta prior distribution for p and the way to

select the hyper-parameters in the prior distribution.
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3.3.2.2. Beta prior for defective proportion

We consider the beta distribution with parameters a and b, denoted as Beta(a, b), as the

prior distribution of p. The probability density function of the Beta(a, b) prior distribution

for p is

π(p) =
pa−1(1− p)b−1

B(a, b)
,

where B(a, b) =
∫ 1

0
ua−1(1 − u)b−1 du = Γ(a)Γ(b)

Γ(a+b)
is the beta function. With the beta prior,

the posterior distribution of p can be expressed as

π(p|θ, x) = Cpa−1(1− p)b−1

n∏
i=1

{
[p+ (1− p)FX(ti;θ)]mi [pνi [(1− p)FX(ti;θ)]1−νi ]1−mi

}δi
[(1− p)(1− FX(ti;θ))](1−δi), (3.7)

where C is a constant that does not depend on the parameter p and θ. The logarithm of

the posterior distribution of p is

lnπ(p|θ, x) = lnC + (a− 1) ln p+ (b− 1) ln(1− p)

+
n∑
i=1

δimi ln (p+ (1− p)FX(ti;θ)) +
n∑
i=1

δi(1−mi)νi ln p

+
n∑
i=1

δi(1−mi)(1− νi)[ln (1− p) + ln (1− FX(ti;θ)]

+
n∑
i=1

(1− δi)[ln (1− p) + ln (1− FX(ti;θ))]. (3.8)

Maximizing Eq. (3.8) with respect to p and θ gives the posterior mode of p and an estimate

of θ.
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3.3.2.3. Selection of the hyper-parameters in the beta prior

For p ∼ Beta(a, b), we have the mode and variance of the random variable p as

Mode(p) =
a− 1

a+ b− 2

and

Var(p) =
ab

(a+ b)2(a+ b+ 1)
,

respectively. Here, we propose to determine the hyper-parameters a and b when the mode

and the variance of the prior distribution of p are fixed.

Suppose we have accurate prior information on p, we consider setting Mode(p) = p0. For

a preset value c for the variance of p, i.e., V ar(p) = c, we have the following equations in

terms of a and b:

ca3 + (c(7p0 − 3)− p2
0(1− p0))a2

+(2p0 − 1)(c(8p0 − 3)− p2
0)a+ c(2p0 − 1)2(3p0 − 1) = 0, (3.9)

b =
(1− p0)a+ 2p0 − 1

p0

. (3.10)

For specific values of p0 and c, by solving Eqs. (3.9) and (3.10), we can obtain the values of

the hyper-parameters a and b.

3.3.2.4. Interval Estimation

The interval estimation for MTTF and MTTFp in the Bayesian framework can be ob-

tained by using the normal approximated confidence intervals described in in Section 3.3.1.2.

A 100(1− τ)% credible interval for p, denoted as (pL, pU) can be obtained by computing

the 100(τ/2)-th and 100(1−τ/2)-th percentiles of the posterior distribution of p in Eq. (3.7),
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i.e., solving the following equations for pL and pU :

Pr(p < pL) =

∫ pL

0

π(p|θ, x) dp =
τ

2
,

Pr(p < pU) =

∫ pU

0

π(p|θ, x) dp = 1− τ

2
.

3.4. Illustration: Gamma Distributed Lifetime

In this section, we illustrate the statistical inferential methods described in the previous

sections by assuming that the one-shot devices have gamma distributed lifetimes with pa-

rameter vector θ = (α β) and k = 2. In other words, we assume that the lifetime of the

i-th one-shot device, if it is not a defective, follows a gamma distribution with the shape

parameter α and the scale parameter β (denoted as Xi ∼ Gamma(α, β)) with pdf

fX(x;θ) =
1

Γ(α)βα
xα−1 exp

(
−x
β

)
, x > 0,

and cdf

FX(x;θ) =
1

Γ(α)
γ

(
α,

x

β

)
, x > 0.

Based on the observed data (ti, δi), i = 1, 2, . . . , n, the log-likelihood functions for dif-

ferent scenarios with gamma distributed lifetimes are given as follows.

• Scenario 1:

lnL1(θ) =
n∑
i=1

δi

[
ln γ

(
α,

ti
β

)
− ln Γ(α)

]
+

n∑
i=1

(1− δi)
[
ln Γ

(
α,

ti
β

)
− ln Γ(α)

]
. (3.11)
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• Scenario 2:

lnL2(θ) =
n∑
i=1

δimi ln

p0 + (1− p0)
γ
(
α, ti

β

)
Γ(α)


+

n∑
i=1

δi(1−mi)νi ln p0

+
n∑
i=1

δi(1−mi)(1− νi)
[
ln (1− p0) + ln γ

(
α,

ti
β

)
− ln Γ(α)

]
+

n∑
i=1

(1− δi)
[
ln (1− p0) + ln Γ

(
α,

ti
β

)
− ln Γ(α)

]
. (3.12)

• Scenario 3 with parameter p:

lnL3p(θ) =
n∑
i=1

δimi ln

p+ (1− p)
γ
(
α, ti

β

)
Γ(α)


+

n∑
i=1

δi(1−mi)νi ln p

+
n∑
i=1

δi(1−mi)(1− νi)
[
ln (1− p) + ln γ

(
α,

ti
β

)
− ln Γ(α)

]
+

n∑
i=1

(1− δi)
[
ln (1− p) + ln Γ

(
α,

ti
β

)
− ln Γ(α)

]
.

• Scenario 3 with parameter φ:

lnL3(θ, φ) =
n∑
i=1

δimi ln

logit−1(φ) + (1− logit−1(φ))
γ
(
α, ti

β

)
Γ(α)


+

n∑
i=1

δi(1−mi)νi ln
[
logit−1(φ)

]
+

n∑
i=1

δi(1−mi)(1− νi)
[
ln (1− logit−1(φ)) + ln γ

(
α,

ti
β

)
− ln Γ(α)

]
+

n∑
i=1

(1− δi)
[
ln (1− logit−1(φ)) + ln Γ

(
α,

ti
β

)
− ln Γ(α)

]
. (3.13)
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The MLEs of the parameters α, β, and φ, denoted as α̂, β̂, and φ̂, respectively, can be

obtained by maximizing the corresponding log-likelihood functions in Eqs. (3.11)–(3.13) for

Scenario 1–3. The MLE of the parameter p can be obtained as p̂ = logit−1(φ̂). The second

derivatives of the log-likelihood functions involved in the observed Fisher information matrix

and the asymptotic variance-covariance matrix for the MLEs are presented in Appendix A.

For Xi ∼ Gamma(α, β), MTTF and MTTFp are

MTTF = g(θ) = αβ

and MTTFp = gφ(θ, φ) = αβ(1− logit−1(φ)),

respectively. From Section 3.3.1.2, we can obtain

V̂ ar(ln M̂TTF ) =

(
1

α̂

1

β̂

)
Σ̂

 1
α̂

1

β̂

 ,

where Σ̂ is Σ̂1(θ̂) defined in Eq. (3.4) for Scenario 1, Σ̂2(θ̂) defined in Eq. (3.5) for Scenario

2, and Σ̂3, 11(θ̂, φ̂) defined in Eq. (3.6) for Scenario 3.

We can also obtain

V̂ ar(ln M̂TTFp) =

(
1

α̂

1

β̂
− logit−1(φ̂)

)
Σ̂3(θ̂, φ̂)


1
α̂

1

β̂

−logit−1(φ̂)

 .

Then, the confidence intervals for MTTF and MTTFp can be constructed by using the

formulas provided in Section 3.3.1.2.

To further illustrate the statistical inferential procedures proposed in Sections 3.2 and 3.3

for gamma distributed lifetimes, we present here a numerical example based on the simulated

one-shot device testing data when the lifetime distribution is Gamma(4, 8). We consider
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the inspection time points at 20, 35 and 50, and 100 units are inspected at each inspection.

We simulate the data with the proportion of defectives p = 0.01, 0.1, and masking rate

w = 0, 0.5, 0.8, 0.9, 1.0. The detailed information of the simulated one-shot device testing

data is shown in Table 3.1. In this numerical example, the true value for MTTF is 32 and

the true values of MTTFp are 31.7 and 28.8 for p = 0.01 and p = 0.1, respectively. For

the Bayesian inference described in Section 3.3.2, we consider beta prior distributions for p

with the mode equal to the true value of p, and variance c = 0.005 (denoted this kind of

beta priors as π1) and c = 0.0002 (denoted this kind of beta priors as π2). Based on the

maximum likelihood and Bayesian methods described in Section 3.3, the point estimates

of MTTF , MTTFp, and p, and the corresponding 95% confidence/credible intervals under

different scenarios are computed. These results are presented in Table 3.2.

From Table 3.2, we observe that the maximum likelihood estimation method is unable to

give useful point and interval estimates for the defective proportion p = 0.01 and the masking

rate w ≥ 0.80. Moreover, the MLEs and Bayes estimates of MTTF and MTTFp can be

very different when the masking rate w ≥ 0.80. To further investigate the performance of the

point and interval estimation methods discussed in this chapter, we conduct a comprehensive

Monte Carlo simulation study in Section 3.5.
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Table 3.1: One-shot device testing data simulated from Gamma(4, 8) for p = 0.01, 0.10 with
w = 0.0, 0.5, 0.8, 0.9, 1.0

Inspection No. of No. of No. of No. of No. of No. of

p w Time Units Inspected Left-Censored Right-Censored Defectives Masked Units Masked Defectives

0.01 0.00 20 100 23 77 1 0 0

35 100 54 46 0 0 0

50 100 88 12 1 0 0

0.50 20 100 25 75 2 10 1

35 100 70 30 0 33 0

50 100 85 15 0 39 0

0.80 20 100 28 72 0 24 0

35 100 60 40 2 44 1

50 100 88 12 0 74 0

0.90 20 100 31 69 3 29 3

35 100 66 34 0 64 0

50 100 92 8 0 79 0

1.00 20 100 28 72 0 28 0

35 100 70 30 0 70 0

50 100 90 10 0 90 0

0.10 0.00 20 100 21 79 9 0 0

35 100 78 22 6 0 0

50 100 86 14 10 0 0

0.50 20 100 33 67 5 16 1

35 100 59 41 8 26 3

50 100 93 7 8 48 3

0.80 20 100 27 73 8 23 7

35 100 68 32 13 54 10

50 100 85 15 10 67 8

0.90 20 100 33 67 11 29 9

35 100 68 32 8 62 8

50 100 86 14 11 79 9

1.00 20 100 24 76 4 24 4

35 100 71 29 12 71 12

50 100 87 13 13 87 13
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3.5. Monte Carlo Simulation Study

In this section, a Monte Carlo simulation study is used to evaluate the performance of

the proposed estimation procedures under different settings when the lifetime distribution

of the one-shot devices is assumed to be gamma.

3.5.1. Simulation Settings

Following the simulation settings used by Balakrishnan and Ling (2014b), we also con-

sider different inspection time points in order to investigate the impact of early and late

inspections on the performance of estimation procedures. The parameters of the gamma

distributions for the non-defective units and the inspection time points considered in the

simulation study are presented in Table 3.3. We also plot the gamma distributions with

the inspection time points in Figure 3.2. We consider 100 units to be inspected at each in-

spection, with the defective proportion p = 0.01, 0.02, 0.05, 0.10, 0.20, and masking rate

w = 0.00, 0.25, 0.50, 0.60, 0.70, 0.80, 0.85, 0.90, 0.95, 1.00 in the simulation study. For

each simulated one-shot device testing data set, the point estimates and the 95% confi-

dence/credible intervals of the model parameters, MTTF , and MTTFp based on the maxi-

mum likelihood estimation and Bayesian estimation method are computed. For the Bayesian

estimation, we consider beta prior distributions for p discussed in Section 3.3.2.3 with vari-

ance c = 0.005 (we denote this kind of beta priors as π1) and c = 0.0002 (we denote this

kind of beta priors as π2). For each setting, we use 5000 simulations to estimate the biases

and mean squared errors (MSEs) for the point estimation methods, as well as the coverage

probabilities (CPs) and average widths (AWs) for the interval estimation methods. The

results are presented in Tables 3.4–3.17.
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Table 3.3: Distributions and Inspection Time for Monte Carlo Simulation

Non-defective distribution Inspection time (IT)

Gamma(4, 8) (20, 35, 50)

(12, 35, 50)

(20, 35, 65)

(12, 35, 65)

Gamma(1.405, 40.477) (10, 30, 50)

Gamma(1.405, 66.686) (15, 50, 85)

Gamma(1.405, 24.533) (20, 80, 140)

Figure 3.2: Gamma distributions and the inspection time points used in the Monte Carlo
simulation study
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3.5.2. Discussions

3.5.2.1. Point estimation

In this subsection, we compare the results for point estimation under the three different

scenarios. Since masking is not considered in Scenario 1, the biases and MSEs are not

affected by the masking rate w. In Scenario 2, we assume that the true value of the defective

proportion p is known. Therefore, the biases and MSEs of the estimates under Scenario 2

are the smallest in general and can be considered as a benchmark for comparative purposes.

From Tables 3.4–3.7, when comparing the biases and MSEs of the MLEs of MTTF under

Scenarios 1 and 2, we observe that ignoring the existence of defectives in the analysis (i.e.,

Scenario 1) when p = 0.01 introduce slightly larger biases in estimating MTTF while the

MSEs are similar to those under Scenario 2. When p ≥ 0.02, it is clear that the simulated

biases and MSEs of the MLEs of MTTF under Scenario 1 are larger than the case when

defectives are considered in the analysis (i.e., the results under Scenarios 2 and 3). Moreover,

the larger the true value of p, the larger the differences of the biases and MSEs of under

Scenario 1 and those under Scenarios 2 and 3. From Tables 3.8–3.10, we observe that

Scenario 1 gives smaller biases when p ≤ 0.02. For p ≤ 0.02, Scenario 1 has smaller MSEs

than Scenario 3 when w ≥ 0.85. These results indicate that unless the defective proportion

is very small (says, ≤ 0.01), ignoring the existence of defectives may introduce serious errors

in estimating MTTF of the one-shot devices.

When comparing the biases and MSEs of the MLEs under Scenarios 2 and 3 (i.e., the

defective proportion is known and unknown), from Tables 3.4 – 3.7, we observe that for

p ≤ 0.02 and the masking rate w ≤ 0.80, the biases and MSEs of the MLEs of MTTF under

Scenario 3 are close to the corresponding values under Scenario 2. When 0.85 ≤ w ≤ 0.95, the

simulated biases of the MLEs of MTTF under Scenario 3 are close to those under Scenario 2,

but the simualted MSEs under Scenario 3 are slightly larger than those under Scenario 2. For

example, in Table 3.4, for the case that the underlying lifetime distribution is Gamma(4, 8),

when the defective proportion p = 0.01 and masking rate w = 0.9, the simulated bias and
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MSE for the MLEs of MTTF under Scenario 3 with the maximum likelihood method are

0.046 and 1.812, respectively, while the simulated bias and MSE for the MLEs of MTTF

under Scenario 2 are 0.042 and 1.688 respectively. In the situation that whether a failed unit

is defective or not is completely masked (i.e., w = 1), the simulated biases of the MLEs of

MTTF under Scenario 3 are significantly higher than those under Scenario 2. For example,

in Table 3.4, for the case that the underlying lifetime distribution is Gamma(4, 8), when

p = 0.01 and w = 1, the simulated bias and MSE of the MLEs of MTTF under Scenario 3

with the maximum likelihood method are 1.698 and 9.609, respectively, while the simulated

bias and MSE of the MLEs of MTTF under Scenario 2 are 0.058 and 1.768, respectively.

Similar conclusion can be drawn from Table 3.8– 3.10.

For the effect of masking rate in the performance of the MLEs of MTTF , MTTFp and

p, we observe that for w ≤ 0.80, the masking rate only affects the performance of the MLEs

of p in general. For w ≤ 0.80, as we expected, the smaller the masking rate, the smaller the

simulated biases and MSEs of the estimates of p in most cases. For 0.85 ≤ w ≤ 0.95, the

simulated MSEs of the MLEs of MTTF and MTTFp get larger compared to those cases

with w ≤ 0.80. For the case of complete masking (i.e., w = 1), both the simulated biases

and MSEs of the MLEs of MTTF , MTTFp and p are significantly higher. For example, in

Table 3.4, for the case that the underlying lifetime distribution is Gamma(4, 8), for p = 0.1,

when w = 0.85, the simulated bias and MSE of the MLEs of MTTF under Scenario 3

with the maximum likelihood method are 0.039 and 2.773, respectively; when w = 0.95,

the simulated bias and MSE of the MLEs of MTTF under Scenario 3 with the maximum

likelihood method are 0.124 and 4.793, respectively; when w = 1, the simulated bias and

MSE of the MLEs of MTTF under Scenario 3 with the maximum likelihood method are

1.100 and 12.594, respectively.

For the Bayesian estimation method, since informative priors are considered, the per-

formance of the Bayesian estimates is better than the MLEs in general. The prior with a

smaller variance c (i.e., π2) gives better estimates for p and estimates of MTTF compared to

the prior π1 in terms of MSEs. For prior π1, when the masking rate is high, larger biases are
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introduced in the Bayesian estimates while the MSEs stay at a similar level. For example,

in Table 3.8, for the case that the underlying lifetime distribution is Gamma(1.405, 24.533),

when p = 0.01 and w = 1, the simulated bias and MSE for MTTF for the Bayesian estimates

with prior π1 are 0.405 and 9.359, respectively; the simulated bias and MSE for the Bayesian

estimates with prior π2 are 0.325 and 9.185, respectively; while the simulated bias and MSE

under Scenario 2 (which can be considered as a benchmark as we mentioned before) are

0.325 and 9.186, respectively. One interesting observation is that for the estimation of the

defective proportion p, the performance of the Bayesian estimates for prior π2 is reasonably

well, which may be due to the fact that the informative prior is dominant when there is a

lack of information about defectives in the observed data.

When studying the effect of the inspection time points, we observe that an extremely

early inspection time point will decrease biases and MSEs in the estimation of MTTF and

p when w is close to 1 for Scenario 3 with the maximum likelihood method. For example,

in Tables 3.4 and 3.5, for the case that the underlying lifetime distribution is Gamma(4, 8),

when p = 0.02 and w = 1, the simulated bias and MSE of MLEs of MTTF under Scenario

3 are 1.656 and 10.061 for inspection time points (20, 35, 50), while the simulated bias and

MSE of MLEs of MTTF under Scenario 3 are 0.659 and 4.019 for inspection time points

(12, 35, 50); the simulated bias and MSE of MLEs of p under Scenario 3 are 0.068 and 0.015

for inspection time points (20, 35, 50), while the simulated bias and MSE of MLEs of p under

Scenario 3 are 0.014 and 0.002 for inspection time points (12, 35, 50).

3.5.2.2. Interval estimation

In this subsection, we compare the results for interval estimation under the three different

scenarios with different settings in terms of the coverage probabilities and average widths.

Once again, the results under Scenario 2 can be treated as a benchmark for the comparisons.

From Tables 3.11–3.17, for Scenario 1, we observe that the simulated coverage proba-

bilities of the confidence intervals for MTTF are close to the nominal level when p ≤ 0.02

and the simulated coverage probabilities decrease as p increases in most of the settings. The
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average widths are consistent and close to that of Scenario 2. For Scenario 3 with the max-

imum likelihood estimation method, the simulated coverage probabilities of the confidence

intervals for MTTF are close to or above the nominal level except for the cases when the

masking rate w is close to 1 in most of the settings.

For the effect of masking rate in the performance of the interval estimates, we observe

under Scenario 3 that the simulated coverage probabilities of the confidence intervals of

MTTF based on the maximum likelihood method are close to the nominal level 95% and

the simulated average width for the confidence intervals of MTTF based on the maximum

likelihood method are close to those values under Scenario 2 when w ≤ 0.80. For masking rate

w ≥ 0.85, the simulated coverage probabilities drop below the nominal level and there is an

increase in the average widths of the confidence intervals for MTTF based on the maximum

likelihood method. For the case with complete masking (i.e., w = 1), the simulated coverage

probabilities of the confidence intervals for MTTF based on the maximum likelihood method

drop and the average widths increase significantly. Under the same setting, the simulated

coverage probabilities and average widths for the confidence intervals of MTTFp based on

the maximum likelihood method are usually better. For example, in Table 3.11, for the case

that the underlying lifetime distribution is Gamma(4, 8), for p = 0.05, when w = 0.95, we

have CP = 0.919 and AW = 6.536 for the confidence intervals of MTTF , respectively; while

we have CP = 0.948 and AW = 5.816 for the confidence intervals of MTTFp, respectively;

when w = 1, we have CP = 0.815 and AW = 12.413 for the confidence intervals of MTTF ,

respectively; while we have CP = 0.893 and AW = 8.996 for the confidence intervals of

MTTFp, respectively.

Once again, since informative priors are used for the Bayesian interval estimation method,

the simulated coverage probabilities and average widths for the credible intervals of MTTF

are consistent for different masking rates w, especially when the prior distribution π2 which

has a smaller variation is used. In contrast with the confidence intervals of MTTF , MTTFp

and p based on the maximum likelihood estimation method, the corresponding interval

estimation based on the Bayesian approach has advantages over the maximum likelihood
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estimation method when the masking rate is closer to 1. For example, in Table 3.11, for the

case that the underlying lifetime distribution is Gamma(4, 8), when p = 0.05 and w = 1, the

simulated coverage probability and average width of the confidence intervals of MTTF based

on the maximum likelihood method are CP = 0.815 and AW = 12.413, respectively; the

simulated coverage probability and average width of the credible intervals of MTTF based

on Bayesian method with prior π1 are CP = 0.938 and AW = 5.381, respectively; and the

simulated coverage probability and average width of the credible intervals of MTTF based

on Bayesian method with prior π2 are CP = 0.948 and AW = 5.378, respectively. The ad-

vantage of the Bayesian method in interval estimation over the maximum likelihood method

is more obvious for estimating the defective proportion p as the coverage probabilities of the

confidence intervals of p based on the maximum likelihood method can be lower than 80% in

some cases. For example, in Table 3.11, for p = 0.05 and w = 1, the simulated coverage prob-

ability and average width of the confidence intervals of p based on the maximum likelihood

method are CP = 0.736 and AW = 0.779, respectively; the simulated coverage probability

and average width of the credible intervals of p based on Bayesian method with prior π1

are CP = 0.991 and AW = 0.135, respectively; and the simulated coverage probability and

average width of the credible intervals of MTTF based on Bayesian method with prior π2

are CP = 1.000 and AW = 0.053 , respectively.

To investigate the effect of inspection time points on the performance of the interval es-

timation procedures, we observe that an extremely early inspection time point may decrease

the average width in Scenario 3 with the maximum likelihood when w is close to 1. For

example, in Tables 3.11 and 3.12, for the case that the underlying lifetime distribution is

Gamma(4, 8), when p = 0.01 and w = 1, the simulated average width of the confidence

intervals of MTTF based on the maximum likelihood method is 11.693 for inspection time

points (20, 35, 50), while the simulated average width of the confidence intervals of MTTF

based on the maximum likelihood method is 7.562 for inspection time points (12, 35, 50).

For the maximum likelihood estimation method, an extremely early or late inspection time

may also increase the coverage probabilities when the masking rate is close to 1. For example,
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in Tables 3.11–3.14, for the case that the underlying lifetime distribution is Gamma(4, 8),

when p = 0.01 and w = 1, the simulated coverage probability of the confidence intervals

of MTTF based on the maximum likelihood method is 0.846 for inspection time points

(20, 35, 50), while the simulated coverage probabilities of the confidence intervals of MTTF

based on the maximum likelihood method are 0.898, 0.869, and 0.911 for inspection time

points (12, 35, 50), (20, 35, 65) and (12, 35, 65), respectively.

3.6. Concluding Remarks

In this chapter, we study the analysis of one-shot device testing data when some of the

devices are defectives. Three different scenarios based on the knowledge of the defective

proportion are considered. Moreover, for the scenario that the defective proportion is un-

known, we also consider different masking rates to reflect different levels of information we

can obtain on whether a failed one-shot device is defective or not.

For point and interval estimation of the model parameters and those related reliability

indices, the maximum likelihood estimation method and the Bayesian estimation method

are proposed. The methodologies are illustrated by considering the lifetimes of the one-

shot devices that are gamma-distributed. Based on our extensive simulation study, we

observe that ignoring the existence of defectives when the defective proportion is larger

than 2% will introduce errors in the estimation of the mean lifetime of those non-defective

units. Therefore, the methods developed in this chapter can be useful in practice when the

experimenter or data analyst suspects that there are defectives in the manufacturing process.

In addition, we also observe that applying an informative prior with the Bayesian estimation

method on the defective proportion can provide an advantage in the accuracy in both point

and interval estimation, especially when the masking rate is close to or equal to 1.
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Chapter 4

Proposed Research Directions

4.1. Reparameterization of the generalized gamma distribution

In the model fitting of the three-parameter generalized gamma distribution, we observe

that even though the parameter estimates obtained from different methods are quite dif-

ferent, the fitted density based on different sets of parameter estimates give similar fitted

probability density functions. We illustrate this point by using a simulated data set with

n = 200 observations from generalized gamma distribution GG(15, 3, 5) with a censoring

proportion 54%. The parameter estimates obtained from direct optimization method, SEM

algorithm, and EM algorithm are (0.74, 0.988, 32.2), (2.54, 1.30, 19.3) and (20.2, 3.86, 2.52),

respectively. The fitted probability density functions based on the parameter estimates ob-

tained from these three methods are plotted in Figure 4.1. From Figure 4.1, we observe that

although the values of parameter estimates are quite different, the fitted probability density

functions are similar.

For this reason, we propose to further investigate the estimation of parameters for gen-

eralized gamma distribution with the reparameterization proposed by Prentice (1974) and

revisited by Cox et al. (2007), which has the probability density function as

f(x;λ, σ, β) =
|λ|

σxΓ(λ−2)

[
λ−2

(
e−βx

)λ
σ

]
exp

{
−λ−2

(
e−βx

)λ
σ

}
, x > 0 (4.1)

This parameterization may also relieve the difficulty in computing MLEs of the model pa-

rameters.
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Figure 4.1: Fitted probability density functions (pdfs) based on a simulated data from
generalized gamma distribution GG(15, 3, 5) with a censoring proportion 54%

4.2. Accelerated life tests for one-shot device testing with defectives

Accelerated life tests (ALTs) are often used to obtain lifetime information of highly

reliable products within a reasonable testing time. The test units are run some higher-

than-usual levels of stress (e.g., temperature, voltage, pressure, etc.) to induce early failures

(El-Din et al., 2016). For data obtained from an ALT, we can apply the estimation methods

proposed in this thesis to study the lifetime distribution and the reliability of the one-shot

devices testing with defectives.
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4.3. Optimal testing planning for one-shot devices when defectives are involved

Based on the results obtained in Chapter 3, we observe that when some of the one-shot

devices are defectives, the performance of statistical point and interval estimation procedures

depends on the defective rate and the masking rate. If we consider that it is possible to find

out if a one-shot device that failed at the inspection is defective or not (e.g., through an

autopsy of the failed unit) and there is a cost involved in this process, then it will be of

interest to determinate an optimal testing planning for one-shot devices with defectives

when there is a cost constraint. Specifically, suppose the experimenter wants to control

the variance of MTTF estimates below a prefixed value V , the cost of inspecting a unit is

CI , the cost of finding out a one-shot device failed at the inspection is defective or not is

CD, when there are N one-shot devices available for the experiment with inspection time

points (t1, t2, . . . , tK) and masking rate w, then the expected cost of this experiment can be

expressed as

CD(1− w)
K∑
k=1

Pr(X < ti) + CIN.

For a fixed value of N , V and the cost constraint C, one can determine the optimal inspection

time points and masking rate w by solving the following optimization problem:

minCD(1− w)
K∑
k=1

Pr(X < ti) + CIN < C

such that V ar(M̂TTF ) < V.

Further investigation of the optimal experimental planning problem will be of interest.
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Appendix A

Appendix

A.1. Derivatives related to the cdf of a gamma distribution
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A.2. Derivatives related to the incomplete gamma functions

A.2.1. Lower incomplete gamma function
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A.2.2. Upper incomplete gamma function
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