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Extrusion-based multi-functional additive manufacturing (AM) has been a rapidly developing 

area in AM recently. Particulate composites are widely used in this area to provide different 

functionalities with different types of particulate additives. However, there is no systematic 

understanding of the behavior of particulate composites during extrusion (especially in small 

nozzles) or of their properties once deposited in the build. This work investigates the properties of 

the type of particulate composites usually used in additive manufacturing, composed of a polymer 

matrix material and particulate additives within the micrometer scale. The focus is on the material 

rheology in the nozzle/capillary (for the particulate suspension in the liquid phase), and its 

electrical resistivity (at solid phase) when the particles are electrically conductive. 

A capillary rheometer with replaceable capillaries of inside diameter (ID) from 0.3302 to 4.572 

mm was designed and built to quantify the rheology of materials with different particle sizes (29.9 

and 41.9 μm) and volume fractions (10% to 40%). Silicone based material was used as a substitute 

for melted thermoplastic (as would normally be used for the composite matrix material in AM 

applications) since both have non-Newtonian shear thinning properties, but the silicone material 

could be used at room temperature. The experimental measurements for the silicon-particle 

suspensions showed power law rheological behavior for all suspensions considered. Hence, the 

flow behavior (𝑛) and consistency (𝐾) indices were used on to describe the materials’ rheology. 
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Particle volume fraction (𝜑) and the ratio of capillary ID to the particle mean diameter (𝜔) were 

found to be the key factors impacting the rheology. The flow behavior index 𝑛 was found to be 

only dependent on 𝜑 for a suspension with the same suspension fluid and it was modeled as a 

linear function of 𝜑. The flow consistency index, 𝐾, was found to follow similar trends with 𝜔 for 

different 𝜑 , with larger 𝜑  suspensions showing stronger variations with 𝜔 . Based on the 𝐾 

behavior, the rheology was categorized into two regimes: the free flow condition and the particle 

interaction condition. The value of 𝜔 at the boundary between these two conditions was found to 

decrease with 𝜑. A semi-empirical model of 𝐾 for the free flow condition was constructed as a 

function of 𝜑 and 𝜔 based on a statistical analysis of particle location coupled with the assumption 

that particles closer to the wall have a stronger influence on the rheology. An model of 𝐾 for 

particle interaction condition was also formulated as a function of 𝜑 and 𝜔 to capture the observed 

increasing 𝐾 with decreasing 𝜔.   Because of insufficient theoretical foundation and data, the 

model incorporated an empirical power law behavior to capture the overall trend. Jamming was 

observed as 𝜔 decreased and the 𝜔 when jamming occurred was also analyzed and modeled. The 

influence of particle size distribution was assessed by comparing results for two different particles 

with different distributions. Particles with a wider size distribution caused a higher 𝐾 and and 

appeared to have a higher probability of jamming, which was explained by the assumption that 

larger particles dominate the interactions among particles. 

Electrical behavior of composites was investigated using composites made of thermoplastic 

matrix material and conductive particulate additives.  Two matrix materials were used and 

micrometer-scale silver-coated nickel spheres were used as the particulate additive with particle 

volume fractions of 20% to 30%. The electrical resistivity of extruded filaments of these materials 

was investigated under stress relaxation and linear-ramp strain loading conditions.  The tested 
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materials showed stress-strain behavior typical of a Maxwell viscoelastic material. Using the 

quantum tunneling model to describe conductivity between adjacent particles (which dominate the 

material resistivity) indicated the composite resistivity was impacted by the matrix material type 

and the distance between adjacent particles (for a given particle type). Hence, the resistivity was 

analyzed and modeled by concentrating on these two factors. At a given nominal strain under the 

same loading conditions, the inter-particle distance was only impacted by particle volume fraction. 

When mechanical variable loads/strains were applied, resistivity was modeled based on the 

hypothesis that the change in the mean inter-particle distance was proportional to the cubic root of 

volume change, which is determined by the strain and Poisson's ratio for the tested material. 

Different matrix materials were also tested and showed that the resistivity followed the same 

relationship with particle volume fraction and mechanical load, but with different magnitudes, 

when different matrix materials were used. 

Using the results of this investigation, the manufacturing process of extrusion-based AM can 

be improved by optimizing the extruder nozzle ID and particulate composite formulation without 

preliminary tests. Jamming can also be avoided. The composite formulation tuned to achieve the 

desired electrical behavior with few preliminary tests before utilization in AM and other possible 

applications.  
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1. CHAPTER 1 INTRODUCTION AND BACKGROUND 

 

1.1 Additive Manufacturing 

Additive manufacturing (AM), colloquially known as 3-D printing, was first invented in 

1980’s [1]. Ever since then, it has been developing quickly and playing an increasingly vital role 

in manufacturing technologies [1]. Presently, it is a progressively more popular topic in the media 

and the public, mainly resulting from three reasons. First, its special features and advantages over 

traditional manufacturing technologies intrigues the public as well as industry and academia. 

Second, the main patent for AM has recently expired and companies are flooding into this area 

resulting in more rapid innovation. Third, due to recent technological developments, many of these 

methods can be utilized at reasonable costs [2,3].  

As its name suggests, AM produces products by adding material(s). In the most prevalent 

approach, AM builds up parts one layer at a time based on a 3-D model developed in computer 

aided design software or produced by 3-D scanning. AM can be divided into several types based 

on how the solid layers are generated. Fused deposition modeling (FDM) extrudes a thermoplastic 

from a nozzle and deposits it at an elevated temperature, after which it solidifies to form a solid 

layer. Stereo lithography (SLA) uses a vat of photopolymer resin.  A light source (laser) is used to 

cure selected regions of each layer into a solid so that successive solid layers form the desired 

shape. Selective laser sintering (SLS) uses metal or ceramic powders to form layers via powder 

bed fusion, with the fusion accomplished using a laser as a localized heating source.  Finally, there 

is binder jetting, in which the powders are connected by the injected binder to form a layer [2, 3].  
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Additional methods exist and are being developed, but they generally draw from the foundation 

laid by those noted here. 

Though the layer forming methods are different, the main principle of all AM technologies is 

the same, decomposing the 3-D object to 2-D layers or paths and building up the layers one on 

another to attain the final object/component. Based this principle, AM has already made important 

contributions to manufacturing capabilities in terms of the design, fabrication, and distribution of 

the manufactured products [3]. Designs previously regarded as impossible or too difficult to 

manufacture with traditional methods may be readily manufactured by AM. The process planning 

is simplified as parts can be directly built from the data of the 3-D models. Products including 

wearable devices and personal medical devices,  such as hearing aids, neck braces, etc., may be 

customized by AM with a lower acceptable price, making mass customization feasible in many 

cases. Additionally, products demanding high-stability, high-cost, and long-duration 

transportation can be transported as design data and fabricating material, and then fabricated at the 

location by AM, which decreases the cost and time, and changes the supply chain. 

Benefitting from these advantages, the AM marketplace has already increased from $3.07 

billion in 2013 to $11.58 billion in 2019. What’s more, studies suggest the future revenue will be 

increased at a compound annual growth rate exceeding 14% from 2020 to 2027 [4, 5, 97]. Some 

researchers even predict that it is possible that in 2030, the market share of additive manufacturing-

produced articles (products, components) versus conventionally produced articles will be 

significant (10%) across all industries [6]. 

However, to really achieve the goals of simplifying increasingly complex designs, allowing 

active component fabrication (instead of passive, static components), and finally reshaping the 
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manufacturing world, there are still many challenges to overcome [3, 7].  A brief overview of key 

existing challenges is presented below: 

1) The competition between printing time and accuracy. The height of one layer in AM has one 

of the highest impacts on both the accuracy and manufacturing time of the product, namely, 

decreasing the layer height can improve accuracy, but at the cost of significantly increasing the 

manufacturing time. No universally applicable solution has been developed for this challenge. 

2) The limited types of printable materials. The number of materials readily usable in AM is 

continuously increasing but remains limited. Many functional materials are not available or 

matured in AM. For example, magnetic and thermo-conductive materials are available in 

polymer AM, however, their property range is very limited.  

3) Size limitation. The size range of products fabricated by AM is limited.  Although progress is 

being made, AM of very large or Nano scale products is still an active research area. 

4) Cost of manufacturing. The costs of products are still higher than those from conventional 

methods in most areas.  

5) Software versatility. Working with multiple materials or other non-standard approaches 

requires flexible software to interface between the design and AM system.  Some companies 

such as Autodesk and Microsoft and some other open source researchers have started to work 

on this area but the software is not mature. 

1.2 Particulate Composites and their Application in Additive Manufacturing 

Among the challenges existing in AM, one of the most meaningful is finding the materials to 

satisfy different functional requirements. For example, for additive manufacturing of electrical 

systems, electrically conductive materials must be investigated, but they must be produced with 

dielectric materials to allow for electrical isolation of the conductive pathways.  For 
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electromagnetic actuators, both electrically conductive, and magnetic materials are required. 

Additionally, biocompatibility of materials is relevant for implantable components and prosthetics. 

Given the importance of material variety to AM, researchers have investigated different materials 

to contribute to AM, including metal, ceramic, polymer resins, composite materials, etc. [9]  

A popular way to manipulate material properties of common materials is to formulate 

particulate composites. These composites are made of at least two kinds of materials. One material 

is used as the binder to provide structural support and the other one or more materials can be used 

as filler to provide required properties such as electrical conductivity, thermal resistivity, magnetic 

permeability, etc. The combination of different materials can be used to optimize the properties of 

the composite and attain the required function, typically with greater ease than inventing a totally 

new material.  

There has been a lot of recent activity with composite materials in AM. For example, Miriyev 

et al. [13] printed a soft actuator working like natural muscle with stretchable piezo electric 

composites. Wehner et al. [14] printed a robot octopus with moving limbs made from particulate 

composites (silicone matrix material with different nanoparticle additives) that were hydraulically 

controlled by fugitive and catalytic fluids. Sun et al. [15] printed a Li-ion battery. Coronel et al. 

[16] printed some circuit boards with conductive composites using a system of printing methods 

integrated with a robot arm. Tibbits et al. [17] printed shape-morphing structures with cellulose 

composites, which is also described as 4-D printing. Leigh et al. [18] printed the gaming die with 

an embedded processor and accelerometer. Ding et al. [60] printed multiple 3-D transforming 

structures with a ferromagnetic material. The LAMRA lab (author’s group) at SMU has also 

printed many items with composite materials in the Fiber Encapsulation Additive Manufacturing 

(FEAM) Project [19-22], which will be discussed next.  
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1.3 Fiber Encapsulation Additive Manufacturing (FEAM) 

FEAM is a novel AM process that permits the printing of electromechanical and electronic 

devices within a single affordable machine. To realize the full capabilities of FEAM, three types 

of materials are necessary in the printing process: matrix materials to provide basic structure and 

serve as dielectric encapsulation, fibers (a typical copper wire in FEAM) to provide electricity and 

electrical signal transmission, and functional materials to provide desired functionalities. A 

prototype FEAM machine to print these types of materials is shown in Figure 1.1. With this 

approach, some interesting active components have been printed as shown in Figure 1.2 [18].  

 

Figure 1.1  Prototype FEAM machine (a) and Isometric view of the FEAM kinematic mount and 

build platform (b) 

 o  le Point

 uild Platform  direction

Stage

Rotary Stage

  direction Stage

(a) (b)
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Figure 1.2 FEAM products: capacitor force sensor (a) and solenoid actuator (b) 

In FEAM, matrix materials are printed via the traditional FDM method. Hence, materials such 

as polylactic acid (PLA), polyvinyl ether (PVE), and acrylonitrile butadiene styrene (ABS) can be 

used as matrix materials. Also, to fabricate some soft components, a special mini-screw extruder 

[91,92] was developed to print stretchable materials such as thermoplastic elastomer (TPE). 

Within the matrix material(s), FEAM enables fibers to be printed simultaneously. A feeder and 

cutter, as shown in Figure 1.3, are used to achieve this goal. Fiber is fed into the hypodermic tube 

from a spool using the roller system. The drive roller is driven by a stepper motor. The idler roller 

is spring-loaded with adjustable tension to prevent the slippage and deformation. A razor blade 

between two tubes near the end of the feeder and cutter is used to cut the fiber. The cutting is 

actuated by a solenoid. To position the fiber in the printing part accurately, the sharp angle on the 

end of the feeder and cutter is used to keep the hypodermic tube in close proximity to the nozzle 

orifice. Due to the small inner diameter of the hypodermic tubes (207 m) compared with the fiber 

diameter (127 m), a cut wire segment will push the segment in front until it finally exits the final 

hypodermic tube [20, 93].  

(a) (b)
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Figure 1.3 FEAM wire feeder and cutter: concept design (a) and bottom view (b) 

During the extrusion of the fiber, the extrudate of the matrix material from the nozzle solidifies 

over the fiber and locks the fiber in place as Figure 1.4. This allows for fiber traces to be insulated 

and placed in arbitrary directions. To enhance printing speed, compressed air was delivered for 

cooling and solidifying the matrix material quickly after extrusion. 

 

Figure 1.4 Fibers in FEAM: diagram of fiber and extrudate (a) and copper wires printed in the 

same layer (b) 
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Additionally, to accurately position the fiber within the extruded material, different open loop 

control algorithms were compared for a range of printing conditions [93]. Using the FEAM 

method, a variety of embedded continuous fibers were printed, as shown in Figure 1.5.  

 

Figure 1.5 Helical coils printed with continuous fiber on the FEAM printer in round (a) and 

rectangular (b) geometries. 

To enable more complex devices and circuits to be fabricated, one of key requirements is 

creating robust and reliable electrical junctions between encapsulated wires (and electrical 

components), as shown in Figure 1.6 (a). The wires or the wire and electrical elements to be 

connected may lie in the same layer or in adjacent layers. Hence, the junctions can be categorized 

into two types, inter-layer and intra-layer junctions. An inter-layer junction is where wires lie in 

neighboring layers as shown in Figure 1.6 (b). An intra-layer junction is one in which two or more 

wires lie in the same layer as shown in Figure 1.6 (c).  

(a) (b)
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Figure 1.6 Electrical junctions: printed sample (a), inter-layer design diagram (b), and intra-layer 

design diagram (c) 

Several different types of materials for creating junctions were tested and analyzed, including 

solder, solder paste, and different kinds of custom-formulated electrically conductive polymer 

composite (ECPC, a type of particulate composite), illustrated in Figure 1.7 (a) [22]. ECPC 

formulated using TPE, hot glue, and hard wax binder materials were investigated and compared. 

The electrical resistivity of ECPC varied dramatically with different particle volume fraction, with 

resistivity dropping rapidly beyond a specific volume fraction corresponding to the percolation 

(b)

(a)

Polymer E P Wire

Layer   1

Layer  

(c)

Layer  

Polymer E P Wire



 

10 

 

threshold. Some theories and models based on quantum tunneling impacts have been proposed to 

describe and explain the conductive behavior.  Variable electrical resistivity was also observed 

under mechanical loading (details are presented in section 3.1). 

Another goal of FEAM is to print reliable actuators. To achieve this, custom-formulated soft 

magnetic composite (SMC, a type of particulate composite) as shown in Figure 1.7 (b) was created 

with iron particles and wax to provide magnetic permeability. 

 

Figure 1.7 Particulate composites in FEAM: ECPC (a) and SMC (b) 

 

1.4 Aims and Scope of this Work 

During development of methods for printing ECPC and SMC with FEAM, a range of 

interesting behaviors were revealed during extrusion:  

1) The behavior of the material extrusion varied dramatically when the material type or the 

volume fraction of the materials varied;  

(a) (b)
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2) Separation of the matrix and powder material occurred during extrusion under some processing 

conditions;  

3) Strong variation of the required properties with different volume fraction of particles;  

4) The extruder could be blocked and the device might be damaged when some combination of 

composites were used at some extrusion speeds.  

Looking deeper into these behaviors and the available literature, it was apparent that particulate 

composites are mostly tested by direct experiments, and extruded based on experience. Little 

theoretical or systematic research has been done on the behavior of the composite flow inside the 

extruder (details are presented in section 2.1), indicating that further understanding of this process 

would be valuable for effective utilization of ECPC and SCM in AM. 

Concerning the electrical properties, unstable/variable electrical conductivity was discovered 

for the parts printed with ECPC. Following some initial tests with ECPC it was found that, besides 

the impact of particle volume fraction, similarities between resistivity and strain, stress, and rate 

of strain were also observed when the ECPC was subjected to dynamic loading conditions. The 

behavior could not be fully explained based on available models. Some models even give a trend 

opposite to the test results (details are presented in section 3.1). Circuits and electronic components 

may be damaged if the electrical power is chosen and applied from the inaccurate models and 

reliability is also a concern. Alternatively, the dynamic material variations can allow the material 

to be used as a sensor if the relation between the electrical conductivity and dynamic motion are 

modeled accurately. Hence, further investigation of the electrical conductivity of ECPC under 

different dynamic conditions is warranted.   

In summary, the purpose of the work is to investigate the physics of particulate composite flow 

in a nozzle and assess the quality of the resulting particulate composites with regard to electrical 
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properties and their relationship with mechanical behavior. Using this background, the printing 

process for particulate composites can be better optimized to avoid defects such as clogging and 

the part quality and properties can be better controlled to satisfy the design requirements.  

In this work, the investigation of particulate composite flow rheology is presented in Chapter 

2. Current theories and models in related areas are presented in section 2.1. Design and setup of 

the experiments to mimic and investigate the working conditions of AM are presented in section 

2.2. Experimental results are presented in section 2.3. Parameters impacting the rheology are 

analyzed in section 2.4. Models are also discussed and presented in this section. Based on those 

work, a conclusion of the rheology of the type of material is presented in section 2.5.  

The investigation of ECPC electrical conductivity is presented in Chapter 3. Background and 

introduction of materials similar to ECPC are presented in section 3.1. Design and setup of the 

experiments to investigate ECPC electrical conductivity on different static/dynamic conditions are 

presented in section 3.2. Experimental results are presented in section 3.3. Parameters impacting 

the electrical conductivity are analyzed in section 3.4. Models are also discussed and presented in 

this section. Conclusions regarding the behavior of the electrical conductivity of ECPC is 

presented in section 3.5. 

An overall conclusion and assessment of future work of both the material rheology and 

electrical conductivity is presented in Chapter 4. The applications of the models in AM and other 

possible use scenarios are also discussed and presented. 

Experimental data and related calculations are also provided in the appendices. 
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2. CHAPTER 2 RHEOLOGY OF PARTICULATE COMPOSITES 

 

An essential element of particulate composites for additive manufacturing is their flow 

behavior (rheology), as this directly impacts the printing process as well as the solidification and 

the final part quality. Once the particulate composite rheology is understood and can be 

tailored/controlled, the other aspects can be more easily controlled and optimized. 

Flow of polymers such as thermoplastic melts and resins are generally non-Newtonian. The 

rheology of the pure non-Newtonian flow (without particles) is mainly influenced by the type of 

material, shear rate, and temperature. When particles are added, the situation is even more 

complex. The new factors may include particle mean size and size distribution, particle volume 

fraction, and particle shape. Additionally, for extrusion processes the nozzle/capillary ID also has 

an impact on the apparent rheology as particles can induce dramatic resistance (e.g., jamming) as 

tube diameter decreases.  

To assess the impact of particles on rheology in particle laden flows of non-Newtonian fluids, 

the present chapter reviews existing models for particle laden Newtonian fluids and experiments 

with non-Newtonian particle laden fluids are presented and discussed. 

2.1 Current Theories and Models 

Though particulate composites have been utilized in AM for many years without thorough 

investigation (as described in Chapter 1.2), related investigations for particle laden flows and 

suspensions in Newtonian fluids have been conducted for over 100 years as flow properties of 

suspensions are also an important topic in chemical reactions, the mining industry, and slurry 

transport [27, 101, 102, 103, 104]. Those investigations considered many factors including 

different types of particles and a range of Reynolds’ number. Though the applications are generally 
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different, there are still many similarities between the existing investigations and this work. It is 

worthwhile to review the existing theories and models. 

Available literature [such as 24-39] presents hundreds of equations trying to express relative 

viscosity of different types of suspensions in Newtonian fluids. Most of them are focused on the 

impact of particle volume fraction, with different kinds of considerations and limitations. To 

simplify the discussion, the equations are categorized into four types of equations and 

combinations of these based on their functional form(s): linear models, polynomial models, power 

law models, and exponential models. Several representative models are listed in Table 2.1 and 

discussed as examples below. In Table 2.1, 𝜑 is the volume fraction, 𝑑 and 𝑑𝑚𝑜𝑙 are the particle 

and molecule diameters, 𝐿𝑐ℎ𝑎𝑟 is the characteristic length of the system such as tube diameter for 

a pipe flow (𝑑𝑚𝑜𝑙 ≪ 𝑑 ≪ 𝐿𝑐ℎ𝑎𝑟). 

Table 2.1 Significant relative viscosity models for particulate suspensions. 

Author(s)/Time  Type Equation 

Einstein [24] 1906 linear  μ = μ0(1  2.5𝜑) 

Jeffrey [25] 1922  linear μ = μ0(1  𝐴𝜑) 

Guth, Eugene, & 

Simha [26] 1936 
polynomial μ = μ0(1  2.5𝜑  14.1𝜑

2) 

Vand [27] 1948  exponential μ = μ0exp(
2.5𝜑  2.7𝜑2

1 − 0.609𝜑
)   

Mooney [28] 1951  exponential μ = μ0exp (
2.5𝜑

1  𝑘𝜑
)   

Simha [29] 1952  polynomial μ = μ0(1  1.5𝜑(1  (1  (25𝜑/4𝑓
3)… )) 

Brinkman [30] 1952 power law μ = μ0
1

(1 − 𝜑)[μ]
 

Krieger & Dougherty 

[31] 1959 
power law 

μ = μ0
1

(1 −
𝜑
𝜑𝑀
)
[μ]𝜑𝑀
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Ford [32] 1960  polynomial μ = μ0(1  2.5𝜑  11𝜑
5 − 11.5𝜑7) 

Thomas [33] 1965  mixed μ = μ0(1  2.5𝜑  10.5𝜑
2  0.00273exp (16.6𝜑)) 

Bournonville & 

Nzihou [37] 2002 
power law μ = μ0 [1  

𝐷

�̇�𝐸

𝜑𝑣
𝜑𝑀

(1 −
𝜑
𝜑𝑀
)
]

𝐺

 

Snapati [38] 2009  power law μ = μ0
10𝐶𝑈
𝑑50

[1  
[𝜇]

�̇�0.4
(

𝜑

𝜑𝑚 − 𝜑
)]

3.5

 

Blissett [39] 2013  mixed μ = μ0 (1 −
𝜑

𝜑𝑀
)
−[μ]𝜑𝑀

 𝑚(𝜑)𝛾𝑛(𝜑)−1 

 

The first relative viscosity equation was developed by Einstein in 1906 [24] and has a linear 

dependence on the particle volume fraction. The linear equation only considers the no-slip 

boundary condition over the particle sphere in purely laminar flow and the allowable particle size 

and volume fraction range are very limited.  Building on this result, Jeffrey considered the shape 

of the particles, including a variable multiplier 𝐴 that is 2.5 when the particles are spherical (to 

match Einstein’s result) and increases to as large as 10 when the particles are more ellipsoidal [25]. 

To increase the accuracy of these models, researchers utilized three methods: adding polynomial 

terms, changing the model into exponential functions, or using power law functions.  

Considering polynomial expressions, in 1936 Guth, Eugene, and Simha [26] increased the 

polynomial order to second-order allowing for an increased range of applicability up to 𝜑 = 0.2. 

The coefficient of the second-order term, 14.1, was determined from a method of successive 

reflection, which assumes that the disturbance of flow around a first sphere is compensated by an 

additional flow around a second sphere in order to fulfill the continuity equation and nonslip 

boundary condition at the sphere’s surface.. Simha [29] increased the accuracy further in 1952 by 

including more terms and adding the semi-empirical parameter 𝑓 to fit dilute suspensions. Ford 
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[32] worked on low/moderate concentration suspensions and increased the accuracy to the seventh 

order in 1960.  

Taking a different approach, in 1948 Vand [27] derived an exponential function from the 

Navier-Stokes’ equations considering the effect of adding an incremental volume fraction of 

spheres, 𝑑𝜑, and accounting for the interactions of particles using the same method of successive 

reflection as Guth, Eugene, and Simha [26]. In 1951, Mooney [28] developed a similar model by 

considering two successive additions of monodisperse spheres to a pure fluid, accounting for 

possible hydrodynamic interactions and the mutual crowding effects of the two sphere populatoins 

on each other with an experimentally attained parameter 𝑘 (“crowding factor”) where 1.35 < 𝑘 <

1.91.  

In 1952, Brinkman [30] developed a power law model for relative viscosity, however, the 

original model is limited to the special case of infinite polydispersity (meaning the maximum 

particle volume fraction, 𝜑𝑀, is equal to 1).  Krieger & Dougherty [31] improved this model by 

considering the ma imum fraction of the particles by introducing Mooney’s concept of “crowding 

factor”. In 1984, Wildemuth [36] introduced a parameter considering shear rate dependent 

maximum volume fraction. (When the particles are not spherical, the particle orientation is 

impacted by the shear, resulting in a different maximum volume fraction.) In 2002, Bournonville 

& Nzihou [37] introduced three adjustable parameters to allow for the applicability at very high 

(~106𝑠−1 ) and low (~0.01𝑠−1) shear rate. In 2009, Snapati [38] introduced two adjustable 

parameters considering the effects of median particle size and particle size distribution. 

In addition, some researchers tried to use mixed expressions to determine the relative viscosity. 

Thomas [33] introduced an empirical exponential term to a second-order polynomial model to fit 

the tested data. However, no theoretical explanations were provided for the exponential term, and 
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the model still has a 13% error when the particle volume fraction is 0.5. Blissett [39] introduced 

two adjustable parameters to allow for a wider range for 𝜑 (from 0.1 to 0.7) and shear rate (from 

2 to 200 𝑠−1). However, the two adjustable parameters are correlated with four other suspension 

dependent constants that must be obtained through curve fitting.  

All models described in Table 2.1 are based on suspensions in Newtonian fluids, which means 

the adjustable parameters are determined by the particles. However, when the fluid used in the 

suspension is non-Newtonian, the relative viscosity can be affected by both the fluid properties 

and the particles and these may interact with each other. The coupled factors can make the viscosity 

model more complex.  

There are some investigations on polymer melt (shear thinning) suspensions [40-45]. Kataoka, 

Kitano, Sasahara, & Nishijima [42-44] applied Mooney’s model to polymer melt suspensions to 

calculate relative viscosity of the suspension and suspension fluid under the same shear stress and 

improved it with another adjustable parameter to apply to polymer melts containing a suspension 

of short fibers [45]. The applicable range of 𝜑 in their model was limited (only 𝜑 = 10% was 

investigated). The model was compared with data obtained using a rotational rheometer, which 

made it unreliable (as will be discussed in Section 2.2.1).  

The models of suspensions in both Newtonian and non-Newtonian fluids relate that with higher 

particle volume fraction, the materials change from a fluid-like to a solid-like state, which is a 

phase change called the jamming transition. Because of the similarities between the jamming 

transition and the glass transition, a model has been formulated based on the schematic model of 

glass transition [87]. Also, microfluidic rheology and viscoplasticity have been utilized to analyze 

the material behavior near the jamming transition [83, 84]. 
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However, much of the work on jamming behavior has a narrow focus such as the point where 

jamming occurs [75], and how to jam and unjam using vibratory excitation [76]. Many other 

significant factors in the target application of additive manufacturing (AM), including the effects 

of capillary inner diameter (ID), particle size and size distribution on jamming, and the flow 

behavior before jamming were not investigated. Additionally, most of the work utilizes shear 

thickening material [75-78]. However, most of the materials used in AM are shear thinning. 

Given the lack of detailed models for rheology of particulate suspensions in non-Newtonian 

fluids and of information about the approach to the jamming transition in shear-thinning fluids, 

the present investigation focuses on these aspects of particulate suspensions in non-Newtonian 

fluids.  

2.2 Rheology Experiment Design and Setup 

To quantify the impact of particle and fluid properties on the particulate suspension rheology 

experimentally, it is essential to test the suspension rheology when different combinations of fluid 

and particles are utilized. To this end, an appropriate rheometer and materials must be selected.  

2.2.1. Rheometer Design 

Two types of rheometers commonly utilized in scientific and industrial analyses are the 

rotational and capillary rheometers.  A rotational rheometer is usually made up of two plates, or 

other similar geometries such as a cone and a plate or concentric cylinders as Figure 2.1. Sample 

materials are loaded inside the geometries between the spinning and fixed elements. A torque is 

applied to the spinning component to generate a rotational shear stress on the material. Resulting 

shear rate is measured. Based on the shear rate and shear stress, the rheology can be determined. 
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Figure 2.1 Schematic diagram of rotational rheometers with the geometries of two plates (a), a 

cone and a plate (b), and concentric cylinders (c) 

A capillary rheometer is made up of a capillary tube or pipe of well-defined dimensions as in 

Figure 2.2. Materials are extruded through the tube under pressure. When the material flow rate is 

controlled, the pressure drop across the tube is measured. With enough different flow rates and 

pressure drops, shear stresses and shear rates can be calculated numerically, and the rheology can 

be determined. 

spinning plate

spinning cylinder

static plate static plate

static cylinder

(a) (b) (c)

spinning cone
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Figure 2.2  Schematic diagram of capillary rheometer 

Rotational rheometers are sophisticated and capable measurement systems.  They can provide 

large shear rate/stress test ranges, direct shear measurements, and provide measurements for a 

range of shear rates and temperatures (when heating is applied) very rapidly.  Nevertheless, a 

rotational rheometer is not appropriate for the present investigation and a capillary rheometer is 

used.  There are several reasons for this choice. 

First, the materials to be measured are particulate suspensions. If rotational movement is 

applied, the centrifugal effects can displace the particles radially. Thus, the particle volume 

fraction will be different at different positions within the measurement system and the measured 

results would not represent the desired particulate suspension. 

Second, in additive manufacturing the material is extruded through small-diameter nozzles. 

Especially with particles of diameter similar to the nozzle size, the nozzle size may impact the 
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flow behavior. Using capillaries of sufficiently small inner diameter (ID) can mimic the conditions 

of additive manufacturing and help quantify the impact of nozzle diameter on printing behavior.  

To investigate capillary ID (𝐷, as shown in Figure 2.2) effects, it is necessary for the capillary 

of the rheometer to be replaceable. However, rheometers currently in the market do not meet this 

requirement, especially when 𝐷 is required to be around 1 mm or smaller to mimic the additive 

manufacturing process. Hence, a rheometer with replaceable capillaries was designed and built.  A 

schematic and photo of the rheometer is shown in Figure 2.3.  

 

 

Figure 2.3 Rheometer schematic (a) and the actual system (b) 
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In the designed testing system, a motorized linear stage (OpenBuild C-Beam® Linear Actuator 

Bundle and NEMA 23HS22-2804S-PG47 Stepper) with multiple syringes of 1 mL to 60 mL 

capacity were used to drive the flow.  The capillaries were steel needles or seamless tubes with 

different lengths and 𝐷  as shown in Error! Reference source not found..2. Pressure transducers 

(PX61V1-1KGI and PX61v1-100GI) were used to measure the inlet pressure to the capillaries. 

Multiple connection and support parts were also used to build the rheometer.   

During a test, the stepper motor actuated the linear stage (connected to the syringe plunger) to 

set the flow rate of the suspension through the capillary. Once the fluid arrived at steady state, the 

inlet pressure to the capillary was collected from pressure transducer. (The flow exited the capillary 

as a free jet.)  Using the pressure data at different flow rates and the capillary dimensions, the 

rheology on different shear rates was determined using standard methods [88]. Details of the 

calculation method are discussed in Section 2.2.3. 

In the experiments, it was found that the contraction at the entrance of the capillary and fluid 

developing region impacted the measured pressure drop along the capillary significantly. To 

account for the inlet effect, capillaries with the 𝐷 and different lengths were used as Figure 2.4.  

With the same flow rate 𝑄, the pressure drops ∆𝑃1 and ∆𝑃2 were measured when capillaries with 

two lengths 𝐿1  and 𝐿2  were used. Then pressure drop ∆𝑃 in the fully developed region 𝐿 was 

obtained from their difference, where ∆𝑃 = ∆𝑃1 − ∆𝑃2, and  𝐿 = 𝐿1 − 𝐿2.  

Based on the capillary dimensions, preliminary tests, and computational results for non-

Newtonian pipe flow [105], the entrance length for the flows considered (
𝐿𝑒𝑛𝑡𝑟

𝐷
≤ 0.64) was less 

than 𝐿2. Hence, all the flow in the region 𝐿 can be considered fully-developed. To simplify the 
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discussion, all the results in the later sections are the pressure drop ∆𝑃 in the fully-developed 

region 𝐿.  

 

Figure 2.4  Schematic diagram (a) and actual parts (b) of the capillaries with length 𝐿1 and 𝐿2  

In FEAM, the nozzle ID is typically in the range of 0.5 mm to 2 mm with particle mean 

diameter (𝑑) in the range of 0.010 mm to 0.325 mm. To mimic the flow behavior and collect 

enough data to investigate the impact of 𝜔 ≡ 𝐷/𝑑 (the ratio of capillary ID to particle mean size), 

capillaries were selected as shown in Table 2.2 and particles were selected as given in Table 2.3 

(b) (details are presented in Section 2.2.2) based on preliminary tests.  
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Table 2.2 Rheometer Capillaries Used (values given in mm)1 

𝑫  0.3302 0.4064 0.6096 0.8382 1.36 1.73 2.01 3.05 3.861 4.572 

𝑳𝟏  50.8 50.8 101.6 101.6 217 214.5 263 357 499 595.5 

𝑳𝟐  28.57 34.22 54.15 57.79 175 124 214.5 176 298.5 334.5 

𝑳  22.23 16.58 47.45 43.81 42 90.5 48.5 181 200.5 261 

2.2.2. Material Selection 

In FEAM, the printing material is a mixture of metal powders and thermoplastic polymer. 

However, since the rheology of the particulate composite flow is dependent only on the physical 

properties (there is no chemical reaction), different materials can be used in this investigation. 

Because high temperatures are required to extrude thermoplastic polymers and the rheometer 

developed for this investigation didn’t have the capability to accommodate such temperatures, a 

shear thinning silicone polymer was used as the base material in the composite blends instead of 

polymer melts. To investigate the impact of the suspension fluid type, a Newtonian fluid was also 

tested for comparison purposes.  Details for the suspension fluids are provided in Table 2.3 (a). 

Two types of glass beads (Table 2.3 (b)) were used in this investigation instead of metal 

particles used in typical ECPC. This approach was for convenience by lowering the cost and 

allowing testing of a broader range of parameters. To check the particles used in ECPC have the 

same impact on the suspension rheology, the metal particles used in ECPC (Table 2.3 (b)) was 

also used for limited number of tests.  

 

 
1 Capillary IDs are from the manufacturer datasheets except for 1.36, 1.73, and 2.01 mm, which are measured with a 

digital caliper (Mitutoyo 500-197-30) as the values from the datasheet were inaccurate. 
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Table 2.3 Rheology Experiment Materials  

(a) Suspension fluids 

Newtonian:  95% ADM corn syrup 42/43 and 5% water mixer (volume fraction), referred 

to as “A M” throughout 

Non-Newtonian:  Momentive UV-Electro 225-1 Base, referred to as “UV 225-1” 

throughout 

 

(b) Particle 

Spheriglass® Solid Glass Microspheres A3000, referred to as “A3000” throughout 

Fibre Glast Microspheres 22, referred to as “FG22” throughout 

Potters Industry silver coated nickel SN08S40 (particle mean size 𝑑 = 10.00 m), referred 

to as “SN08S40” throughout 

As particle mean si e is a significant factor impacting the composites’ rheology, the mean si es 

of both types of glass beads were measured. Particles were imaged with a microscope (OLYMPUS 

BX60F-3 10 × 20), collecting 10 images of groups for each type of particle. A sample image is 

shown in Figure 2.5 (a). Particles in the pictures were visualized and identified with MATLAB as 

shown in Figure 2.5 (b). Over 2000 particles of each type were identified. Their size distributions 

were also obtained in this process. The results are summarized in Table 2.4 and Figure 2.6. 

According to the image results, the Spheriglass® Solid Glass Microspheres A3000 have a wider 

size distribution than the Fibre Glast Microspheres 22.  Given the significant difference between 

the manufacturer reported mean particle diameters and the measured particle diameters (Table 

2.4), the measured particle diameters will be used in the measurements and data analyses in the 

following. 
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Figure 2.5 Particles (A3000) under microscope (OLYMPUS BX60F-3 10 × 20) (a) and sphere 

recognition via MATLAB visualization of particles (b) 

Table 2.4 Particle size distribution summary 

Particle type FG 22 A3000 

Mean size from datasheet (𝛍𝐦) 70 35 

Measured mean size (𝛍𝐦) 41.9 29.9 

Measured max size (𝛍𝐦) 127.3 53.1 

Measured min size (𝛍𝐦) 5.4 2.3 

Particle count 2219 2272 

 

  

Figure 2.6 Particle size distributions for FG 22 (a) and A3000 (b) 

(a) (b)



 

27 

 

2.2.3. Experimental procedures 

The rheology measurements utilized the following test procedure: 

Material preparation. Particulate suspensions utilized here are classified according to the 

type of particle, suspension fluid, and the particle volume fraction. To prepare a suspension, a scale 

(Cole-Parmer Symmetry UX-20000-34) was used to measure the weight of the particles and 

suspension fluid. The required weight of each component was calculated according to their density 

and required particle volume fraction (accuracy within 0.5%). To make the particles uniformly 

distributed in the suspension fluid and eliminate the air bubbles, a Flacktek Speedmixer DAC 

150.1 FVZ-K was used to mix the suspension for around 5 minutes at a speed of 3000 rpm. 

Measurements for one test of a suspension. Testing a suspension with a capillary of the same 

𝐷 is defined as one test. In one test, five different flow rates were applied, the applied flow rates 

were offset by a factor of two in sequence to facilitate later calculations. The shear rate range was 

controlled to be in the range 0.5 to 50 𝑠−1 by adjusting the flow rates. The average inlet pressure 

was collected when the flow arrived at steady state.  Pressures for capillaries with two different 

lengths were used to find ∆𝑃 for a test as described in Section 2.2.1. Five tests of the same type 

were repeated on the same suspension. Averages of the pressure drops at each flow rate were used 

to evaluate the rheology. Examples of the accuracy and repeatability of results are illustrated in 

Appendix A.1. 

Calculate the rheology of the materials. With different flow rates, the wall shear stress  𝜏𝑤, 

wall shear rate  
𝑑𝑢

𝑑𝑟𝑤
, and viscosity 𝜇 can be calculated from the following four equations [12]:  

𝜏𝑤 =
𝑅

2𝐿
∆𝑃 (2.1) 
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𝑛 =

𝑑 (  (
𝑄
𝜋𝑅3

))

𝑑(  (𝜏𝑤))
 

(2.2) 

𝑑𝑢

𝑑𝑟𝑤
=
4𝑄

𝜋𝑅3
(
1

4
𝑛  

3

4
) (2.3) 

𝜇 =
𝜏𝑤
𝑑𝑢
𝑑𝑟𝑤

 
(2.4) 

For the suspensions tested, it was found that 𝑛  in Equation (2.2) was constant for the same 

suspension in a capillary with the same 𝐷 and could be determined by a linear fit of    (
𝑄

𝜋𝑅3
) vs 

  (𝜏𝑤). This is illustrated for a typical experiment in Appendix A.2. Thus, it can be concluded the 

suspensions follow a power law in which the shear stress can be described as  

𝜏 = 𝐾�̇�𝒏. (2.5) 

Here, 𝐾 is the flow consistency index and 𝑛 is the flow behavior index.  These two parameters are 

used to characterize the suspension rheology in the later chapters. For a power-law fluid, the 

Reynolds number can be computed as [29] 

𝑅𝑒 =
27−3𝑛

𝜋2−𝑛
(

𝑛

3𝑛  1
)
𝑛 𝑄2−𝑛𝐷3𝑛−4𝜌

𝐾
. (2.6) 

Among all the experiments, the maximum Reynolds number was determined to be 0.0061, so the 

flows were all laminar. 

2.2.4. Testing Conditions 

Using the rheometer and materials discussed above, rheology was collected for a range of 

suspensions and flow conditions. To quantify the impact of factors including particle volume 

fraction and 𝜔 = 𝐷/𝑑, experiments were conducted with the conditions listed in Table 2.5 Group 

1 to 3. Here not all the capillaries were used to test all the materials. However, enough capillary 



 

29 

 

IDs were used to quantify effects of interest. Details are presented in Section 2.3. As the cost of 

SN08S40 is expensive, this material was only tested with the selected particle volume fraction and 

capillaries listed in Table 2.5 Group 4. Matrix material UV 225-1 was also measured with the 

system, which gave the results  𝐾 = 93 Pa𝑛 ∙ s and 𝑛 = 0.816 [−]. 

Table 2.5 Configurations of tested suspensions.  

Group 

Number 

Suspensio

n Fluid 

Particle 

Type 
Nominal Particle Volume Fraction (%) 

Group 1 UV 225-1 A3000 10 20 30 40 

Group 2 UV 225-1 FG22 10 20 30 40 

Group 3 ADM FG22 30  

Group 4 UV 225-1 SN08S40 10 (capillaries with 𝐷 = 0.3302 and 0.8382 mm) 

2.3 Results 

2.3.1. Particulate Suspension Rheology General Behavior 

Based on the experiments described in Section 2.2, the flow consistency index 𝐾 and flow 

behavior index 𝑛 were obtained for the suspensions listed in Table 2.5. Results for both flow 

indices are shown in Figures 2.7 and 2.8. Suspensions with different formulations are indicated by 

symbols with different colors and shapes. Working conditions (𝜔 =
𝑅

𝑟
=
𝐷

𝑑
) are shown on the 

abscissa. The error bars represent the standard deviation of the results over the five tests at each 

condition. The example of calculations is presented in Appendix A.3. One key phenomenon is the 

data from Group 4 (brown symbols in Figure 2.7) matches the data for Group 1 and 2 for 𝜑 = 10%. 

The results for the glass spheres do not appear to be significantly different from the results for the 

silver coated nickel spheres. 
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Figure 2.7 Flow consistency index 𝐾  (Pa𝑛 ∙ s) (a) and flow behavior index 𝑛  (b) vs. ratio of 

capillary ID to particle mean size 𝜔 (experimental results for Groups 1, 2 and 4) with legend 

indications following the format: particle volume fraction – particle type 
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Figure 2.8 Flow consistency index 𝐾  (Pa𝑛 ∙ s) (a) and flow behavior index 𝑛  (b) vs. ratio of 

capillary ID to particle mean size 𝜔 (experimental results for Group 3) 

2.3.2. Flow Conditions as a function of 𝜔  

In Figure 2.7 and 2.8, a similar shape for the trend lines (dash lines) is observed for all cases 

tested.  A schematic illustration of the generic behavior is shown in Figure 2.9. The trend line 

shape stays the same with varied particle volume fraction, suspension fluid, and particle size, but 

seems to be shifted and scaled depending on particle type and volume fraction.  

 

Figure 2.9 Flow consistency index 𝐾 (a) and flow behavior index 𝑛 (b) vs. ratio of capillary ID to 

particle mean size 𝜔 
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The flow consistency index shows a strong dependence on 𝜔, while the flow behavior index 

appears indpendent of this parameter. Generally,  the flow consistency index shows three trends:  

approximately constant, decreasing, and increasing. Additionally, when the ratio is small enough, 

the capillary will be blocked by the particles, and the flow consistency index rapidly increases 

toward infinity. The physical reasons for these behaviors and the factors causing the trend lines to 

shift and scale are proposed and explored in the remainder of this chapter. 

2.4 Modeling Particulate Suspension Rheology  

Excluding jamming, the particulate suspension flow in the capillary maintains the same particle 

volume fraction and the suspension flows consistently. Thus, it is reasonable to conclude the 

particles inside the fluid will move with the same velocity as the fluid. The different flow behaviors 

prior to jamming can then be related to the different particle distributions for different 𝜑 and 𝜔. 

2.4.1. Flow Behavior Index (𝑛) 

As discussed in Section 2.3.2, 𝜔 has minimal effect on the flow behavior index 𝑛. The results 

in Figure 2.10 show that 𝑛 is a function only of the particle volume fraction 𝜑 and decreases with 

𝜑  increasing. On the other hand, 𝑛 = 1  for the particulate suspension with a Newtonian 

suspension fluid, regardless of 𝜑 (Figure 2.8(b)). This is also the case for all the relative viscosity 

models in Table 2.1 and the fluid itself. A model for the flow behavior index of the particulate 

suspension is described as  

𝑛 = 𝑛𝑓(1  𝑎𝜑) (2.7) 

where 𝑛𝑓 is the flow behavior index of the suspension fluid and 𝑎 is an adjustable parameter. For 

the Group 1 and 2 experiments, a least square fit of Equation (2.7) to the results gives 𝑎 = −0.23 ±

0.01. The results of this fit are shown in Figure 2.10 as the dotted line.  For a Newtonian fluid, 

𝑎 =  0, and in general, 𝑎 may depend on the suspension fluid.  
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Figure 2.10 Flow behavior index 𝑛 vs. particle volume fraction 𝜑 (experimental results for Group 

1 and 2). Error bars represent the standard deviations of all 𝑛 for each 𝜑 and the dotted line is the 

least squares fit of Equation (2.7) to the data. 

2.4.2. Conceptual Model for Flow Consistency Index (𝐾) 

Earlier work by the author [90] described the observed behavior for 𝐾  in terms of the 

interaction between the capillary wall and particles and the interaction between the particles 

themselves as illustrated in Figure 2.11. Four flow regimes were hypothesized and described as 

follows. 

When 𝜔  is larger than a specific value, ω𝑓𝑓𝑐 , there is enough space between particles or 

particles and the capillary wall, that the particles have minimal interaction with their surroundings 

and the suspension is in a free flow condition (“ffc”). Thus, 𝐾 is constant with minimal impact 

from the capillary tube. 
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When 𝜔 is between ω𝑝𝑖𝑐 and ω𝑓𝑓𝑐, interaction occurs between the particles and the wall. Since 

the wall is fixed, a key effect of the wall is to push particles away from it so that collisions with 

the wall tend to push particles into the center of the capillary. As a result, there is a higher 

concentration of suspension fluid near the wall, which tends to lower shear stress and the flow 

consistency index. In this 𝜔 range, the results suggest a smaller 𝜔 tends to strengthen the particle 

centering effect, resulting in a reduced flow consistency index. This condition is called the particle 

& wall interaction condition. 

When 𝜔 is between ω𝑗𝑐 (“jc” for jamming condition) and ω𝑝𝑖𝑐 (“pic” for particle interaction 

condition), there is not enough space for the particles to go smoothly through the capillaries. With 

smaller 𝜔, there is less channel space available relative to the particle size and it is easier for the 

particles to interfere with each other, which results in a larger flow consistency index. This is called 

the particle interaction condition.  

When 𝜔 is around ω𝑗𝑐 or smaller, particles begin to cluster and span the entire capillary. Then 

it is impossible to move the flow with the original pressure. The particles become fixed in place 

(the capillary becomes “blocked” with “jammed” particles) and no longer move with the fluid. 
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Figure 2.11 Categorization of flow conditions based on the hypothetical relationship between 𝜔 

and 𝐾 

To validate the hypothesis regarding particle distribution (in relation to the particle and wall 

interaction condition), some particle distributions inside the capillary for suspensions at the particle 

and wall interaction condition (ω =  43.01, 𝜑 = 30%, see Figure 2.7) were visualized via a 

micro-CT (SkyScan 1172 high-resolution desktop scanner at a resolution of 2.00 m). The sample 

was fabricated by extruding the suspension (with the addition of a curing agent) into transparent 

tubing and then curing the silicone polymer with a UV light to create a solid sample that could be 

further analyzed. There is minimal force generated during solidification so the particles can be 
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regarded as staying at the same position.  Figure 2.12 shows microscope images before and after 

solidification indicating the same overall structure before and after.  

Example cross-sections in both the radial and axial directions obtained from the micro-CT 

scans are shown in Figure 2.13. The darker holes are the particles, and the lighter regions are the 

silicone (fluid when it is a particulate suspension before solidification). Hence, the radial particle 

density distribution can be obtained by calculating the average of gray scale of the sample at 

different radial positions for all axial cross sections.  The result for this sample is shown in Figure 

2.14, which shows no dependence of the particle distribution on radial position within the 

measurement tolerance. Hence, it can be concluded that the particles are uniformly distributed 

inside the capilllary for the particle and wall interaction condition, instead of having a higher 

probability distribution away from the wall as posited in prior work [90].  

 

Figure 2.12 Particulate composite made of UV 225-1 and 30% FG 22 under microscope with a 10 

× 4.5 lens before (a) and after UV-light solidification (b) 

(a) (b)
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Figure 2.13 Cross sections of micro-CT scans of a particulate suspension (𝜔 =  43.01,𝜑 = 30%) 

in the axial (a) and radial (b) directions. 

 
Figure 2.14 Average gray scale of all micro-CT scan vs. position in the radial direction inside the 

particulate composite cylinder sample shown in Figure 2.13 (error bars represent the standard 

deviation of the gray scale tested at different positions with the same radius). 

To explain the flow behavior for a uniform particle distribution at large 𝜔 , analyses are 
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before 𝜔 = 𝜔𝑝𝑖𝑐. Considering jamming happens at the end of the particle interaction region and 

jamming results from the interaction among contacting particles, the jamming condtion can be 

regarded as part of the particle interaction condition. According to this new perspective, the flow 

conditions are recategorized into two types: the free flow condition characterized by minimal 

particle interaction (constant and decreasing 𝐾 with decreasing ω), and the particle interaction 

condtion characterized by non-negligible particle interaction (increasing 𝐾 with decreasing ω) 

that is bounded by particle jamming as 𝜔 → 𝜔𝑗𝑐, as illustrated in Figure 2.15. That is, the particle 

and wall interaction condition is eliminated and merged with the free-flow condition, and the 

jamming conditon is  merged with the particle interaction condition.  The details discussing the 

mechanisms of each reagion and how the suspension parameters impact 𝐾  are presented in 

separate sections below. 

 

Figure 2.15 Categorization of different flow conditions based on the statistical relationship 

between 𝐾 and 𝜔 
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2.4.3. Model of the Free Flow Condition 

Following the preceding discussion, the particulate suspension can be regarded as homogenous 

flow before jamming as illustrated in Figure 2.16 for the fully-developed region. For these 

conditions, the flow behavior can be described by  

𝜏𝑤 = 𝐾�̇�𝑤
𝑛 (2.8) 

𝐹 = 𝜏𝑤𝐴𝑐 = 𝐾�̇�𝑤
𝑛𝐴𝑐 (2.9) 

where 𝜏𝑤 and �̇� are the shear stress and shear rate caused in the flow at the capillary wall; 𝐾 and 

𝑛 are the particulate suspension consistency and behavior indexes, respectively; 𝐹 is the total shear 

force caused by the shear stress on the capillary wall; and 𝐴𝑐,  s the surface area. 

 

Figure 2.16 Schematic diagram of particulate suspension flow in the capillary for the fully-

developed region. 
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The total shear force is the result of the contributions from the individual suspension 

components.  Specifically, particles near the capillary wall influence the fluid flow near the wall 

by diverting flow between the wall and the particles.  Conversely, in regions where particles are 

further away from the wall, the force can be described by the effect of the fluid without considering 

the presence of particles.  This is illustrated in Figure 2.17. 

The total flow is the combination of the effects from regions (𝐴𝑖 ) where particles are 

influencing the flow near the wall and the rest of the capillary wall region where the fluid flow 

effects dominate.  Hence, the total force on the capillary wall can also be obtained as  

𝐹 =∑𝐹𝑖𝑚  𝐹𝑢𝑛 (2.10) 

where 𝐹𝑖𝑚 are the wall forces generated under the influence of particles near the wall and 𝐹𝑢𝑛 are 

the forces generated without particle influence.  

To describe the characteristics of wall flow with particle influence and without, the distance 

between the particle and the centerline of the capillary is defined as 𝑞. The radius of the inner 

boundary of the region where the particles may influence the wall shear rate is defined as 𝑞0. For 

any particle where 𝑞 < 𝑞0, the wall shear rate will not be influenced by the particle and the shear 

rate is defined as �̇�𝑤,0. For the particle where 𝑞 > 𝑞0, the wall shear rate will be influenced by the 

particle, and the particle is defined as a wall particle. The average wall shear rate influenced by the 

𝑖𝑡ℎ wall particle is defined as �̇�𝑤,𝑖̅̅ ̅̅̅, and the area on the wall where the shear rate is influenced is 

defined as 𝐴𝑖 , as illustrated in Figure 2.17. 
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Figure 2.17 Schematic diagram of particles inside (a) and outside (b) the region where the particles 

may influence the wall shear rate. 

Based on the above description of the flow, the force on the capillary wall can be derived as  

𝐹 =∑𝐾𝑓(�̇�𝑤,𝑖̅̅ ̅̅̅)
𝑛𝑓
𝐴𝑖

𝑁𝑤

𝑖=1

 𝐾𝑓�̇�𝒘,𝟎
𝑛𝑓 (1 −∑𝐴𝑖

𝑁𝑤

𝑖=1

) 

 

(2.11) 

where 𝐾𝑓 and 𝑛𝑓 are the flow consistency and behavior indexes (respectively) for the fluid, and 

𝑁𝑤 is the number of particles near the wall (𝑞 > 𝑞0).  Since the total force on the capillary wall is 

the same in Equations (2.9) and (2.11), the relationship between 𝐾 and  𝐾𝑓 can be derived as 

𝐾

𝐾𝑓
= (1  ∑((

�̇�𝑤,𝑖̅̅ ̅̅̅

�̇�𝑤,0
)

𝒏𝒇

− 1)
𝐴𝑖
𝐴𝑐

𝑁𝑤

𝑖=1

)
�̇�
𝒘,𝟎

𝒏𝒇

�̇�𝑤
𝑛

 (2.12) 

 = 

 =0

  

 

 = 

 =0

 0

 

  =   ,   =   ,0

  
(a) (b)

particles inside the region where they may influence the wall shear rate

particles outside the region where they may influence the wall shear rate
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According to Equation (2.12), 
𝐾

𝐾𝑓
 is determined by the four terms: 

�̇�𝒘,𝟎
𝒏𝒇

�̇�𝑤
𝑛 , 

�̇�𝑤,𝑖̅̅ ̅̅ ̅

�̇�𝑤,0
, 
𝐴𝑖

𝐴𝑐
, and 𝑁𝑤. To 

analyze the relation between 
𝐾

𝐾𝑓
  and properties of the particles, properties of the suspension fluid, 

and 𝐷, these four terms will be discussed below separately. 

2.4.3.1 Model for 
�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛 : 

For the same type of suspension fluid, 𝑛𝑓 is a constant. As the fully-developed suspension can 

be regarded as uniform at the free flow condition, the velocity profile is expected to have a 

universal shape for different 𝐷. Hence, �̇�𝑤,0 and �̇�𝑤 are also constants at the free flow condition 

after non-dimensionalizing. 𝑛 is a function of particle volume fraction only as discussed in Chapter 

2.4.1. Thus, it can be concluded that 
�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛   is a function of particle volume fraction only and can be 

represented as 

𝐺(𝜑) =
�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛

 (2.13) 

Using Equation (2.7), Equation (2.13) can be expressed as 

𝐺(𝜑) =
�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛
=

�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛𝑓(1+𝑎𝜑)

=
�̇�𝑤,0
𝑛𝑓

�̇�𝑤
𝑛𝑓
�̇�𝑤
−𝑎𝜑

𝑒ln(�̇�𝑤
−𝑎𝜑

) = 𝑒−𝑎𝜑 ln(�̇�𝑤) = 𝐶1𝑒
𝑏1𝜑 (2.14) 

where 𝐶1  and 𝑏1 = −𝑎   (�̇�𝑤) are constants and 𝜑  is the particle volume fraction.  Using 

Equation (2.14), Equation (2.12) can be expressed as  

𝐾

𝐾𝑓
= 𝐺(𝜑)𝑓𝑠 (2.15) 

with 
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𝑓𝑠 = 1  ∑((
�̇�𝑤,𝑖̅̅ ̅̅̅

�̇�𝑤,0
)

𝒏𝒇

− 1)
𝐴𝑖
𝐴𝑐
.

𝑁𝑤

𝑖=1

 (2.16) 

For the Group 1 and 2 experiments, the values of 𝐶1 and 𝑏1 for 𝐺 obtained by 
𝐾

𝐾𝑓𝑓𝑠
. Details are 

presented in Section 2.4.3.6.   

2.4.3.2 Model for 
�̇�𝑤,𝑖̅̅ ̅̅ ̅

�̇�𝑤,0
: 

The term 
�̇�𝒘,𝒊̅̅ ̅̅ ̅̅

�̇�𝒘,𝟎
 is the ratio of wall shear rates for the cases with and without particles near the 

capillary wall. As the fluid in the capillary is the same and the position of the particles relative to 

the wall is changing, the boundary flow profile shape near the capillary wall can be assumed 

“similar” for the two cases. That is, the velocity profile near the wall is modeled as  

𝑢 = 𝑈𝐻 (
𝑦

𝑦𝑚
) (2.17) 

for 0 < 𝑦 < 𝑦
𝑚

 where 𝑦𝑚 is the distance from the capillary wall at which the flow reaches the 

centerline velocity 𝑈, and 𝐻 is a function describing the velocity profile shape.  Then the shear 

rate of the boundary layer can be expressed as  

�̇� =
𝜕𝑢

𝜕𝑦
= 𝐻′(0)

𝑈

𝑦𝑚
. (2.18) 

Applying Equation (2.18) to the conditions of without and with a wall particle in the flow, the 

shear rates can be derived as  

�̇�𝑤,0 = 𝐻
′(0)

𝑈

𝑅 − 𝑞
0

 (2.19) 

and 
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�̇�𝑤,𝑖̅̅ ̅̅̅ = 𝐻′(0)
𝑈

𝑅 − 𝑞𝑖
. (2.20) 

As 𝐻′(0) is the same for both cases, 
�̇�𝑤,𝑖̅̅ ̅̅ ̅

�̇�𝑤,0
 can be expressed as  

�̇�𝑤,𝑖̅̅ ̅̅̅

�̇�𝑤,0
=
𝑅 − 𝑞

0

𝑅 − 𝑞𝑖
. (2.21) 

Considering the value of 𝑞0 is determined by the capillary radius 𝑅 and particle radius 𝑟, the 

relationship among them can be modeled as  

𝑞0 = 𝑅− 𝜖0𝑟 (2.22) 

where 𝜖0 is a constant for the same group data. To simplify the derivation in the following, 𝑞𝑖 is 

modeled as 

𝑞𝑖 = 𝑅− 𝜖𝑖𝑟 (2.23) 

where 𝜖𝑖 is a constant for the same group of data. Then the term 
�̇�𝒘,𝒊̅̅ ̅̅ ̅̅

�̇�𝒘,𝟎
 can be expressed as  

�̇�𝑤,𝑖̅̅ ̅̅̅

�̇�𝑤,0
=
𝜖0
𝜖𝑖
. (2.24) 

The details of 𝜖0 and 𝜖𝑖 are analyzed later in Section 2.4.4.5. 

2.4.3.3 Model for 
𝐴𝑖

𝐴𝑐
: 

As described above, the 𝑖𝑡ℎ wall particle can impact wall shear within the area of 𝐴𝑖 on the 

wall as illustrated in Figure 2.18. As the angle 𝛽 is small at free flow conditions (scale of ~0.01), 

it can be approximated as  

𝛽 ≈ s  𝛽 ≈  a 𝛽 =
𝑟

𝑞𝑖
 (2.25) 
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Figure 2.18 Schematic diagram of the 𝑖𝑡ℎ  wall particle and its geometrical relation with the 

capillary and impacted area in the axial direction (a) and radial direction (b) 

Based on the geometrical relations shown as Figure 2.18 and using the approximation in Equation 

(2.25), the following geometrical relations and approximations can be found: 

𝑠𝑖,1  = 2𝛽𝑅 ≈
2𝑅𝑟

𝑞𝑖
 (2.26) 

𝑠𝑖,2  = 2𝑅  a 𝛽 ≈
2𝑅𝑟

𝑞𝑖
 (2.27) 

𝐴𝑖 ≈
𝜋

4
𝑠𝑖,1𝑠𝑖,2 = 𝜋 (

𝑅𝑟

𝑞𝑖
)
2

 (2.28) 

𝐴𝑐 = 2𝜋𝑅𝐿 (2.29) 

Hence, the term 
𝐴𝑖

𝐴𝑐
 can be derived as a function of 𝑅, 𝜖𝑖, 𝑟, and 𝐿 as 

𝐴𝑖
𝐴𝑐
=
𝑅

2𝐿
(
𝑟

𝑞𝑖
)

2

=
𝑅

2𝐿
(

𝑟

𝑅− 𝜖𝑖𝑟
)
2

 (2.30) 
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2.4.3.4 Model for 𝑁𝑤: 

Using the above results, 𝑓𝑠 can be expressed as  

𝑓𝑠 = 1  ∑((
𝜖0
𝜖𝑖
)
𝒏𝒇

− 1)
𝑅

2𝐿
(

𝑟

𝑅 − 𝜖𝑖𝑟
)
2

.

𝑁𝑤

𝑖=1

 (2.31) 

As the value of 𝜖𝑖  varies with particle location within the capillary, and total number of wall 

particles 𝑁𝑤 is large, 𝑓𝑠 is approximated by replacing 𝜖𝑖 with the average value 𝜖 ̅to simplify the 

analysis:  

𝑓𝑠 ≈ 1  𝑁𝑤 ((
𝜖0
𝜖̅
)
𝒏𝒇
− 1)

𝑅

2𝐿
(

𝑟

𝑅 − 𝜖�̅�
)
2

. (2.32) 

Based on the geometry of the capillary and particles, the total number of particles in the capillary, 

𝑁𝑝, and the total number of wall particles, 𝑁𝑤, can be expressed as 

𝑁𝑤 = 𝑁𝑝𝑃𝑤 (2.33) 

and 

𝑁𝑝 =
3

4
𝜑𝐿
𝑅2

𝑟3
=
3𝜑𝐿

4𝑅
𝜔3 (2.34) 

where 𝑃𝑤 is the probability that a particle is in the region influencing the wall shear rate (𝑞 > 𝑞0). 

According to the micro-CT scan results in Section 2.4.2, the particles are uniformly distributed 

inside the capillary, on average.  Hence, 𝑃𝑤 can be calculated based on geometrical considerations. 

Calculation of the 𝑃𝑤 in the actual three-dimensional (3-D) case can be simplified to the calculation 

of the probability for an equivalent two-dimensional (2-D) projection onto the capillary cross 

section given that the flow is fully-developed. The geometry for calculating the probability of 

particles located within a 2-D projected ring bounded by radii 𝑅1 and 𝑅2 is illustrated in Figure 

2.19 with the particles represented as projected circles of radii 𝑟2𝐷.  
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Figure 2.19 Schematic diagram of particles randomly distributed in a ring area and dimensions 

related to different regions that may contain particles 

For the 2D projection, the probability that a particle is in the ring area between the radii of 𝑅1and 

𝑅2 can be determined as the ratio of the total accessible area in the ring to that of the capillary, 

namely, 

𝑃𝑅1↔𝑅2 =
(𝑅2 − 𝑟2𝐷)

2 − (𝑅1  𝑟2𝐷)
2

(𝑅 − 𝑟2𝐷)2
 (2.35) 

where  𝑅 is the radius of the capillary, and 𝑟2𝐷 is adjusted radius for the 2-D case. For the 2-D 

case, the particles are treated as cylinders of length 2𝑟, so the equivalent radius 𝑟2𝐷 is determined 

so that particle volume is preserved, namely, 

(2𝑟)𝜋𝑟2𝐷
2 =

4

3
𝜋𝑟3 (2.36) 

so that 

 

 

   2 

 2
 2   2 

 1
 1   2 

 2 
 2 

 2 
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𝑟2𝐷 = √
2

3
𝑟. (2.37) 

Substituting Equation (2.37) into Equation (2.35) and using Equation (2.22) gives  

𝑃𝑤 = 𝑃𝑞0↔𝑅 =

𝑟(2𝑅 − 𝜖0𝑟) (𝜖0 − 2√
2
3)

(𝑅 − √
2
3 𝑟)

2 =

(2𝜔 − 𝜖0) (𝜖0 − 2√
2
3)

(𝜔 − √
2
3)

2 . (2.38) 

Hence, 𝑁𝑤 is obtained as  

𝑁𝑤 = 𝑁𝑝𝑃𝑤 =
3𝜑𝐿

4𝑅
𝜔3
(2𝜔 − 𝜖0) (𝜖0 − 2√

2
3)

(𝜔 − √
2
3)

2  (2.39) 

Using the above results, 𝑓𝑠 for the free flow condition (𝜔 > 𝜔𝑝𝑖𝑐) can be modeled as  

𝑓𝑠 ≈ 1  
3𝜑

8
(𝜖0 − 2√

2

3
)((

𝜖0
𝜖̅
)
𝒏𝒇
− 1)

𝜔3(2𝜔 − 𝜖0)

(𝜔 − 𝜖)̅2 (𝜔 − √
2
3)

2. (2.40) 

2.4.3.5 Determination of 𝜔𝑝𝑖𝑐, 𝜖0 and 𝜖 ̅

Particles start interfering with each other to increase 𝐾 under the particle interaction condition 

(𝜔 < 𝜔𝑝𝑖𝑐) as discussed in Section 2.4.2. The interaction comes from the forces generated between 

two adjacent particles by the flow between them when the separation distance is small enough, 

resulting in rapid increasing of the flow consistency index. As the interaction is perpendicular to 

the flow direction, the particle separation distance causing the interaction is in the radial direction 

as illustrated in Figure 2.20.  
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Figure 2.20 Schematic diagram of particles and their interaction spheres under dense packing 

The fluid within the region of particle interaction is defined as a sphere with the radius of 𝑟𝑝−𝑝 

as shown in Figure 2.20. When the distance between two particles is smaller than 2𝑟𝑝−𝑝, they are 

considered to interact.  Following the observation that the interaction is in the radial direction, 

analysis the interaction can be performed on a 2-D projection of the capillary cross-section as with 

the method of calculating probability used in Section 2.4.3.3. Based on these assumptions, when 

𝜔 = 𝜔𝑝𝑖𝑐 (particle interaction starts), the relationship between 𝑟𝑝−𝑝 and the capillary dimensions 

is given by  

𝑁2𝐷𝜋𝑟𝑝−𝑝
2 = 𝜑𝑆𝑃𝜋𝑅

2 (2.41) 

where 𝜑𝑆𝑃 is the sphere volume ratio for close packing in the capillary (cylinder) and 𝑁2𝐷 is the 

number of particles in the capillary cross section. Its value is determined by 𝐷, the interaction 

sphere mean radius, and the particle distribution (the particle mean size and its distribution). In 

this case (𝜔 = 𝜔𝑝𝑖𝑐), 𝜔 is large enough  that the boundary spheres around the particles can be 

2    
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regarded as dense packed inside the capillary. When 𝜔  is smaller, more complex analysis is 

required [89]. 

According to the geometrical relationship between the particle and capillary cross-sections, 

𝑁2𝐷, can be derived as  

𝑁2𝐷 =
𝜑𝜋𝑅2

𝜋𝑟2𝐷2
=
3𝜑𝑅2

2𝑟2
=
3𝜑

2
𝜔2 (2.42) 

Combining Equations (2.41) and (2.42) gives an expression for 𝑟𝑝−𝑝 . As the particles are 

constrained in the capillary with the radius of 𝑅, it is reasonable to assume when 𝛼𝑝−𝑝 ≡
𝑅

𝑟𝑝−𝑝
 

arrives at a characteristic value, 𝛼𝑝𝑖𝑐, the particle interaction condition is achieved.  Eliminating 

𝑁2𝐷 from Equations (2.41) and (2.42) and rearranging gives 

𝑟𝑝−𝑝

𝑅
=

1

𝛼𝑝𝑖𝑐
=

1

𝜔𝑝𝑖𝑐
√
2𝜑𝑆𝑃
3𝜑

 (2.43) 

Hence, the relation between  𝜔𝑝𝑖𝑐 and the particle volume fraction 𝜑 has the following form: 

𝜔𝑝𝑖𝑐 =
𝐶2

√𝜑
,   e e 𝐶2 = 𝛼𝑝𝑖𝑐√

2

3
𝜑𝑆𝑃. (2.44) 

As the options of capillary and particle size are limited, 𝜔𝑝𝑖𝑐 cannot be directly detected from 

the experiments. However, a reasonable approximation can be made by using  𝐾  vs. 𝜔  linear 

trendlines on both sides of 𝜔𝑝𝑖𝑐 (location of minimum 𝐾). The intersection of the two trendlines 

determines the approximate value of 𝜔𝑝𝑖𝑐. An example for 𝜑 = 10% is illustrated in Figure 2.21. 

Values of  𝜔𝑝𝑖𝑐  and its flow behavior index 𝐾𝑚𝑖𝑛  determined in this way for Group 1 and 2 

experiments are listed in Table 2.6. A least square fit of Equation (2.44) to the results in Table 2.6 

gives 𝐶2 = 18.5 ± 0.2 . The uncertainties were calculated from Jackknife method [106]. The 

results of this fit are shown in Figure 2.22.  
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Figure 2.21 𝜔𝑝𝑖𝑐 obtained from 𝐾 (Pan ∙ s) and 𝜔 trendlines (when 𝜑 = 10% for Group 1and 2 

experiments) 

Table 2.6 Approximate 𝜔𝑝𝑖𝑐 and 𝐾min for Group 1 and 2 experiments 

𝝋 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

𝝎𝒑𝒊𝒄 [-] 58 44 33 27 

𝑲𝐦𝐢𝐧 (𝐏𝐚𝐧 ∙ 𝐬) 96 125 186 223 

 

  

Figure 2.22 𝜔𝑝𝑖𝑐 vs. 𝜑 for experimental results for Group 1 and 2  
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The 𝜖0𝑟 term is the largest distance from the capillary wall for which particles may affect the 

wall shear rate. At the end of free flow condition (𝜔 = 𝜔𝑝𝑖𝑐), the flow has the largest number of 

particles impacting the wall shear rate. To simplify the calculation, it can be assumed that all the 

particles affect the wall shear rate at this point. Hence, the governing radius of the sphere is the 

same as the capillary radius as shown in Figure 2.23. That is, at 𝜔 = 𝜔𝑝𝑖𝑐 

𝜖0𝑟 = 𝑅, (2.45) 

in which case 𝜖0 is given by 

𝜖0 = 𝜔𝑝𝑖𝑐 = 𝐶2𝜑
−
1
2. (2.46) 

 

Figure 2.23 Schematic diagram of a wall particle with largest 𝑟𝑝−𝑝at 𝜔 = 𝜔𝑝𝑖𝑐 

The average distance between particles and the capillary wall is given by 𝜖�̅�. For real flows, 

many factors may impact on this value, including particle si e variation, particles “sheltering” ne t 

to adjacent particles, etc. (additional detail is presented in Section 2.4.3.6). To accommodate this 

complexity, 𝜖 ̅is determined empirically using 
𝐾𝑚𝑖𝑛

𝐾𝑖𝑛𝑓
. 

    =  
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As determined previously, 𝐾𝑚𝑖𝑛 is the minimum value of 𝐾 when 𝜔 = 𝜔𝑝𝑖𝑐 for the same 𝜑. 

𝐾𝑖𝑛𝑓 is the value of 𝐾 when 𝜔 → ∞ and 𝐾 can be regarded as a constant for the same 𝜑. Values 

of 𝐾𝑖𝑛𝑓 at 𝜑 = 30% and 40% were directly measured as shown in Figure 2.7 (a). However, they 

cannot be measured directly at 𝜑 = 10% and 20%  as the required 𝜔 is too large as shown in 

Figure 2.7 (a), and the testing system cannot provide it. Instead, values of 𝐾𝑖𝑛𝑓 at 𝜑 = 10% and 

20% were obtained by following a 2nd order polynomial model as discussed in Section 2.1 (an 

exponential model provides similar results). Values of 𝐾𝑖𝑛𝑓 determined this are listed in Table 2.7 

and plotted in Figure 2.24 for the Group 1 and 2 experiments. 

 

Table 2.7 Approximate 𝐾inf for Group 1 and 2 experiments 

𝝋 𝟎% 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

𝑲𝐢𝐧𝐟 (𝐏𝐚
𝐧 ∙ 𝐬) 92 135 175 237 280 

 

 

Figure 2.24 𝐾inf (Pa
n ∙ s) vs. 𝜑 for experimental results for Group 1 and 2. 
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Combining Equations (2.13), (2.14), (2.40), and (2.46), 
𝐾𝑚𝑖𝑛

𝐾𝑖𝑛𝑓
  can be expressed as a function of 

𝜖 ̅and 𝜑, namely,  

𝐾𝑚𝑖𝑛
𝐾𝑖𝑛𝑓

 =

1  

3𝐶2
4𝜑3 (𝐶2𝜑

−
1
2 − 2√

2
3)
((
𝐶2𝜑

−
1
2

𝜖̅
)

𝒏𝒇

− 1)

8 (𝐶2𝜑
−
1
2 − 𝜖)̅

2

(𝐶2𝜑
−
1
2 −√

2
3)

2

1  
3𝜑
4 (𝐶2𝜑

−
1
2 − 2√

2
3)
((
𝐶2𝜑

−
1
2

𝜖̅
)

𝒏𝒇

− 1)

. 

(2.47) 

By substituting values of 𝐾𝑚𝑖𝑛, 𝐾𝑖𝑛𝑓, and φ into Equation (2.47), the values of 𝜖 ̅at different φ can 

be determined, giving the results listed in Table 2.8. 

Table 2.8 Approximate 𝜖 ̅vs. φ for experimental results for Group 1 and 2  

𝝋 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

�̅� [-] 7.2 6.7 5.2 4.8 

As 𝜖 ̅is closely related with 𝜖0, an empirical power law relationship is proposed to simplify 

calculations: 

 𝜖 ̅ = 𝐶3𝜑
𝑏3 (2.48) 

where 𝐶3  and 𝑏3 are two adjustable parameters. For the Group 1 and 2 experiments, a least square 

fit of Equation (2.48) to the results in Table 2.8 gives 𝐶3 = 3.5 ± 0.4  and 𝑏3 = −0.34 ± 0.11. 

The uncertainties were calculated using the Jackknife method [106]. The results of this fit are 

shown in as Figure 2.25.  
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Figure 2.25 𝜖 ̅vs. 𝜑 (from experimental results for Group 1 and 2). 

Combining the above results, the function to describe the flow behavior of a particulate 

suspension with the same particle volume fraction can be expressed as  

𝐾

𝐾𝑓
= 𝐶1𝑒

𝑏1𝜑

(

 
 
1  

3𝜑

8

(𝐶2𝜑
1
2 − 2√

2
3)
((
𝐶2
𝐶3
𝜑
1
2
−𝑏3)

𝒏𝒇

− 1)𝜔3 (2𝜔 − 𝐶2𝜑
1
2)

(𝜔 − 𝐶3𝜑𝑏3)2 (𝜔 − √
2
3)

2

)

 
 
. (2.49) 

2.4.3.6 Comparison between the model and data  

𝑓𝑠 was calculated following the model developed in Sections 2.4.3.2 to 2.4.3.5 with the results 

shown in Table 2.9. With 𝐾  obtained from experiments as shown in (see Figure 2.7 (a)) and known 

𝐾𝑓, the values of  𝐺 were obtained as listed in Table 2.9. A least square fit of Equation (2.12) to 

the results for 𝐺  gives 𝐶1 = 5.6 ± 0.4  and 𝑏1 = 1.6 ± 0.2 . The uncertainties were calculated 
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using the Jackknife method [106]. The results of this fit are shown in as the dotted line in Figure 

2.26. 

Table 2.9 𝑓𝑠 and 𝐺 vs. φ for experimental results for Group 1 and 2 

𝝋 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

𝒇𝒔 [-] 20.3 24.1 26.1 27.2 

𝑮 [-] 6.6 7.2 9.1 10.7 

 

 

Figure 2.26 Free flow condition particle volume fraction dependence of 𝐺 vs. 𝜑 (experimental 

results for Group 1 and 2).  The dotted line is the best fit curve from Equation (2.12). 

 

A comparison between the model for 𝐾 in the free flow condition and the measured results is 

shown in Figure 2.27 with Equation (2.49) and the parameters discussed above. 
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Figure 2.27 Flow consistency index 𝐾 (Pa𝑛 ∙ s)  vs. ratio of capillary and particle mean radius 𝜔 

(experimental results for Groups 1 and 2) under the free flow condition with legend indications 

following the format: particle volume fraction – particle type  

The model generally follows the trends in the data well.  The possible reasons for differences 

between the model and experiments (aside from experimental uncertainty and uncertainty in the 

model fitted parameters) are likely related to simplifications utilized to obtain the model. Particles 

may be adjacent to one another on the wall, as illustrated in Figure 2.28 (a), resulting in higher 

wall shear rate. Some particles may be close enough to each other near the wall in the radial 

direction that particles at smaller radii are “sheltered” by the particle in the front, as illustrated in 

Figure 2.28 (b), resulting in minimal impact from the sheltered particle on the wall shear rate. 
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Additionally, the particles are regarded as the same size in the model.  However, the actually 

situation involves polydisperse spheres, which may leed to complex packing density and other 

effects as illustrated in Figure 2.28 (c).  

 

Figure 2.28 Sketches of possible particle situations not considered in the model: adjacent particles 

(a), sheltered particles (b), and polydisperse particles (c). 

2.4.4. Semi-empirical Models for the Particle Interaction Condition 

As shown in Figure 2.15, 𝐾 increases with decreasing 𝜔 in the particle interaction condition 

(𝜔𝑝𝑖𝑐 > 𝜔 > 𝜔𝑗𝑐). This behavior results from the interaction of nearby particles as discussed in 

Chapter 2.3.4.5. The interaction becomes stronger with smaller distance between particles, which 

is controlled by 𝜔 and 𝜑.  

As the interaction can only happen when the particulate suspension is moving, it is impossible 

to visualize the particle interaction with the micro-CT. Hence, the particle interaction condition is 

modeled using an empirical relationship as  

𝐾 =
𝐴

(𝜔 − 𝜔𝑗𝑐)
𝑏 (2.50) 

where 𝜔𝑗𝑐  is the value of  𝜔  when jamming occurs (𝐾 → ∞), and 𝐴  and 𝑏  are curve fitting 

parameters.  

(c)(a) (b)
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2.4.4.1.Model for 𝜔𝑗𝑐 

For the reason of limited options of capillary and particle size, 𝜔𝑗𝑐  can not be directly 

determined. Rewriting Equation (2.50) as  

  (𝐾) =   (𝐴) − 𝑏   (𝜔 − 𝜔𝑗𝑐) (2.51) 

a linear relationship can be found between    (𝐾) and    (𝜔 − 𝜔𝑗𝑐). By adjusting the value of  𝜔𝑗𝑐 

around where jamming happens (detected from experiments), the   (𝐾)vs.    (𝜔 − 𝜔𝑗𝑐) linear 

trendline with least square error can be obtained, as illustrated in Figure 2.29. 𝜔𝑗𝑐 on this condtion 

is regarded as the approximate value used in the models as illustrated in Figure 2.29. The 𝜔𝑗𝑐 

obtained in this was for experimental results for Group 1 and 2 are listed in Table 2.10.   

  

Figure 2.29 Illustration of obtaining approximate 𝜔𝑗𝑐 (experimental results for Group 1 and 2).  

The legend indicates the particle volume fraction.  
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Table 2.10 Semi-empirical values of 𝜔𝑗𝑐 (for experimental results for Group 1 and 2) 

𝝋 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

𝝎𝒋𝒄 [-] 2.3 2.0 4.2 7.9 

According to the experimental results, jamming occurs at larger 𝜔 when 𝜑 increases. This 

behavior is expected from behavior at limiting conditions. For the limiting case of only one particle 

in the suspension, 𝜑 = 0 . However, jamming can still happen with only one particle in the 

capillary if the particle is the same diameter as the capillary. That is, 𝜔𝑗𝑐 → 1 as 𝜑 → 0. With more 

particles added into the suspension, particle volume fraction 𝜑 increases and will approach its 

maximum particle volume fraction, 𝜑𝑀, for which each particle is in contact with multiple other 

particles and the liquid matrix fills the voids.  At this condition, the particle configuration is stable 

even under the action of finite loads and the suspension has become jammed even with a very large 

capillary. For this condition, 𝜔𝑗𝑐 → ∞.  The value of 𝜑𝑀 may be impacted by many factors [89]. 

However, to simplfy the analysis, it is reasonable to assume the particles are monodisperse spheres. 

As clear experimental evidence shows, monodisperse spheres start spanning the fluid domain from 

φ ≈ 0.49 when the spheres are randomly packed [89], so 𝜑𝑀 = 0.49 was used in this work To 

capture the dependence of 𝜔𝑗𝑐 on 𝜑 it is represented as 

𝜔𝑗𝑐 =
𝐶4

(𝜑𝑀 − 𝜑)𝑏4
 (2.52) 

where 𝐶4 and 𝑏4 are two adjustable parameters. For the Group 1 and 2 experiments, a least square 

fit of Equation (2.52) to the results gives the values of  𝐶4 = 1.0 ± 0.3 and 𝑏4 = 0.86 ± 0.21. The 

results of this fit are shown in as Figure 2.30. In the real experimental situation, more factors 

including particle size distribution influence 𝜔𝑗𝑐  and impact jamming. Details are presented in 

Section 2.4.4.4. 
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Figure 2.30 𝜔𝑗𝑐 vs. 𝜑 (experimental results for Group 1 and 2) 

2.4.4.2. Model for 𝑏 and 𝐴 

In the process of empirically determining 𝜔𝑗𝑐 , it was found that the slopes of    (𝐾) vs. 

   (𝜔 − 𝜔𝑗𝑐) (𝑏 in Equation (2.51)) were close for all 𝜑. A reasonable model for 𝑏, then, is the 

average slope for all cases, which is 0.16.  

With the values of 𝜔𝑗𝑐 and 𝑏 in Equation (2.50) determined from the best fit to the data and 

modeled by 𝑏 =  0.16  and Equation (2.52) for 𝜔𝑗𝑐 , the value of 𝐴  in Equation (2.50) was 

determined to match the value of 𝐾𝑚𝑖𝑛  at 𝜔 = 𝜔𝑝𝑖𝑐 for the free flow conditions computed from 

Equation (2.49).  The values for 𝐴 obtained from this method are listed in Table 2.11. As 𝐴 

increases with particle volume fraction, a simple linear model is proposed for this quantity:  

𝐴 = 𝑏5𝜑  𝐶5 (2.53) 
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where 𝐶5 and 𝑏5 are two adjustable parameters. For the Group 1 and 2 experiments, a least square 

fit of Equation (2.53) to the results gives the values of  𝐶5 = 118 ± 9 and 𝑏5 = 623 ± 28 . The 

uncertainties were calculated using the Jackknife method [106]. The results of this fit are shown 

in as Figure 2.31.  

Table 2.11 Semi-empirical values of 𝐴 (for experimental results for Group 1 and 2) 

𝝋 𝟏𝟎% 𝟐𝟎% 𝟑𝟎% 𝟒𝟎% 

𝑨 (𝐏𝐚𝐧 ∙ 𝐬) 184 229 315 363 

 

Figure 2.31 𝐴 (Pan ∙ s) vs. 𝜑 (experimental results for Group 1 and 2) 

2.4.4.3.Comparison between model and measurements for the particle interaction condition 

From Equations (2.50) to (2.53), 𝐾 under particle interaction condition is modeled 𝑎𝑠  
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𝐾𝑝𝑖𝑐 =
𝑏5𝜑  𝐶5

(𝜔 −
𝐶4

(𝜑𝑀 − 𝜑)𝑏4
)
𝑏 

(2.54) 

Using the empirical constants determined above based on the experimental results for Group 1 and 

2 for 𝜔𝑗𝑐 < 𝜔 < 𝜔𝑝𝑖𝑐 give the curves shown in Figure 2.32, which are plotted together with the 

corresponding measurements for 𝐾 .  The model results show acceptable agreement with the 

measurements. 

 

Figure 2.32 Flow consistency index 𝐾 (Pa𝑛 ∙ s) vs. 𝜔 (experimental results for Group 1 and 2) 

under particle interaction condition with legend indications following the format: particle volume 

fraction – particle type 
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Besides 𝜑 and 𝜔, there is another possible factor influencing the suspension rheology under 

the particle interaction condition. As presented in Figure 2.32, the 𝐾 values may differ when 𝜔 is 

the same but the types of particles are different. This may be caused by different particle size 

distributions. It is also noted that suspensions of the same particle volume fraction with particles 

having a wider particle size distribution have a larger 𝐾 for the same 𝜔. A possible explanation is 

the larger particles dominate the interaction. It is also found this trend is more significant with 

higher particle volume fraction, as the interaction is stronger when there are more particles to 

interact.  

2.4.4.4.Explanation on jamming and particle clustering 

As discussed in Section 2.4.2, jamming occurs when particles begin to cluster and span the 

entire capillary. The most important parameter describing jamming is 𝜔𝑗𝑐. An empirical model 

proposed in Equation 2.32 captures the basic behavior. It shows 𝜔𝑗𝑐  increasing with particle 

volume fraction 𝜑 increasing as expected, meaning jamming has a higher probability of happening 

when the particle volume fraction is higher.  

One key phenomenon of 𝜔𝑗𝑐  is that jamming does not always happen at this ratio in the 

conducted experiments. As 𝜔𝑗𝑐 is derived from the semi-empirical process as presented in Section 

2.4.4.1, the impact of particle size distribution is ignored. In the real situation, the particles have 

different sizes as demonstrated in Section 2.2.2. The particle clustering results from particle 

interaction, which is dominated by the larger particles as assumed in Section 2.4.4.3. Hence, 

jamming has higher probability of happening when the particle size range is larger for the same 𝜔 

and 𝜑. For example, when 𝜔 is similar, the jamming happened three times in all three tests with 
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the suspension made of UV 225-1 and 𝜑 = 30% FG22, and happened two times in all three tests 

with the suspension made of UV 225-1 and 𝜑 = 30% A3000. 

Additionally, the impact of particle size distribution on jamming is stronger with higher 

particle volume fraction. The possibility of particle jamming was different for the 𝜑 = 30% 

suspensions as discussed above. However, there was almost no difference in jamming with FG22 

and A3000 at 𝜑 = 10%. This behavior is also expected, following the trends observed for the 

particle interaction condition (demonstrated in Section 2.4.4.3).  

2.5 Rheology Conclusion 

In this chapter, the rheology of particulate suspensions in shear thinning fluids was 

investigated, concentrating on the flow behavior (𝑛) and consistency (𝐾) indices. Related theories 

and models on viscosity were reviewed and compared. Experiments to investigate the indices were 

designed and conducted. Particle volume fraction (𝜑) and the ratio of capillary ID to the particle 

mean size (𝜔) were found to be the key factors impacting the suspension rheology. 

Based on the experimental results, the flow behavior index 𝑛 was found to be only dependent 

on 𝜑 for a suspension with the same suspension fluid. A linear relation between 𝑛 and 𝜑 was 

observed and modeled with an empirical equation with acceptable accuracy. 

The flow consistency index 𝐾 was also investigated based on the experimental results. It was 

found the behavior of 𝐾 for suspensions with different 𝜑 followed the similar trends with 𝜔. The 

behavior was categorized into two categories:  the free flow condition and the particle interaction 

condition. Analysis based on the results and fluid mechanics were conducted for both conditions. 

Equations to model 𝐾 were generated for both conditions. With all the models together, the flow 

consistency index of the particulate suspension with different 𝜑  and 𝜔  can be described with 
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acceptable accuracy as illustrated in Figure 2.33. Differences between the model and tested results 

were also discussed. The flow with the same 𝜑 and 𝜔 has a larger 𝐾 when the particles have a 

wider size distribution. Possible factors impacting jamming were also assessed. Higher 𝜑 and a 

wider particle size distribution may result in a higher probability of jamming occurring.  

 

Figure 2.33 Flow consistency index 𝐾 (Pa𝑛 ∙ s) vs. 𝜔 (experimental results for Group 1 and 2) 

under the both flow conditions with legend indications following the format: particle volume 

fraction – particle type  
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3. CHAPTER 3 ELECTRICAL RESISTIVITY OF PARTICULATE COMPOSITES 

To guarantee the manufactured products can achieve the desired function, the required 

properties of the component materials, such as mechanical strength, electrical conductivity, 

thermal conductivity, etc., should be in the desired range. Thus, it is important to investigate how 

material properties behave with different formulations and processing conditions. 

Since the FEAM process utilizes ECPC to provide electrical conductivity between fiber 

segments, it is essential to investigate its electrical conductivity and how this property depends on 

formulation and processing of the ECPC. In this chapter, related theories and models for electrical 

conductivity in particulate composites are reviewed and developed, and experiments for 

quantifying performance under a variety of conditions are presented. To quantify electrical 

behavior, electrical resistivity (the inverse of conductivity) is used in this chapter. 

3.1 Introduction to Quantum Tunneling Composite 

In ECPC, the particles in the composite are electrically conductive. The bulk particulate 

composite can also be electrically conductive if the particle amount is high enough to form 

conductive paths throughout the material (percolation). The leading theory for the conductive 

behavior in the particle paths posits quantum tunneling effects as the primary conduction 

mechanism between adjacent particles in conductive paths. Such materials are also called quantum 

tunneling composites.  

In quantum tunneling composites, the particles are viewed as encapsulated in the matrix 

material so that there is no direct atomistic contact between the conductive particles (see Figure 

3.1 (a)).  As such, the physical phenomenon of quantum tunneling is employed to describe how 

electrons can “jump” from one particle to another when a very thin insulating layer e ists between 

them. 



 

68 

 

Many models of quantum tunneling composite electrical resistivity have been introduced [46-

74]. Most of them concentrate on the resistance resulting from the quantum tunneling effect while 

ignoring other resistance as being negligible compared to the quantum tunneling resistance. 

However, to be explicit regarding models of composite resistance, with the overall material 

resistance can be regarded as resulting from two effects: the resistance of the conductive particles, 

which is called the particle resistance, and the resistance from quantum tunneling between adjacent 

particles , which is called the junction resistance [61]. Considering these two types of resistance, 

the composite can be regarded as a network of resistor as illustrated schematically in Figure 3.1 

(b). 

 

 

Figure 3.1 Schematic diagram of particles in the composite (a) and its resistor model (b)  
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Utilizing this physical description, the total resistance of a sample can be modeled as 

1

𝑅𝑡𝑜𝑡𝑎𝑙
= ∑

1

𝑅𝑝𝑎𝑡ℎ,𝑚

𝑁𝑝𝑎𝑡ℎ

𝑚=1

 (3.1) 

where 𝑅𝑡𝑜𝑡𝑎𝑙 is the total resistance of the composite, 𝑁𝑝𝑎𝑡ℎ is the number of resistor paths, and 

𝑅𝑝𝑎𝑡ℎ,𝑚 is the resistance of the 𝑚𝑡ℎ path. Following the resistance in a path, it can be modeled as 

𝑅𝑝𝑎𝑡ℎ,𝑚 = ∑ 𝑅𝑗,𝑚,𝑛

𝑁𝑝𝑝,𝑚−1

𝑛=1

 ∑ 𝑅𝑝,𝑚,𝑛

𝑁𝑝𝑝,𝑚

𝑛=1

≈ ∑ (𝑅𝑗,𝑚,𝑛  𝑅𝑝,𝑚,𝑛)

𝑁𝑝𝑝,𝑚

𝑛=1

 (3.2) 

where 𝑁𝑝𝑝,𝑚 is the number of conductive particles forming the 𝑚𝑡ℎ path (𝑁𝑝𝑝,𝑚 ≫ 1), 𝑅𝑗,𝑚,𝑛 is 

the junction resistance between the 𝑛𝑡ℎ and 𝑛  1𝑡ℎ adjacent particles in path 𝑚, and 𝑅𝑝,𝑚,𝑛 is the 

resistance of the 𝑛𝑡ℎ particle in path 𝑚. 

To simplify the derivation, the average resistance of all the paths, 𝑅𝑝𝑎𝑡ℎ̅̅ ̅̅ ̅̅ ̅, is used. Following 

above equations, it can be derived as  

𝑅𝑝𝑎𝑡ℎ̅̅ ̅̅ ̅̅ ̅ =
∑ 𝑅𝑝𝑎𝑡ℎ,𝑚
𝑁𝑝𝑎𝑡ℎ
𝑚=1

𝑁𝑝𝑎𝑡ℎ
=
∑ ∑ (𝑅𝑗,𝑚,𝑛  𝑅𝑝,𝑚,𝑛)

𝑁𝑝𝑝,𝑚
𝑛=1

𝑁𝑝𝑎𝑡ℎ
𝑚=1

𝑁𝑝𝑎𝑡ℎ
= 𝑁𝑝𝑝(𝑅𝑗  𝑅𝑝) (3.3) 

where 𝑁𝑝𝑝 is average number of conductive particles forming a path, 𝑅𝑗 is the average junction 

resistance, and 𝑅𝑝 is the average particle resistance, each of which can be expressed as 

𝑁𝑝𝑝 = ∑
𝑁𝑝𝑝,𝑚

𝑁𝑝𝑎𝑡ℎ

𝑁𝑝𝑎𝑡ℎ

𝑚=1

 (3.4) 

𝑅𝑗 =
1

𝑁𝑝𝑝𝑁𝑝𝑎𝑡ℎ
∑ ∑ 𝑅𝑗,𝑚,𝑛

𝑁𝑝𝑝,𝑚

𝑛=1

𝑁𝑝𝑎𝑡ℎ

𝑚=1

 (3.5) 
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𝑅𝑝 =
1

𝑁𝑝𝑝𝑁𝑝𝑎𝑡ℎ
∑ ∑ 𝑅𝑝,𝑚,𝑛

𝑁𝑝𝑝,𝑚

𝑛=1

𝑁𝑝𝑎𝑡ℎ

𝑚=1

 (3.6) 

Hence, 𝑅𝑡𝑜𝑡𝑎𝑙 can be modeled as 

𝑅𝑡𝑜𝑡𝑎𝑙 =
𝑁𝑝𝑝(𝑅𝑗  𝑅𝑝)

𝑁𝑝𝑎𝑡ℎ
 

(3.7) 

According to the preliminary tests of ECPC resistivity, the smallest resistivity of ECPC is on 

the order of 10−2 to Ω·cm. Compared with the resistivity of the conductive particles (Potter 

Industry SN08P40) of 5.0410−6 Ω·cm, 𝑅𝑝 is negligible. Hence, 𝑅𝑝 can be ignored in the above 

equation, giving 𝑅𝑡𝑜𝑡𝑎𝑙 as  

𝑅𝑡𝑜𝑡𝑎𝑙 ≈
𝑁𝑝𝑝𝑅𝑗

𝑁𝑝𝑎𝑡ℎ
 

(3.8) 

where 𝑅𝑗 is the average junction resistance. 

Under the quantum tunneling model, the average junction resistance 𝑅𝑗 can be derived based 

on the tunneling current from Schrödinger’s equation [61-68], resulting in 

𝑅𝑗 =
𝑉

𝑎2𝐽
=

8𝜋ℎ𝑠

3𝑎2Γ𝑒02
exp (Γ𝑠) 

(3.9) 

where 𝑉  is the applied voltage,  𝐽 is the average current density through the junction under the 

applied voltage, 𝑎2 is the average effective cross-sectional area of the junction, Γ =
4𝜋

ℎ
√2𝑚0𝜓𝑝 

is a constant for the same type of matrix material, 𝑚0 and 𝑒0 are the electron mass and charge 

respectively, ℎ is Plank’s constant,  𝑠  is the average junction distance, or the average distance 

between two adjacent conductive particles (see Figure 3.2), and 𝜓𝑝 is the height of the potential 

barrier between the adjacent particles. 
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Figure 3.2 Schematic diagram of quantum tunneling variables for adjacent particles 

For materials with the same conductive particles and matrix material, 𝑎2and 𝜓𝑝 are the same.  

Hence, the key additional factor determining differences in composite electrical resistivity (as 

opposed to just that of a single junction) for composites made from the same materials is the 

distribution of the particles inside the composite. Current models and theories contain two types 

of assumptions for the particle distribution inside the composite: uniform and non-uniform 

junction distance distribution. 

3.1.1 Uniform junction distance distribution 

In the uniform junction distance assumption, the conductive particles are regarded as uniformly 

distributed in the matrix material [62-70] so that the junction lengths are the same for all the paths. 

Hence, Equations (3.8) and (3.9) can be combined and simplified as  

𝑅𝑡𝑜𝑡𝑎𝑙 =
𝑁𝑝𝑝𝑅𝑗

𝑁𝑝𝑎𝑡ℎ
=
𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ

8𝜋ℎ

3𝑎2Γ𝑒02
𝑠𝑒Γ𝑠  

(3.10) 

where Γ is a constant determined by the material properties. 𝑁𝑝𝑝 is average number of conductive 

particles forming a path and 𝑁𝑝𝑎𝑡ℎ is the number of resistor paths as defined above. As the path is 
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in axial-direction, 𝑁𝑝𝑝 is dependent on the number of particles in the axial direction and should be 

proportional to 𝜑
1

3. Similarly,  𝑁𝑝𝑎𝑡ℎ  is dependent on particle number in the cross section and 

should be proportional to 𝜑
2

3. Hence, it is reasonable to assume 

𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ
≈ 𝐶7𝜑

−
1
3 (3.11) 

where 𝐶7 is a constant. 

The number of particles in a sample, 𝑁𝑝, can be derived as 

𝑁𝑝 =
𝑉𝜑

4
3𝜋 (

𝑑
2)

3 
(3.12) 

where 𝑉 is the sample volume, 𝜑 is the particle volume fraction, and 𝑑 is the particle mean size 

(diameter).  Considering the particles are assumed uniformly distributed inside the sample, the 

sample can be regarded as having 𝑁𝑝 imaginary contacting spheres with the mean radius of  
𝑠𝑠𝑝

2
 

packed inside it as illustrated schematically in Figure 3.3.  
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Figure 3.3 Schematic diagram of particle and imaginary contacting spheres inside sample 

Hence, 𝑁𝑝 can also be derived as,  

𝑁𝑝 =
𝑉𝜑𝑠𝑝

4
3𝜋 (

𝑠𝑠𝑝
2 )

3 
(3.13) 

where 𝜑𝑠𝑝 is the sphere packing density of the imaginary contacting spheres. The value of 𝜑𝑠𝑝 is 

a constant determined by the arrangement of the particles, which for close packed spheres is given 

by  𝜑𝑠𝑝 =
𝜋

3√2
≈ 0.74048 > 𝜑 .As 𝑁𝑝  derived from the two equivalent equations, 𝑠𝑠𝑝  can be 

determined by eliminating 𝑁𝑝 from Equations (3.12) and (3.13): 

𝑠𝑠𝑝 = 𝑑 (
𝜑𝑠𝑝

𝜑
)
1/3

. (3.14) 
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Hence, the mean junction distance between two adjacent particles can be derived as 

𝑠 = 𝑠𝑠𝑝 − 𝑑 =  𝑑 ((
𝜑𝑠𝑝

𝜑
)

1
3
− 1). (3.15) 

Under the conditions of Equations (3.10) and (3.11), Equation (3.15) indicates that the 

electrical resistivity is only impacted by the particle size and particle volume fraction when no 

mechanical load is applied to the material. Though it is possible to measure 𝜓𝑝  in solids, the 

method currently used [69] is very complex and expensive. Hence, the two constants 𝐶7 and Γ are 

determined by fitting Equations (3.10), (3.11), and (3.15) to measured results. The resulting model 

can describe the material behavior for different particle volume fractions when no mechanical 

loads are applied. Details are presented in section 3.4. 

Based on the assumed behavior, junctions will not appear or disappear when mechanical loads 

are applied. Only the junction distance is impacted by mechanical loads, which is observed through 

changes in the electrical resistivity. For a uniform junction distance distribution, the junction 

distance is the same everywhere in the material and can be regarded as linearly proportional to 

strain of the material.  For uniaxial strain the relationship is 

𝑠 = (1  𝜀)𝑠0 (3.16) 

where 𝑠 and 𝑠0 are the junction distance after and before the mechanical load is applied, 𝜀 is the 

resulting strain of the composite, namely, 

𝜀 =
∆𝐿

𝐿
, 

(3.17) 

(see Figure 3.4) and the strain is regarded as the same everywhere inside the material.   
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Combined with Equations (3.10) and (3.11), the assumed strain and junction distance behavior 

predicts an increasing trend of the electrical resistivity when tension is applied to the material. 

However, the preliminary tests of ECPC based on two thermo plastic matrix materials (material 

details are listed in Table 3.1) are the opposite. This uniform junction assumption does not satisfy 

the material behavior investigated in this work. 

 

Figure 3.4 Schematic diagram of uniform junction distance distribution under tensile loading 

3.1.2 Non-uniform junction distance distribution 

In the non-uniform junction distance assumption, the particles are randomly distributed in the 

matrix material and the junction distance is not uniform. The total material resistance still follows 

the Equation (3.10) when no mechanical load is applied. However, adjacent particles will move in 

more complex ways, as illustrated in Figure 3.5, when a mechanical load is applied. The junction 

distance may be smaller or larger after deformation under load as determined by the original 

relative position of the particles (relative angle 𝜃 and separation 𝑠0), material property (Poisson’s 

ratio 𝜇 ) and strain 𝜀  (a detailed analysis is presented in section 3.4).  Hence, junctions may 

lengthen or shorten and the dominant conductive paths in the composite can be rearranged.  

             

 0  
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Figure 3.5 Schematic diagram of Relative position of two adjacent particles with tensile loading  

Johnson et al. [69] utilized statistical methods to analyze and model the material behavior of 

non-uniformly distributed particles in ECPC under mechanical load. The junction distance was 

assumed to be Weibull distributed when no mechanical load was applied. A Monte-Carlo 

simulation was applied to find the junction distance distribution when a specific strain was applied.  

Resistivity with an inverse relation to tensile strain was observed based on the new junction 

distance distribution.  

However, this model is inadequate for the conditions of this work. The model was formulated 

to describe materials with nano-strand conductive elements instead of micro-scale particles. The 

model cannot explain some dynamic phenomena, such as the decreasing resistivity under 

viscoelastic stress relaxation observed for some matrix materials, as only uniaxial static strain was 

considered with no contemplation of stress-strain relationships. More broadly, the model is 
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complex (e.g., the particle distribution under strain is determined iteratively, so that the connection 

between particle position and the applied load is implicit), making behavior such as the boundary 

between positive and negative changes in resistivity relative to applied strain difficult to determine.   

3.1.3 Empirical models 

In addition to theoretical models, there are also several empirical models for 

resistivity/conductivity in ECPCs [49-56]. Though some of them can describe the material 

behavior under some conditions, none can describe the behavior under all types of mechanical 

loading. Moreover, given the empirical nature of the models, they cannot provide a clear physical 

explanation of the observed behavior. 

The current conditions of models for ECPC motivate an investigation of the resistivity of these 

types of materials, especially with different mechanical loads applied. Both theoretical analysis 

and experimental tests for different material formulations and different mechanical loads were 

conducted and are presented in the following sections. 

3.2 Experiment Design and Setup for Electrical Resistivity Measurements 

To experimentally quantify the impacts of material composition and working conditions, the 

resistivity of ECPC with different material formulations and mechanical loading was measured.  

3.2.1 Material Selection and Testing Conditions 

To quantify the impact of matrix material, two types of matrix material were selected and tested 

as shown in Table 3.1. The volume fractions of the formulated ECPC materials are also shown in 

Table 3.1.  To attain an accurate model for the composite ECPC material with varied particle 

volume fraction, the range of tested particle volume fraction was maximized. The lowest particle 

volume fraction was chosen as the ECPC with highest measurable electrical resistivity. (ECPC 

with lower particle volume fractions were nonconductive.) The highest particle volume fraction 
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was chosen as the maximum packing volume fraction (or capacity) for the particle/matrix material 

combination (no more particles could be added into the composite beyond this point). 

Table 3.1 ECPC material option 

Conductive Particle Matrix Material 

Particle Volume 

Fractions (%) 

Potters Industry silver 

coated nickel SN08S40 

(mean size = 31 microns, 

Ag weight fraction = 8%) 

Tecbond hot glue adhesive 7718 

(referred to as T7718 throughout) 

22, 24, 26, 28, 30 

Kraton thermal plastic elastomer 

G1161 (referred to as TPE throughout) 

21, 23, 25, 27, 29 

Given the polymer nature of the matrix material and the high loading of the particulate additive, 

the material behavior can be described by a standard linear viscoelastic model (Maxwell 

representation) [74] as illustrated in Figure 3.6.  The mechanical model for this type of material 

can be expressed as  

𝜎  
𝜂

𝐸2
�̇� = 𝐸1𝜀  

𝜂(𝐸1  𝐸2)

𝐸2
𝜀̇ 

(3.18) 

where 𝜎 and �̇� are the stress and rate of stress, 𝜀 and 𝜀̇  are the strain and rate of strain, 𝐸1   𝐸2 are 

 oung’s moduli of the spring components, and 𝜂  is the viscosity of the dashpot (damping) 

component. 

 

 1

 2  
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Figure 3.6 Schematic diagram of standard linear viscoelastic model. 

For such viscoelastic materials, the nature of the applied stress and/or strain can impact the 

behavior.  For a fixed initial strain, stress is allowed to relax to a steady state (force magnitude is 

controlled during the process to keep the displacement the same).  Alternatively, strain rate can be 

fixed providing a linear-ramp strain condition.  For this investigation, both types of mechanical 

loading were applied to the sample as described in Table 3.2.  These canonical loading conditions 

provide direct observations of the relationship between resistivity and strain/stress.  

Table 3.2 ECPC mechanical loading conditions2 

Material Testing Conditions 

Particle: SN08S40 

Matrix material: T7718 

Particle volume fraction: 30% 

Relaxation (strain = 0.00625, 0.0125, 

0.025, 0.05) 

Linear ramp (strain rate = 0.00625𝑠−1) 

Two key instruments were used to provide the material behavior information under the desired 

loading conditions.  A Hioki RM7734 multimeter was used to measure the resistance of the 

material samples. An Instron E1000 was used to apply mechanical loads to the samples. Details of 

resistance measurements and mechanical loading are presented in section 3.2.2. 

 
2 the table indicates the nominal values. The true values are calculated in Section 3.3 and the Appendix for the 

different samples used. 
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3.2.2 Experimental Procedure  

Sample Fabrication. To prepare the material with the desired particle volume fractions, 

particles and matrix material quantities were measured with a scale (Cole-Parmer Symmetry EC-

Series Portable Top-loading Balance). The materials were heated in a hot pot (RITEHETE 1203.5 

VR) to the mixing temperature (210 °C for G1161, 190 °C for T7718) and blended with a 

mechanical mixer to a uniform state. The materials were extruded using a manual extruder 

(GALOMB A-100) to obtain a long filament. The filaments were cut into samples of 5 cm length 

for testing. Sample dimensions and mass were measured after the samples cooled to room 

temperature. The actual particle volume fraction was calculated from the measured mass and 

dimensions according to 

𝜑 =
𝑚𝑠 − 𝜌𝑚𝑉𝑠
(𝜌𝑝 − 𝜌𝑚)𝑉𝑠

 
(3.19) 

𝑉𝑠 =
𝜋

4
𝐷2𝐿0 (3.20) 

where 𝜑 is the particle volume fraction, 𝑚𝑠 (measured with the same scale) and 𝑉𝑠 are the sample 

mass and volume, 𝐷 and 𝐿0 are the sample diameter and length (measured with Mitutoyo 500-

197-30 digital calipers), 𝜌𝑝 and 𝜌𝑚 are the particle and matrix material density (determined from 

manufacturer specifications). 

Mechanical Loading and Resistance Measurement. Once the test sample was configured, 

the Instron E1000 clamps were retracted slightly to pre-strain the sample until it was straight and 

then the mechanical load was applied on the sample. The displacement and force on the sample 

and the electrical resistance of the sample between the copper wires was recorded automatically 

every second. For each testing condition, three samples from the same long filament were tested. 
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To prepare the samples for testing, two copper wires were connected at the ends of the middle 

third of the sample and the ends were covered with electrical tape as shown in Figure 3.7. Copper 

wires were utilized to provide conductivity (negligible resistance) between the clamps of the Hioki 

multimeter and the sample without deforming the sample. Electrical tape applied to the sample 

ends was used to insulate the samples from the Instron E1000 clamps. Lines on the sample were 

marked to confirm negligible slipping of the clamps or wires during testing. 

 

Figure 3.7 Schematic diagram of experimental setup 

3.2.3 Resistivity Calculation  

Using the measured resistance, displacement, force and dimensions of the sample, the sample 

stress, strain, and resistivity were determined as  

𝜀 =
∆𝐿

𝐿3
 ,  

(3.21) 

               

            

             
                       

                               

 3  4
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𝜎 =
𝐹

𝐴
=
4𝐹

𝜋𝐷2
, 

(3.22) 

and 

𝜌 = 𝑅
𝐴

𝐿4
 

(3.23) 

where 𝜀 is the normal strain, ∆𝐿 is the measured displacement, 𝐿3 is the (initial) sample length 

between clamps,  𝜎  is the normal stress, 𝐹  is the applied force,  𝜌  is the resistivity, 𝑅  is the 

resistance of the sample between the copper wires, 𝐴 is the cross-section area of the sample, 𝐷 is 

the (initial) sample diameter, and 𝐿4 is the (initial) distance between the copper wires.  Averages 

of the results for the three samples tested were used to assess the behavior for each test condition. 

3.3 Electrical Conductivity/Mechanical Experiment Results 

The results for the ECPC formulations listed in Table 3.1 under the mechanical loading 

conditions in Table 3.2 are presented in Figure 3.8 and 3.9. The error bars represent the standard 

deviation of the results over the three tests at each formulation/condition.  

From Figure 3.8, it can be found that the resistivity decreases rapidly with increasing the 

particle fraction as additional conductive paths become present with a higher density of particles 

in the material.  For volume fraction below the lowest values tested, the electrical resistance was 

too high to measure.  For the different matrix materials, the resistivity follows a similar trend, but 

with different magnitudes.  
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Figure 3.8 Sample electrical resistivity 𝜌 vs. particle volume fraction 𝜑 at an applied strain of 0. 

05. 

Figure 3.9 shows that the electrical resistivity decreases rapidly both with the linear-ramp 

tensile strain and during stress relaxation (constant strain). The decreasing rate is larger with the 

linear-ramp strain than during stress relaxation. The resistivity has larger uncertainties when the 

strain is smaller (at the beginning of test), but the trends are consistent with multiple applications 

of the same loading profile.  
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Figure 3.9 Sample strain 𝜀 (mm/mm) and stress 𝜎 (kPa) (a) and electrical resistivity 𝜌 (Ω ∙ cm) 
(b) vs. time 𝑡 (s). 
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3.4 Electrical Conductivity Data Analysis and Modeling 

Following the discussion in section 3.1, the electrical resistivity of the material is determined 

by the junction distance, number of junctions, and the potential barrier of the matrix material 

(determined by matrix material only). Junction distance and number of junctions are determined 

by the particle volume fraction, the mechanical properties of the material, and applied mechanical 

loads. The mechanical properties are determined by the particle volume fraction, particle type, and 

matrix material type. However, since the particle in this work is much stiffer than the matrix 

material, its impact is negligible compared with matrix material. Hence, the particle volume 

fraction, matrix material type, and mechanical loads are the key factors impacting the material’s 

electrical resistivity. These three factors are analyzed and modeled in this section based on the 

experimental results of section 3.2.  

3.4.1 Particle volume fraction and matrix material 

As presented in section 3.1.1, the bulk resistance of a sample can be expressed as Equation 

(3.10) and (3.11), and the average junction distance between two adjacent particles can be 

determined from Equation (3.15). Combining these with Equation (3.23), the resistivity of the 

material can be obtained as 

ρ0 =
𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ

𝐴

𝐿4

8𝜋ℎ𝑑

3𝑎2Γ𝑒02
((
𝜑𝑠𝑝

𝜑
)

1
3
− 1) 𝑒

Γ𝑑((
𝜑𝑠𝑝
𝜑
)

1
3
−1)

. (3.24) 

For the non-uniform junction distance assumption, the behavior of 
𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ
 may be more complex, 

but follows a trend similar to the uniform distance assumption. Considering the particle volume 

fraction in the experiment only varies from 20% to 30%, the impact of 
𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ
 following Equation 

(3.11) is negligible, and it will be considered a constant: 
𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ
= 𝐶8. 
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Hence, ρ0can be modeled as 

ρ0 = 𝐶9 ((
𝜑𝑠𝑝

𝜑
)

1
3
− 1) 𝑒

𝐶10((
𝜑𝑠𝑝
𝜑
)

1
3
−1)

 
(3.25) 

with 

𝐶9 = 𝐶8
𝐴

𝐿4

8𝜋ℎ𝑑

3𝑎2Γ𝑒02
 (3.26) 

and 

𝐶10 = Γ𝑑.  (3.27) 

As Γ is determined by the matrix material only, as discussed in section 3.1.1, and the particle mean 

size is the same for a given material formulation, 𝐶9 and 𝐶10 can be regarded as constants for the 

same composite material formulation.  

For the material formulations in Table 3.1, a least square fit of Equation (3.25) to the results 

shown in Figure 3.8 gives the values of  𝐶9 and 𝐶10 as listed in Table 3.3. Here 𝐶9 and 𝐶10 are 

marked as 𝐶9,𝜀 and 𝐶10,𝜀 because resistivity was measured when strain was applied on the sample 

(𝜀 = 0.05 in this case). The uncertainties were calculated from Jackknife method [106]. The 

results of this fit are shown in Figure 3.8.  

Table 3.3 Constant values in Equation 3.25 for different matrix materials  

 𝑪𝟗,𝜺 (𝛀 ∙ 𝐜𝐦) 𝑪𝟏𝟎,𝜺 [-] 

T7718 based ECPC (4.2 ± 0.8) × 10−9 34.9 ± 1.2 

G1161 based ECPC (1.5  0.7) × 10−4 15.6 ± 4.9 
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The reason for measuring resistivity at a fixed strain in Figure 3.8 is due to the sensitivity of 

the sample resistivity to displacement and force, especially when the applied strain is small and 

particle volume fraction is low.   As it is impossible to eliminate all the forces from the samples 

during the initial test setup, the resistivity measured with small applied strain varied dramatically, 

as shown in Figure 3.10. This variation is also observed in the large uncertainties for resistivity at 

early times (when strain is low) in Figure 3.9 (b). Since more repeatable resistivity results were 

obtained at larger strains, the measurements in Figure 3.8 and Table 3.3  were obtained before 

failure with the same strain applied (in the linear ramp portion of the test). Additional details of 

this behavior are discussed in the next section. 

 

Figure 3.10 Sample electrical resistivity 𝜌 (Ω ∙ cm) vs. particle volume fraction 𝜑 (T 7718 based 

ECPC) with legend indicating applied strain 𝜀. Each point with the same 𝜑 is from the same 

sample. At small 𝜀 and small 𝜑, ρ became too large to be measurable. Dotted lines are trendlines 

fitting Equation (3.25) for the data with the same color.  Trendlines are only shown for data where 

a clear trend exists. 
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3.4.2 Influence of Mechanical Loading 

Junction distance and number are the key factors impacting the electrical resistivity of the 

material when mechanical loads are applied. The particles are assumed to have a random 

distribution inside the matrix material as shown in Figure 3.11 (a). As the junction distances are 

changing proportional to the strain and the particle network structure does not change topologically 

(the adjacent particles are still adjacent) with and without mechanical loading before failure, the 

junction number is regarded as the same during loading. For the same matrix material, the junction 

distance is the key factor impacting the electrical resistivity under mechanical load. 

 

Figure 3.11 Schematic diagram of random junction distances without (a) and with (b) tensile 

loading 
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Based on the assumption of unchanged particle network structure, the particle packing 

structure is the same. Hence, analogous to the approach in section 2.4.4.5, the average junction 

distance is proportional to the cubic root of the material volume, namely 

𝑠

𝑠0
= (

𝑉

𝑉0
)

1
3
 

(3.28) 

where s and V are the average junction distance and the sample volume and 𝑠0  and 𝑉0 are the 

corresponding values with no load applied.  Under load, the material deformation dictates [94] 

𝑉

𝑉0
= (1 − 𝜇𝜀)2(1  𝜀)  

(3.29) 

where 𝜀 is the strain of the material, and 𝜇 is the Poisson’s ratio of the material.  Combining 

Equation (3.29) with Equation (3.10), the bulk electrical resistivity of the material can be modeled 

as 

ρ

ρ0
=
𝑠

𝑠0
𝑒
𝐶11(

𝑠
𝑠0
−1)
  

(3.30) 

where 

𝑠

𝑠0
= √(1 − 𝜇𝜀)2(1  𝜀)

3
 (3.31) 

and 𝐶11 = Γ𝑠0 is a constant for a given material formulation. 

Given the viscoelastic behavior of the material, described in Equation (3.18), both 𝜇 and 𝜀 can 

change when mechanical loads are applied. Based on the Equations (3.30) and (3.31), the behavior 

of bulk electrical resistivity as a function of 𝜇 and 𝜀 is shown in Figure 3.12. Domains of both 

increasing and decreasing resistivity exist, with trends determined by the relative values of 𝜇 and 

𝜀. 
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Figure 3.12 Resistivity 𝜌  vs. strain 𝜀  and Poisson’s ratio 𝜇  (a) Resistivity 𝜌  vs. strain 𝜀  with 

Poisson’s ratio as a constant (b) and Resistivity 𝜌 vs. Poisson’s ratio 𝜇 with strain 𝜀 as a constant 

(c) 
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The relation between the 𝜇 and the applied mechanical load is complex and time dependent for 

a Maxwell viscoelastic material, as described and modeled in several investigations [98, 99, 100]. 

To simplify the derivation and analysis, the condition of linear-ramp strain and stress relaxation 

were chosen to demonstrate the behavior.  n this case, Poisson’s ratio can be modeled as 

𝜇 =
1

2
−
𝐸

6𝐵
  

(3.32) 

where 𝐸 is the  oung’s modulus and 𝐵 is the bulk modulus, which can be regarded as a constant. 

The value of 𝐵  can be measured from standard experiments, however, here it is taken as 

2.8 × 107 kPa, which is in the middle of the datasheet range for the matrix material used (T 7718). 

More accurate model results may be achieved with a more accurate value for the bulk modulus.   

Under conditions of linear-ramp strain, stress was linearly proportional to strain as shown in 

Figure 3.13. Thus, 𝐸 can be regarded as a constant under these conditions. During stress relaxation, 

on the other hand,  oung’s modulus can be determined as [94] 

𝐸 =
𝜎

𝜀0
  (3.33) 

where 𝜎 is the stress in the sample and 𝜀0 is the fixed strain during stress relaxation.  
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Figure 3.13 stress 𝜎 (kPa) vs. strain 𝜀 (mm/mm) with linear-ramp strain. 

Applying the strain conditions indicated in Table 3.2 to Equations (3.30) to (3.31), the constant 

values in the equations can be determined from a least square fit of the corresponding experimental 

measurements as 𝐶11 = (2.3 ± 0.4) × 10
5[−] and ρ0 = 0.4 ± 0.2 Ω ∙ cm . Here 𝐶11 =

𝐶10 ((
𝜑𝑠𝑝

𝜑
)

1

3
− 1) can be derived using Equation (3.15) to determine 𝑠0. The value of 

𝐶11

𝐶10
 should 

be close to (
𝜑𝑠𝑝

𝜑
)

1

3
− 1 ≈ (

0.74

0.3
)

1

3
− 1 ≈ 0.35. However, a large difference exists between the 𝐶11 

calculated here and the 𝐶10 calculated in Section 3.4.1. These differences may result from different 

fit conditions as 𝜀 = 0.05 was applied on the sample in Section 3.1. In particular, 𝑠0 in Equation 

(3.31) is a reference value (corresponding to 𝜌0) and may not be given directly by Equation (3.15).  

Additionally, the difference may be influenced by the bulk modulus as an approximate value was 

used and the model is very sensitive to bulk modulus. The uncertainties are the standard deviations 
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of the three tests. The results of this fit are shown in as Figure 3.14 together with the measured 

resistivity.  

 

Figure 3.14 Tested/modeled resistivity ρ and strain 𝜀 vs. Time 𝑡 (s) 

The resistivity model predicts the correct trend and has an error smaller than 5% for the stress 

relaxation phase and most of the linear-ramp strain phase. The key difference between the model 

and measured results is the increasing/decreasing trend of resistivity at the start of the linear-ramp 

strain. To guarantee the sample was straight when testing, a small pre-strain was applied before 

the test started. As the electrical resistivity is sensitive to the strain especially when the strain is 

small, the pre-strain may generate a large variance and miss the increasing stage at the start of 
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linear-ramp strain. Figure 3.15 demonstrates the existence of increasing trend at the start of the 

linear-ramp strain when pre-strain was not applied (or was too small). 

 

Figure 3.15 Resistivity ρ vs. strain 𝜀 when pre-strain was not applied (or too small) 

3.5 Electrical Conductivity Experiment Results 

In this chapter, current theories for electrical resistivity of conductive particulate composite 

were reviewed and compared. The importance and necessity of investigating the electrical 

resistivity of ECPC further was presented. Experiments were designed and conducted to 

investigate the resistivity of ECPC with two matrix materials over a range of particle volume 

fractions under different mechanical loading conditions (using uniaxial tension as an example). 
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the models presented above, the bulk electrical resistivity of ECPC with different particle volume 

fraction under mechanical load can be modeled as 

ρ = 𝐶9H𝜑H𝑠𝑒
𝐶10H𝜑H𝑠 (3.34) 

𝐶9 =
𝐴

𝐿4

𝑁𝑝𝑝

𝑁𝑝𝑎𝑡ℎ

8𝜋ℎ

3𝑎2Γ𝑒02
 𝑑 

(3.26) 

𝐶10 = Γ𝑑 (3.27) 

H𝜑 = (
𝜑𝑠𝑝

𝜑
)

1
3
− 1  

(3.35) 

H𝑠 =
𝑠

𝑠0
= √(1 − 𝜇𝜀)2(1  𝜀)

3
 (3.36) 

where 𝐶9 and 𝐶10 can be obtained from fits to the experimental results. Based on the experiments, 

it can be concluded that the above models can describe the electrical resistivity behavior well for 

conductive particulate composites with viscoelastic matrix materials when the strain is small (𝜀 ≤

0.05). Differences between the model and tested results were presented, with sensitivity to pre-

strain of the material having a strong effect on variability of the experimental results at low strain.  
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4. CHAPTER 4 SUMMARY AND RECOMMENDATIONS 

4.1 Conclusion 

Particulate composites are one of the key solutions to satisfy different functional requirements 

in AM. Challenges exist to utilizing this type of material for AM. Key among them are avoiding 

capillary blocking and maintaining flow behavior to improve manufacturing efficiency. Based on 

the experience from FEAM, the rheology of particulate composites in the liquid-phase (also known 

as particulate suspensions) during the AM process is the key feature. Another important and 

interesting characteristic is the electrical conductivity of particulate composites containing after 

manufacturing when the particles are electrically conductive. Both rheology and electrical 

conductivity of particulate composites were investigated experimentally and theoretically in this 

work.  

4.1.1 Rheology 

In AM, the matrix materials (suspension fluids) used in particulate composites are mainly 

polymers and silicone, which are shear thinning non-Newtonian fluids. The particles are typically 

spheres with diameters on the order of 10s of m. Extruding nozzles can be regarded as (short) 

capillaries with ID on the scale of generally 10s to 100s of m. Materials and geometries within 

these scale ranges were the focus of this work. Particle volume fraction, the ratio of capillary ID 

to particle mean size, and suspension fluid type were found to be the key factors impacting the 

suspension rheology. Particle size distribution is also appeared to have an impact. 

Prior work with suspensions in confined tubes is lacking, but there is significant literature on 

viscosity modifications in particulate suspensions broadly. Existing viscosity models for 

particulate suspensions with Newtonian suspension fluids were reviewed [24-39]. These models 

concentrate on the influence of particle volume fraction. Models were also reviewed for the 
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suspensions with non-Newtonian suspension fluids [40-45]. However, these models were based 

on measurements using questionable methods and did not consider the impact of confined 

geometries such as flow in capillary tubes. Jamming (capillary blockage) was also discussed in 

some investigations [75-78], but the investigated suspension fluids were not shear thinning. In 

general, the existing literature covers some aspects of particulate suspension rheology, but it is not 

sufficient to build a robust model for conditions relevant in AM. 

To quantify the impacts for the required materials under the required conditions, experiments 

were designed and conducted. A capillary rheometer with replaceable capillaries was built to 

mimic the flow in AM extrusion nozzles. Reasonable materials were selected to generate a 

comprehensive description of the flow. Due to the power-law nature of the resulting suspension 

flows, the flow behavior and consistency indices were chosen to quantify the rheology under 

different conditions. 

The experimental results showed that the flow behavior index, 𝑛, was dependent on the particle 

volume fraction, 𝜑, and the suspension fluid flow behavior index, 𝑛𝑓. An empirical equation was 

generated to describe the linear relationship between 𝑛  and 𝜑  (Equation (2.8)) and provided 

acceptable accuracy as shown in Figure 2.8. 

The experimental results for the flow behavior index, 𝐾, were more complex.  This parameter 

was found to depend on the suspension fluid properties (𝐾𝑓 and 𝑛𝑓), 𝜑, and the ratio of capillary 

ID to the particle mean diameter (𝜔).  The particle size distribution also appeared to have a weak 

effect. As shown in Figure 2.6 (a) and 2.7 (a), the behavior of 𝐾 with 𝜔 appeared to have a similar 

trend for all 𝜑. Using this observation,  flow behavior was categorized into two conditions: the 

free flow condition (𝐾 increases with increasing 𝜔 for 𝜔 > 𝜔𝑝𝑖𝑐 and eventually becomes constant 
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at large 𝜔) and the particle interaction condition (𝐾 increases with 𝜔 decreasing for 𝜔 < 𝜔𝑝𝑖𝑐 and 

𝐾 → ∞ as 𝜔 → 𝜔𝑗𝑐).  

The boundaries between the two flow conditions, 𝜔𝑝𝑖𝑐, was identified from the experimental 

results and was observed to increase with increasing 𝜑. A model for 𝜔𝑝𝑖𝑐 was developed based on 

the number of particles in the cross section of the capillary, which is determined by 𝜑. Hence, a 

semi-empirical model of 𝜔𝑝𝑖𝑐 was derived as a function of 𝜑. Based on the model, the expected 

flow condition of the selected material formulation and capillary ID can be determined.  

For the behavior of 𝐾 under the different flow conditions, 𝜑 and 𝜔 were found to be the key 

factors impacting 𝐾 based on the experimental results. For the free flow condition, 𝐾 increased 

with increasing 𝜔, starting from 𝜔 = 𝜔𝑝𝑖𝑐. The rate increase of 𝐾 with 𝜔 decreased for larger 𝜔 

and eventually a constant 𝐾 was measured. With 𝜑 increasing, 𝐾 followed the same trend as with 

𝜔, but started from and arrived at larger values and exhibited a faster rate of change with 𝜔.. A 

semi-empirical model was developed to describe the dependence of 𝐾 on 𝜔 and 𝜑. The model was 

based on a statistical analysis of particle location coupled with the assumption that particles closer 

to the wall have a stronger influence on the rheology. It described the flow behavior with 

acceptable accuracy as shown in Figure 2.24. Discrepancies between the model and measurements 

were explained by model simplifications including neglecting polydisperse particle distributions 

and ignoring complicated relationships between particles such as “sheltered” and “adjacent” 

particle configurations. For the particle interaction condition, 𝐾 increased with decreasing 𝜔 for 

𝜔 < 𝜔𝑝𝑖𝑐 and 𝐾 → ∞ as 𝜔 → 𝜔𝑗𝑐 . With larger 𝜑, the observed trend was stronger (i.e., more rapid 

changes with 𝜔). Because of insufficient theoretical foundation and data, 𝐾 for this flow condition 

was modeled empirically with a power-law based equation to capture the features. The model 
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described the flow behavior with acceptable accuracy for the results in this investigation, as shown 

in Figure 2.30.  Semi-empirical arguments were used to capture expected behaviors such as 𝜔𝑗𝑐 →

1 as 𝜑 → 0 and 𝜔𝑗𝑐 → ∞ as 𝜑 → 𝜑𝑀. Differences between the model and measured 𝐾 at similar 

𝜔 appeared to be larger when the particle size distribution was wider. A possible explanation is 

that the larger particles dominate the interaction among the particles. Jamming was also 

investigated. The most important parameter describing jamming is 𝜔𝑗𝑐. It was identified from the 

experimental results and observed to increase with increasing 𝜑. Similarities between jamming 

and the particle interaction condition were discussed as the particle clustering results from the 

particle interaction. Hence, jamming has a higher probability for the same 𝜔 with a larger particle 

size distribution. 

Utilizing the obtained models in AM applications, the manufacturing process can be improved. 

Based on the requirements of accuracy and the particle volume fraction of the particulate 

composites (which is determined by the required properties such as the electrical conductivity 

described in the next section), the extruder nozzle ID and particle mean diameter can be optimized. 

Jamming can be avoided by keeping the ratio of extruder nozzle ID to the particle mean diameter 

always larger than 𝜔𝑗𝑐 for the choosing particle volume fraction. Relatively small extruding force 

can be achieved by keeping the ratio close to 𝜔𝑝𝑖𝑐. The repeated work caused by the jamming and 

unsatisfied material properties can be avoided, and the manufacturing efficiency can be improved. 

4.1.2 Electrical Conductivity 

Electrical conductivity is an important requirement when printing components with electrical 

circuits in FEAM. ECPC (one type of conductive particulate composite) was explored as an option 

to provide conductive junctions between different conductive fibers and other electrical 
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components. Interesting electrical behavior was observed for several ECPC formulations, which 

can be characterized in terms of, electrical resistivity (the inverse of conductivity).  

Current theories for electrical resistivity of conductive particulate composites were reviewed.  

A key element of many models is the incorporation of quantum tunneling effects to describe 

electrical conductivity between particles based on particle separation by a thin layer of matrix 

material.  Existing models provided a good explanation of the resistivity dependence on particle 

volume fraction and can include effects of matrix material type. However, the impact of 

mechanical loads, especially under stress relaxation, was not adequately addressed in existing 

models. 

Experiments were designed and conducted to investigate the resistivity of ECPC with two 

matrix materials over a range of particle volume fractions. Uniaxial tension was selected to provide 

linear-ramp strain and stress rela ation to illustrate the materials’ electrical behaviors under 

mechanical load. 

From the experiment results, the general effect of particle volume fraction was explained well 

using the existing models based on quantum tunneling effects. Combining parameters in the 

equations, a semi-empirical equation was derived to describe and predict the dependence of 

electrical resistivity on 𝜑. 

The resistivity with mechanical loading was analyzed based on the average junction distance 

between adjacent particles. To relate the micro-scale junction distance with the macro-scale 

measurable parameters, the average junction distance was modeled as proportional to the cubic 

root of material volume as in Equation (3.14).  The volume change with mechanical loading was 

modeled with Poisson’s ratio and applied strain as in Equation (3.15).  ombining these 
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modifications with the resistivity model using quantum tunneling effects provided a general 

equation for resistivity under mechanical loads (Equation (3.16)). Experiment results with linear-

ramp strain and stress relaxation were well-described by the model. 

While the model captured the observed trends, a large variance in measured resistivity was 

found at the beginning of the tests. Additionally, resistivity results for small strain levels showed 

wide variability.  These characteristics are also captured by the model which shows relatively large 

sensitivity when the strain is small. Additionally, although not observed in the present experiments, 

the model also captures some other trends reported by some other investigations [46-74], such as 

decreasing resistivity with increasing compression, increasing resistivity with increasing tension, 

etc. This model can help predict the electrical behavior of conductive particulate composites 

broadly.  

In AM, once the required electrical resistivity or the required electrical resistivity change with 

required mechanical loads is determined, the model can be used to determine the composite 

formulation without minimal preliminary tests. By balancing the material formulation with the 

manufacturing process requirements as describe in Section 4.1.1, both the manufacturing 

efficiency and the manufactured product quality can be improved. The model can also be used to 

predict performance in different use scenarios. 

4.2 Recommendation and Future Work 

Following the observations and conclusions from the work presented, there is still room for 

future work to help broaden and improve the results.  

4.2.1 Rheology 
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Additional results with a broader range of materials will provide additional information to help 

refine the model. For example, the current method to calculate 𝜔𝑝𝑖𝑐 was approximated from the 

intersection of two trendlines as presented in Section 2.4.3.5. Better results can be obtained with 

more tests around current approximated 𝜔𝑝𝑖𝑐 , which can be achieved by more capillary ID and 

particle mean diameter options. Additionally, 𝜔𝑗𝑐 was calculated by a least square fit as presented 

in Section 2.4.4.1. Collecting more data near 𝜔𝑗𝑐  can improve the analysis. Additionally, the 

impact of the particle size distribution was analyzed for the particle interaction and jamming 

conditions qualitatively. More tests with particles of different particle size distribution may be 

necessary and worthwhile to quantify this impact.  

The particle interaction condition was modeled empirically.  A more theoretical approach 

would be valuable for strengthening the model predictions. Here, visualization of particle 

interaction may be helpful together with theoretical analysis of small clusters of particles in 

confined spaces [89]. 

4.2.2 Electrical Conductivity 

In the model, particle mean size was a key factor impacting the resistivity. However, no 

experiment was conducted to check the impact of this parameter because of material limitations. 

Particle size distribution may also impact the resistivity.  Both effects are worth being quantified. 

In the comparison of the resistivity model with experiment results under mechanical load, the 

bulk modulus in the model was estimated from a range of values in the material datasheet. A more 

accurate value may be obtained measurements of the material, which may improve the model 

accuracy. Additionally, Poisson’s ratio was determined by the bulk modulus and  oung’s 

modulus. following Equation (3.17). Complex relations between the mechanical properties of the 
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composite and its component formulation exist [100-105]. A more comprehensive model may be 

appropriate for different material formulations. 

Finally, only tension was applied to evaluate the resistivity model under mechanical load. 

Different mechanical loads such as compression and bending may be applied to the sample to 

evaluate and refine the model. 

4.2.3 Other properties 

Besides the two investigated aspects of particulate composite, there are also some other aspects 

worthwhile investigating. 

As discussed in Section 2.2, silicone was used to avoid the thermal impacts during experiments. 

Thermal impact is an important factor in AM. The material may expand or shrink with temperature 

changes. Additionally, the rheology can change spatially with spatial temperature gradients and 

the melting and solidification process can impact the particle arrangement in the material.  These 

effects can influence the material rheology during printing and its final electrical properties.  It is 

worthwhile investigating how thermal conditions may impact the composites’ behavior during AM 

processes. 

Additionally, the particles used in the work were spherical. Short fibers may be used in the 

composite to improve the strength and other mechanical properties. Particles with other shapes 

may also be used to provide anisotropic properties and/or high electrical conductivity at lower 𝜑. 

The orientation of non-spherical particles may also impact the suspension rheology. It is 

worthwhile investigating how different shapes impact in all those areas. 

Finally, this work was inspired by extrusion-based additive manufacturing and are supposed 

to help improve the AM efficiency and quality as discussed in Section 4.1. The models for both 
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rheology and electrical conductivity were established to achieve the goal. However, they have not 

been utilized in AM yet. It is important and worthwhile utilizing the models in AM to manufacture 

some products and estimate the improvement of the models by comparing the manufacturing 

process with the prediction from the rheology model and comparing the manufactured products 

made of ECPC with the electrical resistivity model. 
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A APPENDIX 

 

A.1  Steady state, repeatability and accuracy in rheology experiments 

In the rheology experiments, the steady state was judged by the slope of measured pressure 

drop ∆𝑃𝑚 vs. time 𝑡𝑚. If the absolute value of the slope was smaller than 7  Pa/s for more than 30 

seconds, the flow was considered steady state.  

Five tests were repeated with the same experimental settings (the same material, capillary, and 

flow rate) as discussed in section 2.2.4. The average pressure drop ∆𝑃𝑚̅̅ ̅̅ ̅ and the standard deviation 

𝜎𝑚 of the five tests were used to judge the repeatability of the experiment. In this work, all tested 

data satisfy a repeatability of  
𝜎𝑚

∆𝑃𝑚̅̅ ̅̅ ̅̅
≤ 0.05. 

When the measured pressure was too low (≤ 55 kPa), the data collected were not accurate 

because of limitations of the pressure transducer and linear stage/driving system accuracy. Data 

for these conditions were not included in the rheology analysis. Five flow rates were tested for 

each material combination.  After excluding inaccurate data, data for a minimum of five flow rates 

was retained in all cases and for the majority (82%), data for all five flow rates were retained.  

A.2  Power-law Applicability 

To illustrate the applicability of the power law model to the materials tested, an example case 

with UV 225-1 and A3000 particles at 𝜑 = 40% having the data shown in Table A.1 is chosen. 

Flow rate 𝑄 was controlled, and ∆𝑃 was measured for each 𝑄. As discussed in section 2.2, the 

flow behavior index 𝑛 can be calculated numerically using  

𝜏𝑤 =
𝑅

2𝐿
∆𝑃 (2.2) 
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𝑛 =
𝑑(   (

𝑄
𝜋𝑅3

))

𝑑(  (𝜏𝑤))
 (2.3) 

�̇� =
𝑑𝑢

𝑑𝑟𝑤
=
4𝑄

𝜋𝑅3
(
1

4
𝑛  

3

4
) 

(2.4) 

The results obtained from these equations for  𝜏𝑤 , 𝑛, and �̇� are listed in Table A.1. The results 

for 𝑛 are similar for all cases. A log-log plot of the data for 𝜏𝑤 vs �̇� shows a power-law relation 

as illustrated in Figure A.2. 

 

Table A.1 Tested and calculated data of experiment with the capillary of 𝐷 = 0.6096 𝑚𝑚 and 

𝐿 = 101.6 𝑚𝑚 and the suspension made of UV 225-1 and A3000 𝜑 = 40% 

𝑸 (𝐦𝐋/𝐦𝐢𝐧) 0.025 0.0125 0.00625 0.003125 0.0015625 

∆𝑷 (𝐏𝐚) 1703142 1015280 601815 367600  238214 

𝝉𝒘 (𝐏𝐚) 2554.71 1522.92 902.724 551.402 357.321 

𝒏 0.7463 0.7504 0.73283 0.66853 0.62588 

�̇� 17.5468 8.78298 4.37092 2.14781 1.06142 
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Figure A.1 Shear stress 𝜏𝑤 vs. shear rate �̇� for the experiment of Table A.1. The dotted line is a 

power-law trendline from least square fit. 

 

A.3  Determination of rheology constants 

Recognizing the power-law relationship between 𝜏 and �̇�, the shear stress can be modeled as  

𝜏 = 𝐾�̇�𝒏 (2.6) 

with 𝐾 and 𝑛 constant.  Substituting Equations (2.2) and (2.4) into Equation (2.6), the relationship 

between 𝑄 and ∆𝑃 can be derived as 

𝑅

2𝐿
∆𝑃 = 𝐾 (

4𝑄

𝜋𝑅3
(
1

4
𝑛  

3

4
))

𝒏

. (A.1) 

Taking the natural logarithm of both sides and simplifying gives a linear relationship between 

  (∆𝑃) and   (𝑄) as 

  (∆𝑃) = 𝑛   (𝑄)    (
2𝐿

𝑅
(
𝑛  3

𝜋𝑅3
)
𝑛

𝐾) . (A.3) 

Thus, 𝑛 and 𝐾 can be derived as 

100

1000

10000

1 10 100

τw
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𝑛 =
𝑑(  (∆𝑃))

𝑑(  (𝑄))
 (A.4) 

𝐾 =
𝑒𝛽𝑅

2 (
𝑛  3
𝜋𝑅3

)
𝑛

𝐿

 
(A.5) 

where 
𝑑(ln(∆𝑃))

𝑑(ln(𝑄))
 is the slope of the linear trendline of   (∆𝑃) vs.   (𝑄), and 𝛽 is the y-intercept of 

the linear trendline of   (∆𝑃) vs.   (𝑄). 

Equations (A.4) and (A.5) were utilized to calculate 𝑛 and 𝐾 in this work. Following it, 𝑛 =

0.71, and 𝐾 = 288.10 Pa ∙ sn are obtained following the example data shown in Table A.1 based 

on the slope and y-intercept of the least square best fit line for the data. 
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