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Thin sheet metals and ultrathin metal foils produced by industrial rolling processes are

textured polycrystalline materials and their mechanical behaviors may depend strongly on

the orientation of applied loading. Consideration of such plastic anisotropy in advanced

modeling of these materials is of the paramount importance in designing optimal manufac-

turing processes for automotive and other applications using �nite element methods. This

research addresses several critical issues in anisotropic plasticity modeling and its applica-

tions in analyzing micro channel forming of ultrathin stainless-steel foils. An experimental

study has �rst been carried out on the accuracy and sensitivity of measuring the plastic

strain ratios of an aluminum alloy AA6111-T4 thin sheet under uniaxial tension by digital

image correlation. The plastic strain ratios are found to be virtually constant at the axial

strain of 2% and beyond. Besides large measurement uncertainties at small strains, non-

homogeneous deformation and out-of-plane translation of test coupon are found to be the

main causes of their observed variations. With the aid of extensive numerical optimization

calculations, a theoretical analysis has then been conducted to evaluate two formulations

of convex fourth-order stress functions. Gotoh's yield function is found to be more capable

and better suited for parameter identi�cation while fourth-order Yld2000 function may be

used to convexify a calibrated but non-convex Gotoh's yield function with reduced plastic

anisotropy. Polycrystalline plasticity modeling has subsequently been considered to account

for the discrete nature of individual grains in ultrathin foils. A quadratic crystal plasticity

v



model of FCC single crystals with orthotropic plastic anisotropy has been successfully cal-

ibrated using �nite element polycrystal plasticity modeling and uniaxial tension test data.

Both macroscopic and polycrystalline plasticity models have been successfully incorporated

in �nite element analyses of micro channel forming of 304L stainless steel thin foils. Plas-

tic anisotropy, grain heterogeneity distribution, strain hardening, and contact friction are

all shown to a�ect the springback of the formed micro-channels and polycrystalline �nite

element simulations provide an improved prediction of experimentally measured springback.
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Chapter 1

INTRODUCTION

1.1 Motivation

Metallic products from farming tools to the aircraft industries have been widely accepted

and used in our daily life due to their good malleability and ductility [1]. There are several

approaches to shape a metal piece into a particularly designed geometry, such as machining,

forming [2,3], and joining or welding. Metal forming is a process that reshapes a metal piece

without or with little adding or removing the material [4], like tensile forming, compressive

forming, and hydroforming, etc. Among various sheet-metal forming processes, stamping

is the one commonly used in the fabrication of complex parts since it is a mass-production

economical process [5, 6]. Many metallic materials have face-centered cubic (FCC) crys-

tallographic structures, including aluminum and copper alloys, austenitic stainless steels,

etc. A6111-T4 aluminum alloy thin sheet is one of the leading materials used to produce

the vehicle body due to its good properties, like high strength, good corrosion resistance,

lightweight [6�9]. Microforming is to down-scale the products to micro-scale specimens using

commercial laboratory equipment to complete the associate tests. In micro channel form-

ing, stainless steel 304L (SS304L) ultrathin foil is one of the popular materials studied for

possible applications in fuel-cell bipolar plates [10�12].

Formality and dimensional accuracy are two primary considerations for a micro channel

forming application. For down-scaled specimens, how to minimize the variations on dimen-

sions is a crucial task in such processes. Material properties and sheet metal thickness are

two factors that may lead to the inaccuracy on �nal dimensions of the formed parts. Depend-

ing on the thickness of the to-be-used material, it is broadly categorized into three types:

plate metal, sheet metal, and metal foil [4, 13]. Metal foil refers to a very thin sheet that

has been rolled �at by a machine, about 0.2 mm thick or less, while sheet metal is a thicker
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material compared with foil but thinner than a thick metal plate. Any metal sheet with a

thickness of 6 mm or more is considered as plate metal. Metal with di�erent thickness may

have varied uses depending on the durability and weight requirements.

The plastic deformation caused by material anisotropy is one of the main concerns for

improving metal forming design and analysis. There are two major aspects of the metal

plastic anisotropy involved of yielding and plastic �ow. They are to be modeled via yield

stress functions and associated �ow rules. Unlike an isotropic material, which has identical

properties in all loading directions, the mechanical properties of an anisotropic material

change along with loading directions with respect to the material symmetry axes. Anisotropic

plastic behaviors of widely used industrial products such as the thin rolled sheet, ultrathin

foil, and so on have been studied over the years [13�19]. Some researchers have focused on

improving constitutive models via better experimental calibration to obtain more accurate

and e�cient numerical simulations [20, 21]. Others have studied the relevant experimental

and computational methods with di�erent material types and test conditions to understand

and predict the plastic responses, such as the Bauschinger e�ect [22�29].

For a polycrystalline metal alloy, its anisotropic plastic properties are considered as the

results of the collective motion of dislocations on certain crystallographic planes in single

crystal grains [30, 31]. Understanding the grain-level material behaviors will provide crucial

information to develop best constitutive formulations and numerical models used to predict

and simulate the corresponding material responses in macro-scale experiments. Two ap-

proaches in metal plasticity modeling have been employed over the years: macroscopic and

micromechanical. The macroscopic or mathematical theory of plasticity is to consider a poly-

crystalline metal as an anisotropic solid without explicitly accounting for its microstructural

details, while the micromechanical or physical theory of plasticity is to explicitly incorpo-

rate the e�ect of the crystallographic slips of single crystal grains in the polycrystalline

aggregates [32�36].

1.2 Objectives

The current research focuses on improving the anisotropic plasticity modeling and its

applications of thin sheet metals and ultrathin foils (such as AA6111-T4 and SS304L) through
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experimental investigations, macroscopic and polycrystal plasticity modelings, and numerical

simulations. The speci�c four topics have been studied in this dissertation, and the objectives

of studying each topic are summarized in the following.

Rolled sheet metals are in general textured polycrystalline solids and their plastic �ow

behavior depends on the sheet metal orientations [34, 35]. Based on the material behaviors,

a sheet metal may be classi�ed and modeled as an isotropic or anisotropic material. The

R-value, which is also known as the Lankford coe�cient, is probably one of the simplest

approaches to describe the plastic �ow pattern of the plastic anisotropy of sheet metals at

various stress states [35,37,38]. In most studies, two measurement methods or de�nitions of

the R-value have been used: the plastic strain rate ratio and the plastic strain ratio. When

the R-value is treated as a constant as often being the case in the past, both de�nitions of

the R-value are equivalent. However, some recent publications report that the R-value may

strongly depend on the accumulated plastic strain [39], so anisotropic hardening may have to

be incorporated in modeling. Therefore, an accurate and precise measurement of the plastic

strain ratio is �rst carefully assessed experimentally for an aluminum alloy AA6111-T4 sheet

metal.

Two formulations of fourth-order orthotropic yield functions in plane stress are the

simplest non-quadratic case in the advanced anisotropic plasticity modeling in the litera-

ture [20, 36, 40, 41] : Gotoh's complete fourth-order polynomial with nine coe�cients and

Yld2000-2d function with eight material constants and a stress exponent of four. While a

calibrated Yld2000 yield function is automatically guaranteed to be convex while the convex-

ity of a calibrated Gotoh's yield function requires further certi�cation. On the other hand,

Yld2000 function is less capable than Gotoh's yield function with less material constants and

its parameter identi�cation is highly nonlinear and non-unique. The question about how to

best develop a convex fourth-order yield function of a sheet metal is thus investigated next

through extensive numerical evaluations.

Due to the limited number of grains distributed across the thickness of ultrathin steel

foil, explicit crystal plasticity modeling of grains may be needed in analyzing micro channel

forming of the foil. It is well known that the plasticity of metal crystals at ambient conditions

takes place primarily due to collective motion of dislocations on certain crystallographic
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planes [30�33, 42]. Such plastic deformation within a single crystal has been treated as

smooth (continuous) and homogeneous simple shear deformations occurring on activated

slip systems [43�45]. A continuum crystal plasticity model of single crystals is thus the basis

of polycrystalline modeling of the steel foil. In particular, upon the derivation of a quadratic

plastic potential (yield stress function) of a FCC single crystal based on crystallographic

slips, how to best estimate the slip systems weights and thus the material parameters of the

yield stress function for single crystals is the central issue studied through polycrystalline

modeling and uniaxial tension testing.

In automotive industries, sheet metal forming is one of the major processes commonly

used in manufacturing, in which the upper punch and the lower die form the metal into a

desired shape. To down-scale the size of a product such as a thin 304L stainless steel bipolar

plate in a fuel cell, micro channel forming is one of the suitable methods for its mass produc-

tion [11]. After channel forming, an extensive springback recovery of the formed parts may

lead to an undesired dimensional variation or inaccuracy. Several factors including material

properties and forming conditions may a�ect the �nal shape of the formed micro channels.

Therefore, studies of so-called springback of the ultrathin stainless steel foil materials are

necessary to improve the product quality and reduce the production cost. Both macroscopic

and polycrystal models are introduced in �nite element analyses to assess various factors

that may in�uence the micro channel forming process and its springback prediction.

1.3 Outline

The experimental investigation, constitutive modeling, and numerical analysis on the

above four speci�c topics in anisotropic plasticity study of thin sheet metals and ultrathin

foils are described in the subsequent four chapters respectively. A more detailed introduction

about the background and motivation of each research topic is included at the beginning of

each following chapter. A brief outline of each chapter is �rst given in the following.

In Chapter 2, some experimental methods for achieving accurate and precise plastic strain

ratio measurements via a series of uniaxial tensile tests with di�erent angles between the

tensile loading axis and the rolling direction of tensile coupon are investigated, including some

common practices on plastic strain ratio measurements used in previous studies. Compared
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with the contact measurement methods (i.e., extensometers), digital image correlation (DIC)

is a non-contact optical technique applying to shape measurement and motion tracking,

which provides a full-�eld strain data of elastic-plastic deforming materials [46, 47]. A new

approach of plastic strain ratio measurements using a digital image-based full-�eld strain

mapping technique and periodic unloading and reloading is introduced. The relevant analysis

on possible sources of errors is discussed to evaluate the anisotropic plastic �ow in thin sheet

metals under uniaxial tension.

Chapter 3 evaluates Gotoh's complete fourth-order polynomial with nine coe�cients and

Yld2000-2d function with eight material constants and a stress exponent of four in anisotropic

plasticity modeling of four selected sheet metals reported in the literature. Di�erent sets of

independent experimental inputs and additional modeling assumptions are introduced to

identify all the parameters of two yield functions. Calibrated with the same three, �ve,

seven, or eight independent experimental inputs, the similarities and di�erences between

these two fourth-order yield functions in anisotropic plasticity modeling of the four selected

sheet metals are investigated. A detailed discussion about the parameter calibrations and the

associated polynomial coe�cients or material constants of di�erent sheet metals is included.

Chapter 4 investigates and calibrates the quadratic plastic potential for an FCC single

crystal via macroscopic and polycrystal plasticity models. A possible method of identifying

parameters of the quadratic plastic potential through the experimental uniaxial tensile test

results and microtexture data is presented. A polycrystalline tensile bar is simulated using

�nite elements and rate-independent crystal plasticity. In such simulations, parameters of

the quadratic yield function are di�erent from one grain to another as they are dependent

on the Bunge Euler angles contained in the EBSD data. The estimated slip system weights

based on Sachs or Taylor model are used as an initial guess of the single crystal plasticity

model parameters in the �nite element polycrystalline analysis. A direct comparison between

the FE-predicted and experimentally measured R-values is used to obtain �nal slip system

weights for the single crystal plasticity model.

Chapter 5 focuses on the experimental study and numerical analysis of micro channel

forming of ultrathin 304L stainless steel foils. Both macroscopic and polycrystalline plastic-

ity modeling are used in the numerical simulations to assess the possible factors a�ecting the
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springback of the formed SS304L micro channels. Possible e�ects of varying Young's modu-

lus, contact friction, and strain hardening are considered and examined with the macroscopic

plasticity model, and additional e�ects caused by grain heterogeneity distribution and plastic

anisotropy are evaluated using the polycrystal plasticity model. For both experiments and

simulations, the same two measurement methods of springback are used to evaluate the two

simulation approaches in comparison with the experimental measurements.

Finally, Chapter 6 summarizes brie�y the main results on the four topics as covered

in detailed in Chapters 2-5. Some possible future research directions or e�orts on further

studying these topics are also given.
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Chapter 2

ON THE ACCURATE MEASUREMENT OF R-VALUES OF FLAT SHEET METALS

UNDER UNIAXIAL TENSION

2.1 Introduction

Rolled sheet metals are in general textured polycrystalline solids and their plastic �ow

behavior depends on the sheet metal orientations [34, 35]. The plastic anisotropy of a sheet

metal can be in part characterized by its plastic �ow pattern when the sheet metal is sub-

jected to a simple stress state. The plastic strain rate ratio R, de�ned as the ratio of the

true width strain increment dεpw over the true thickness strain increment dεpt (see p. 322-323

in [35]), is probably one of the simplest plastic �ow pattern measures applied to a sheet

metal loaded in uniaxial tension undergoing a true axial strain increment dεpa (assuming

plastic deformation is volume preserving dεpa + dεpw + dεpt = 0),

R(εpa) =
dεpw
dεpt

= − dεpw
dεpa + dεpw

. (2.1)

As shown in Fig.2.1, a higher R-value will have a better resistance to thinning and a higher

�ow strength in biaxial tension [34, 48]. In practice, the plastic strain ratio R (also called

the Lankford coe�cient in some literature) is often used, which is de�ned as the ratio of the

total true width strain εpw over the total true thickness strain εpt (see p.10 and p.311 in [49],

p.452 in [50], p.271 in [48], p.72 and p.140 in [51]),

R(εpa) ≈ R̃ =
εpw
εpt

= − εpw
εpa + εpw

. (2.2)

If one assumes that the change of plastic strain rate ratio with axial elongation strain εpa

is negligible, then the two de�nitions are equivalent. This constancy of R-value is important

when R is used to evaluate anisotropic �ow potential constants in considering isotropic or
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Figure 2.1: Schematic of biaxial yield surfaces of a planar isotropic sheet metal with various
R-values.

anisotropic hardening behavior of a sheet metal [34, 48]. For example, when the Hill's 1948

anisotropic plastic �ow potential is modi�ed to account for the e�ects of back stresses or

kinematic hardening, the resulting plastic strain ratios are found to be dependent on the

plastic strain (especially at the small strain ranges, see [52, 53]). In this study, the term

plastic strain ratio will be used for both de�nitions above but their calculation methods will

be called di�erential (Eq.(2.1)) and total (Eq.(2.2)) strain methods, respectively.

As the plastic strain ratio values usually vary with the test direction, Rθ is used to

indicate the plastic strain ratio measured when the tensile loading axis is at an angle θ from

the rolling direction of the sheet metal. It is common to characterize a sheet metal material

by an average R-values, R̄ , where

R̄ =
R0 + 2R45 +R90

4
. (2.3)

Another parameter,

∆R =
R0 − 2R45 +R90

2
, (2.4)
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is also widely used to assess the earing height and location for deep drawing operations

[34, 35, 48, 51]. These two parameters have also been computed via polycrystal orthotropic

plasticity modeling via

R̄ =
2

π

∫ π
2

0

R(θ)dθ, (2.5)

and

∆R =
2

π

∫ π
2

0

|R(θ)− R̄|dθ. (2.6)

A formability parameter B (also called the Backofen coe�cient) is de�ned in terms of

the uniaxial tension plastic strain ratios as well, namely [54]

B =

√
(1 +R0)(R0 + 4R0R90 +R90)

4R0(1 +R0 +R90)
. (2.7)

The plastic strain ratio values and their changes upon rolling, annealing and further

deformation can be used as a quality control measure for various manufacturing processes.

R-values are also used to evaluate anisotropic �ow potential constants in modeling parameter

identi�cation process. Accurate determination of plastic strain ratios is thus desirable and

important. This study deals with the experimental measurement methods and the potential

sources of errors in plastic strain ratio values. The focus here is to assess a new digital

image based full-�eld strain mapping technique for determining the plastic strain ratios and

its possible applications in studying the anisotropic plastic �ow of sheet metals upon the

changes in strain paths, at large plastic strains, and under simple stress states other than

uniaxial tension.

2.2 A Sensitivity Analysis on the R-value Measurement Errors

Although details for R-value determination have been given by the ASTM Standard Test

Method for Plastic Strain Ratio r for Sheet Metal (E517-00), the experimental procedures in

practice vary somewhat [49]. Typically, up to ten di�erent width and thickness measurements

made in the central 2-in gage section of a tensile specimen at the maximum load point are

used for computing the R-values. The width and thickness measurements are also made at

5%, 10%, 15% or other axial elongations, depending on the materials and individual labs.

Because the thickness dimension is much smaller than the width and axial dimensions of
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the tensile specimens, the axial elongations are often used instead of the sheet thickness.

Before presenting the new measurement technique and associated data analysis procedure

on R-values in �at sheet metals, a brief review of various R-value measurement methods and

their potential sources of errors [55] are �rst summarized in this section.

2.2.1 Typical Sources of Measurement Errors

Depending on the instrument and calibration method used, the experimental procedures

can be classi�ed (1) as either continuous (loaded) or interrupted (unloaded); (2) as either

the length or strain calibrated measurements. A total of four possible cases are summarized

in the following. For simplicity, only one set of formulas are given for both di�erential and

total strain methods, with the understanding that either strain increments or total strains

can be used in those formulas.

Case A : Interrupted or unloaded with length measurements calibrated (using microm-

eters or any other length measuring gages). The plastic strain ratio for this case is given by

R = − ln(w/w0)

ln(w/w0) + ln(l/l0)
, (2.8)

where the initial reference gage length l0 and width w0 as well as the current deformed

gage length l and width w of the sheet metal tensile specimen are measured by precision

micrometers under completely unstressed conditions. If the initial dimensions are measured

from the previous deformation step, the R-value is obtained by the di�erential strain method

as given by Eq.(2.1). If the initial dimensions are measured from the undeformed state, then

the R-value is computed using the total strain method given by Eq.(2.2).

The measurement error in R-values can be estimated from the errors in axial elongation

and width measurements
δR

R
= η∗

1 +R

ln(l/l0)
, (2.9)

where

η∗ =

√(
1 +

1

R

)2 [
(
δw

w
)2 + (

δw0

w0

)2

]
+ (

δl

l
)2 + (

δl0
l0

)2. (2.10)
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Assuming all the length measurement errors are the same as δw, one then has

δR

R
=

[
(1 +R)

√
2 + 4R + 4R2

R

1

ln(l/l0)

]
δw

w
. (2.11)

Consequently, the errors in the width measurements are likely dominant (four times of the

axial ones if R=1). It is also evident that the error in R-values grows quickly as the true

axial strain ln(l/l0) approaches zero. That is, R-value becomes increasingly unreliable at the

initial plastic yielding point.

Case B : Interrupted or unloaded with strain measurements calibrated (using clip gages

or other strain measuring methods). The plastic strain ratio in this case is given by Eq.(2.2)

and its error can be estimated from the errors in strain measurements

δR

R
= (1 +R)

δεpw
εpw

+R
δεpa
εpw

, (2.12)

or (if δεpw = δεpa)
δR

R
= (1 + 2R)

δεpw
εpw

=
(1 + 2R)(1 +R)

R

δεpa
εpa
. (2.13)

The errors in strain measurements are ampli�ed when computing the R-values (as R > 0

usually holds).

Case C : Continuous (loaded) with length measurements calibrated (using attached mi-

crometers or any other length measuring gage). The plastic strain ratio is given by correcting

for elastic strains �rst in the strain calculations, namely,

R = − ln(w/w0) + νεea
ln(w/w0) + ln(l/l0) + (ν − 1)εea

, (2.14)

where the total strains are assumed to be additive of elastic and plastic strains, εea is the

elastic axial strain, and ν is the Poisson's ratio of the material. The di�erence between the

R-values obtained via Eq.(2.8) and via Eq.(2.14) is only noticeable at very small strain levels

of plastic deformation.

Case D : Continuous (loaded) with strain measurements calibrated (using clip gages or

other strain measuring methods). After correcting for the elastic strains, the plastic strain
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ratio is given by

R = − εw + νεea
εa + εw + (ν − 1)εea

, (2.15)

where εa and εw are the total axial and width strains directly measured. In both cases C

and D, the elastic axial strain εea is computed via the axial stress σ divided by the Young's

modulus E of the material, and the axial (true) stress in terms of the applied axial load F

and the current (deformed) cross-section area A of the tensile sample is usually obtained

approximately as (A0 is the initial cross-section area)

σ =
F

A
≈ F

A0

l

l0
=

F

A0

eεa . (2.16)

2.2.2 Additional Sources of Measurement Errors Using Digital Image Correlation

When the digital image based full-�eld strain mapping technique [56�58] is used, some

other sources of errors in strain measurements may exist. One is the misalignment between

the camera and the tensile specimen. If the misalignment is only in-plane (i.e., the image

coordinate system is not completely aligned with the tensile axis and the transverse axis of

the specimen), the errors in axial and width strains can be estimated from

δε(β) = ε∗a − εpa = (−εpa + εpw)sin2β, ε∗w − εpw = (εpa − εpw)sin2β = −δε(β), (2.17)

where β is the misalignment angle between the image coordinates and the specimen axes.

When the misalignment between the camera and the tensile specimen is out-of-plane, non-

uniform magni�cations will be induced in the digital images, resulting non-uniform scaling

(virtual straining) over the image region of the tensile specimen. Proper calibration and pre-

test adjustments of the experimental set-up are the best way to eliminate such misalignments.

Another signi�cant source of errors may be due to the relative out-of-plane movements

between the camera and the tensile specimen (even though the initial alignment between

the camera and the specimen has been well adjusted). The specimen grips may cause some

noticeable out-of-plane movements during the elastic loading and initial plastic yielding

stages (typically accompanying a large increase of loads). If the error in strains due to the
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out-of-plane movement is ∆ε, then the two in-plane axial strain components are equally

a�ected, namely,

R + δR = − εw + ∆ε

εa + εw + 2∆ε
, or

δR

R
=

εw + ∆ε

εa + εw + 2∆ε

εa + εw
εw

− 1. (2.18)

The reduction in the sheet thickness during the subsequent plastic deformation can also

induce some biaxial surface strain measurement errors by digital image correlation, namely

∆ε(h) ≈ h− h0

D
, (2.19)

where h0 and h are the initial and current thickness of the sheet metal specimen, and D is the

camera-to-object distance (usually D >> h0). The error is always negative (underestimating

R-values). The error in the R-value due to plastic thinning can thus be expressed as (via

some algebraic manipulation)

δR

R
=

h0 − h
D − 2h0 + 2h

(2 +
1

R
). (2.20)

Figure 2.2: Errors in R-value measured in length.
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Figure 2.3: Errors in R-values measured in strain.

2.2.3 Numerical Examples of Errors in R-value Measurements

The errors in R-values are �rst examined numerically using several simulated data sets.

For simplicity, the R-values are assumed to be constant with increasing true axial strains

(ranging from 0.5% to 25%). For a given true axial strain and R-value, the true width strain

(as needed in some of the equations used to compute the relative errors in R-values) are

computed via

εpw = − R

1 +R
εpa. (2.21)

Fig.2.2 shows errors in R-values in terms of the length measurement errors as given by

Eq.(2.11). The three cases considered correspond to the errors in the width measurements of

0.127 µm, 1.27 µm and 12.7 µm respectively when the ASTM standard sheet metal tensile

specimens with a width of 12.7 mm (0.5 inch) are used. The horizontal dashed-and-dotted

line indicates the cut-o� for a 5% error level in R-values. The results indicate that the error

in the width measurements should be of ±1.27 µm or less to ensure the errors in the R-values

to be within 5%.

Fig.2.3 shows errors in R-values in terms of the strain measurement errors as given by
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Figure 2.4: Errors in R-values measured based on misalignment between tensile specimen
and digital image.

Eq.(2.13). Again, the horizontal dashed-and-dotted line indicates the cut-o� for a 5% error

in R-values. Clearly, if the strains can be measured within ±100 microstrains or less, the

R-values can be determined within 5% even at small strain levels. According to Eq.(2.13),

the minimum relative errors in R-values is 5.828 times of the relative strain errors when

R=0.707. If the strain errors are of the order of 1,000 microstrains, the R-values may only

be reliable for axial strains larger than 15%.

When the strains are measured based on the digital images, there may exist some mis-

alignments between the image coordinates and the tensile specimen axes. The e�ect of

such a misalignment on the errors in R-values is shown in Fig.2.4 (see Eq.(2.17)). If the

misalignment angle is 5o or less, the error is about 5% or less for R=0.25 to 2.

The e�ect of elastic strains on the measured R-values as given by Eq.(2.16) is shown in

Fig.2.5-Fig.2.7. Three materials are considered: copper (E=120 GPa, ν = 0.33), aluminum

(E=70 GPa, ν = 0.33) and steel (E=210 GPa, ν = 0.33). A linear strain hardening law

is assumed for all three materials with the yield stress and the slope (plastic modulus) of

150 MPa and 650 MPa, respectively. It is apparent that if the strains are measured when
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Figure 2.5: Errors in R-values for a copper sheet while not subtracting elastic strain from
the total strain.

the tensile specimen is still loaded, then the correction for the elastic strain components is

necessary to reduce the errors of R-values at small axial strain levels. The e�ect of elasticity

is strongest for aluminum as it has the lowest Young's modulus.

Finally, some out-of-plane rigid body translations between the camera and the tensile

specimen may occur when taking digital images during the deformation steps for strain

measurements. Such translations will induce a virtual biaxial strain �eld superimposed

on the actual plastic �ow patterns, namely (assuming a pinhole projection and a parallel

alignment between the camera and the tensile specimen),

∆ε(d)
a = ∆ε(d)

w ≈
d

D − d
, (2.22)

where d is the amount of out-of-plane translation of the tensile sample towards the camera,

D is again the camera-to-object distance (usually D >> d). When the camera and the

tensile specimen moves closer towards each other, both d and D are set positive; otherwise,

they are set to be negative. Based on the above equation and Eq.(2.18), the e�ect of the out-

of-plane translations on the errors in R-values can be obtained and the results are illustrated
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Figure 2.6: Errors in R-values for an aluminum sheet while not subtracting elastic strain
from the total strain.

in Fig.2.8 for R=0.25, 1, and 2. If the out-of-plane translation d/D is about ±0.0001 or less,

the induced errors in R-values are negligible. However, when the out-of-plane translations

are signi�cant (say, d/D=±0.0025 or larger), correction of the virtual strains is necessary to

minimize the errors in R-values.

Using the copper sheet metal samples as an example and assuming their R-values in the

rolling direction is a constant of 0.6 [55], the errors in measured R-values as a function of

the axial strain are shown in Fig.2.9 and Fig.2.10. Di�erent levels of errors in the width

measurements by a micrometer and strain measurements by digital image correlation are

assumed. For the tests on both the compact and standard tensile samples, the lower bound

error on the dimension measurements is about 0.00025� or 6 µm and the upper bound

can be as high as 0.00125� or 16 µm or higher (surface roughening and edge wrinkling

e�ects due to plastic deformation). The intrinsic errors (due to image noises) in the average

strains by digital image correlation are 100 microstrains or less but the extrinsic errors (due

to deformation and motions) can be as high as 500-1000 microstrains or higher. When

measuring R-values at small strain levels of 1-5%, the errors in strains should be controlled
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Figure 2.7: Errors in R-values for a steel sheet while not subtracting elastic strain from the
total strain.

to be within 20 microstrains, then the errors in R-values can be limited to 1-2%.

The precision and accuracy of plastic strain ratio values are easily a�ected by the errors

in the dimension or strain measurements of plastically deformed sheet metals. Existing

manual methods measuring dimension changes by micrometers are not suitable for either

small (5% or less) or very large (after necking) strain levels. The digital image based strain

measurement technique in principle can be used instead. However, some e�orts are required

to minimize strain errors due to optical misalignments. By using the proper experimental

measurement and data processing procedure to be presented in this study, the plastic strain

ratio R may be determined with an error of 2.5% or less over a wide range of strain levels.

2.3 Uniaxial Tensile Testing of Flat Sheet Coupons

2.3.1 Sheet Metal Material and Test Coupon Preparation

Each test coupon was cut from an aluminum alloy sheet metal AA6111-T4 of 1.2mm in

thickness on a water-jet machine. Multiple tensile test coupons with �ve di�erent orientations

to the rolling direction of the sheet metal were obtained. A digital image of an as-machined

AA6111-T4 sheet test coupon is shown in Fig.2.11 along the machining schematic of showing
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Figure 2.8: Errors in R-values due to the out-of-plane translations between the camera and
the tensile specimen.

orientations of the test coupons. Such an aluminum sheet metal has been used in some prior

laser welding and anisotropic plasticity modeling studies [59, 60].

2.3.2 Uniaxial Tension Testing

The uniaxial tensile experiments using compact test coupons were carried out in the

displacement control mode on an Instron 5967 universal materials test machine with a 30 kN

static load cell. A constant cross-head speed of 0.025 mm/min was used in all experiments.

Three sets of test samples with �ve di�erent loading angles were tested, see Fig.2.12. They

consist of samples subjected to the tensile loading along 0-degree or rolling direction (RD),

22.5-degree, 45-degree or diagonal direction (DD), 67.5-degree and 90-degree or transverse

direction (TD) from the RD of the sheet metal respectively. Each test coupon was held at

both ends by a pair of wedge grips with �at but serrated faces and was tensile loaded to

�nal fracture while the upper cross-head displacement and load cell reading were recorded

continuously at 10 Hz data acquisition rate. During each test, a monochrome digital CCD

camera from Point Grey Research Inc. (www.ptgrey.com) with a telecentric zoom lens was

19



Figure 2.9: Upper and lower bounds on the errors of R-values determined by the width and
length of the deformed sheet specimens.

used to image one surface of the gage zone of the �at test sample at 0.5 fps. A total of about

700 or more images were acquired for each test. Each 8-bit grayscale image has a size of

1920-by-1200 pixels with a typical pixel resolution around 28 microns/pixel.

The camera for acquiring digital images should be properly aligned with the tensile

specimen. The tensile loading direction of the specimen should be parallel with the horizontal

axis of the images. The quality of the alignment and the errors in strain measurements by

digital image correlation can be assessed following the procedure described in [56]. Strains

errors of 100 microstrains or less due to image noises and small rigid body motions can be

easily achieved. For small strain applications, the strain errors should be reduced to 10-20

microstrains or less.

If it is desirable to measure the strain errors due to relative out-of-plane motions between

the camera and the specimen during the tensile test, a small �at reference object (such as a

microscope glass slide with sprayed paints) can be mounted on top of the tensile specimen by

a rubber band or soft adhesive. The reference object will be placed inside the �eld-of-view of
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Figure 2.10: Upper and lower bounds on the errors of R-values determined by the axial
and width strains of the deformed sheet specimens. The errors in strains are assumed to be
20,100,250,500,1000 and 2500 microstrains.

the digital images (without blocking the central section of the specimen gage section). The

reference object will remain undeformed and the strains detected by correlation of its images

can be used as a measure of the strain errors due to rigid body motions of the specimen in

the test.

A series of digital images are acquired during the tensile test. The digital images for

plastic strain ratio measurements shall be in general taken at least 1%-2% strain increment

apart. To improve the image quality, the crosshead of the loading machine may be stopped

while acquiring the digital images (but the specimen can still be loaded). One can also

completely unload the specimen before taking the images.

As only one end of the specimen grips moves in conventional material testing machines

(such as those manufactured by Instron or MTS), some signi�cant in-plane translations along

the tensile loading direction will occur as the sheet specimen plastically deforms. The initial

�eld-of-view of the images should be set to take such translations into account to ensure

that the central section of the tensile specimen always stays in the center part of the images.
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Figure 2.11: Geometry and orientation of tension test coupon.

This is not a problem for specially built tensile testing apparatus with symmetrical loading

frames (the center of the �eld of view of the specimen hardly moves in such cases).

2.3.3 Strain Measurements by Digital Image Correlation Analysis

The digital image set acquired during the tensile test can be processed using a digital

image correlation (DIC) program implemented in MATLAB based on the well-known Lucas-

Kanade inverse compositional algorithm [61�63] for computation of the average in-plane

strains and then the R-values. Typically, large subset sizes and gage sizes (80 and up to

120 pixels) should be used to reduce the errors in the average strain measurements. To

minimize the e�ects such as machining errors and plastic wrinkling at the specimen edges,

the processed region of the interest of the images should not include the boundary regions

of the specimen in image (including the processing option for average strain calculations

as well). By inspecting the strain maps obtained from digital image correlation, one needs

also to ensure that no gross inhomogeneous deformation exist with the region of interest

(especially at both ends of the specimen gage section that are close to the tapered grip

sections). On the other hand, as the plastic strain ratio is a macroscopic measure of plastic

�ow anisotropy, the region of interest used to compute the average strains should be as large

as possible.

The R-values should be computed by using either the incremental strain method (by
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Figure 2.12: A summary of 15 tension test coupons.

directly computing the true strain increments between images) or the di�erential strain

method (by numerically computing the derivatives of the total true width strain with respect

to the total true axial strain). If the errors due to rigid body motions during the test are

measured, both width and axial strains should be corrected �rst. If there is a signi�cant

degree of in-plane misalignment between the image coordinates and the tensile specimen

orientation, a strain transformation may be needed to correct the strains. Alternatively, one

can simply output the principal true strains from the MATLAB digital image correlation

program and used them as the corrected width and axial strain data for computing R-values.

The errors in R-values can be easily achieved to within 5% by the procedure outlined here

for both small and large deformation applications. With extra precautions, measurements of

out-of-plane motions, and more advanced camera calibrations, limiting the errors in R-values

to 1% or less is achievable by digital image strain mapping technique.

2.4 Experimental Results

As described in previous section, a typical tensile test was carried out in the displacement

control mode on an Instron 5967 universal materials test machine with a 30 kN static load cell,

see Fig.2.13(a). Unlike the conventional tension test protocol, up to 11 periodic unloading
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Figure 2.13: Test setup, loading history and image frame: (a) Instron material testing
machined used in the study; (b) the axial tensile load versus displacement or extension curve
and the time history of the axial tensile load of a typical test (Sample #UT1ST0B); (c)
the frame-averaged image frame at #0 and #11 holding steps during tension testing of the
sample.

and reloading steps were imposed during the tensile test, see Fig.2.13(b). At each unloaded

state with only a small tensile load of about 50 N (an engineering stress of about 7 MPa

or an engineering strain of about 100 microstrains), a holding time of 60 seconds was used

to acquire abut 30 image frames of the stationary tensile sample in each test. Those image

frames were then averaged to obtain a total of 12 images labeled #0 to #11 with reduced

image noises. Representative of image frame #0 (undeformed prior to any tensile plastic

deformation) and #11 (deformed at the last unloaded state prior to necking and �nal fracture

of the test coupon) are shown in Fig.2.13(c).

The nominal axial tensile true stress versus true strain curve of the aluminum alloy sheet

AA6111-T4 from the tensile test sample #UT1ST0B is shown in Fig.2.14. The nominal axial

true strain and true stress was obtained by using the cross-head displacement, axial force from

the load cell, the 1-inch initial gage length of the tension coupon and the usual assumption
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of plastic incompressibility. A custom-made video extensometer program based on digital

image correlation was used to analyze the 12 frame-averaged images #0 to #11 to obtain

the axial plastic strains. As illustrated in Fig.2.14, two vertical rectangular boxes in images

#0 and #11 were the regions of interest (600-by-230 pixels) used in the video extensometer

measurement. Table 2.1 lists total plastic axial strains at each of the 11 holding steps with

negligible tensile loading.

Figure 2.14: The nominal axial tensile true stress versus true strain curve of the aluminum
alloy sheet from the tensile test sample #UT1ST0B.

Fig.2.15 - Fig.2.17 and Table 2.2 - Table 2.4 summarize the measurement results on

R-values of AA6111-T4 sheet from the total of 15 tension test coupons in this study. A

gage section of 600-by-230 pixels were used to compute the average strains of the tensile

test coupon by digital image correlations. Two di�erent methods of computing the plastic

strain ratios were used: the di�erential strain method of Eq.(2.1) and the cumulative strain

method of Eq.(2.2) respectively. To reduce the detrimental e�ect of noisy strain data upon
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Table 2.1: Total axial plastic strain at the 11 unloaded steps of the test

No. Axial Plastic Strain
1 0.00101
2 0.00425
3 0.01285
4 0.02140
5 0.03105
6 0.04011
7 0.06816
8 0.09486
9 0.11884
10 0.14517
11 0.15895

the numerical di�erentiation, the �nite di�erence was used instead for Eq.(2.1), that is

R(εpa) =
dεpw
dεpt
≈ − ∆εpw

∆εpa + ∆εpw
. (2.23)

Table 2.2: Uniaxial tension plastic strain ratios obtained from the �rst set of test coupons

θ(o) 0 22.5 45 67.5 90

R̄θ 0.89 0.65 0.40 0.45 0.67

Rθ 0.87 0.67 0.42 0.48 0.67
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Figure 2.15: Uniaxial tension plastic strain ratios obtained from the �rst set of �ve test
coupons at �ve di�erent orientations.

Table 2.3: Uniaxial tension plastic strain ratios obtained from the second set of test coupons

θ(o) 0 22.5 45 67.5 90

R̄θ 0.97 0.66 0.38 0.47 0.67

Rθ 0.95 0.69 0.38 0.49 0.66

2.5 Discussions and Conclusions

2.5.1 On the Evolution of R-value with Plastic Strain

In order to better visualize the possible variations of R-values with increasing axial plastic

strain, the experimental results based on two calculation methods for six on-axis tension test

coupons (i.e., the loading angle = 0 or 90 degrees) are further compared side-by-side in

Fig.2.18. For the three 90o or TD tension test coupons, their R-values are rather consistent

with each other and virtually remain constant beyond the axial plastic strain of 1-2%. The R-
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Figure 2.16: Uniaxial tension plastic strain ratios obtained from the second set of �ve test
coupons at �ve di�erent orientations.

Table 2.4: Uniaxial tension plastic strain ratios obtained from the third set of test coupons

θ(o) 0 22.5 45 67.5 90

R̄θ 0.92 0.65 0.39 0.47 0.65

Rθ 0.91 0.65 0.41 0.48 0.65

values from the strain di�erence method start to deviate at the last unloaded step. A further

inspection of the whole-�eld increment strain map obtained by digital image correlation

indicates the occurrence of di�use necking in the tension coupon. As shown in Table 2.2 -

Table 2.4, the average R-values at εpa = 0.1 are R̄90 = 0.663 and R90 = 0.660 with a very

small standard deviation of 0.012 or less.

On the other hand, there are some noticeable sample-to-sample variations in R-values

from the three 0o or RD tension test coupons. As shown in Table 2.2 - Table 2.4, the average
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Figure 2.17: Uniaxial tension plastic strain ratios obtained from the third set of �ve test
coupons at �ve di�erent orientations.

R-values at εpa = 0.1 are R̄0 = 0.927 and R0 = 0.910 with a much larger standard deviation

of 0.040. A closer examination of the geometry of those three tested tension coupons under

a microscope founds that the sample edges are clearly irregular due to improper water-jet

cutting of the coupon from the as-received sheet blank. This may have contribute to such a

larger scattering in sample-to-sample R-values. Nevertheless, each R-value still tends to be

constant beyond the axial plastic strain of 2%.

2.5.2 Possible Measurement Errors and Their E�ects on Measured R-values

As discussed in details in Section 2.2 that there are many potential factors a�ecting

the measurement accuracy and precision of R-values. Because only the images of unloaded

tension coupons were used in digital image correlation based strain measurements, any un-

certainty about subtracting elastic strains from total strains has thus been minimized in this

study for computing R-values. The optical e�ect of any out-of-plane motion, lens distortion

and camera misalignment may play a role in creating the initial large changes in R-values

with increasing axial plastic strains.
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Figure 2.18: Comparison between the experimental results based on two calculation methods
for six on-axis tension test coupons.

One additional factor may be due to the non-homogeneity of deformation �eld (and the

initial state of the aluminum sheet) at small strains. Incremental axial strain maps were

obtained from digital image correlation analysis of the �rst �ve frame-averaged images of

the unloaded tension test coupon #UT1-90A, and the resulting contour plots are shown in

Fig.2.19. Clearly, the strain increments are non-uniform prior to the load steps #4 (εpa =

1.93%) and #5 (εpa = 2.91%), indicating the uniform strain and thus uniform stress states

for an ideal uniaxial tension loading condition of a homogeneous gage section may have not

existed at all in small strains.

2.5.3 Concluding Remarks

Anisotropic plastic �ow of a thin sheet metal is often characterized by plastic strain ratios

determined in a series of uniaxial tensile tests with angles between the tensile loading axis and

the rolling direction of the sheet metal ranging from 0 to 90 degrees. Existing experimental

methods used to measure the plastic strain ratios in common practice are brie�y reviewed and

a new approach using a digital image based full-�eld strain mapping technique and associated
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camera calibration is introduced. Potential sources of errors in both old and new methods

are discussed in great details with the emphasis on achieving best precision and accuracy in

plastic strain ratio values. Some theoretical results relating the anisotropic plasticity models

to the plastic strain ratios are also included. Within the measurement uncertainties and

sample-to-sample variations, the experimental results on AA6111-T4 obtained in this study

show that the unaxial tension plastic strain ratios are virtually constant at axial plastic strain

of 2% and beyond. It is thus concluded at least for this sheet metal that a general anisotropic

hardening model may not be needed to be included in anisotropic plasticity analysis.
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Figure 2.19: Incremental axial strain maps of the �rst �ve frame-averaged images of the
unloaded tension test coupon #UT1-90A.
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Chapter 3

A COMPARATIVE EVALUATION OF TWO FORMULATIONS OF A

FOURTH-ORDER ORTHOTROPIC YIELD FUNCTION IN PLANE STRESS

3.1 Introduction

In mathematical modeling of yielding and associated plastic �ow of a sheet metal in

plane stress, a suitable scalar-valued norm function f(σx, σy, τxy) of the applied Cauchy

stress expressed in orthotropic in-plane sheet metal symmetry axes xy as σσσ = (σx, σy, τxy)

plays an essential role as the so-called yield stress function in three aspects [20, 34, 36]: it

is used (1) to set the yield condition f(σσσ) = σf (where σf is the current yield strength of

the sheet metal), (2) to compute the plastic strain increments using an associated �ow rule

ε̇εεp ∝ ∂f/∂σσσ, and (3) to de�ne an equivalent stress σ̄ = f(σσσ) and its plastic work conjugate

equivalent plastic strain increment ˙̄εp via σ̄ ˙̄εp = σσσ : ε̇εεp ≥ 0. Most often, the yield strength

of the sheet metal is taken as a monotonically increasing function of the equivalent plastic

strain to account for strain hardening, σf = σf (ε̄
p) with σ′f (ε̄

p) > 0.

In principle, any scalar-valued function f(σx, σy, τxy) of the Cartesian stress components

of the stress tensor can be used as the yield function for the sheet metal as long as it is positive

and convex and obeys the orthotropic material symmetry, i.e., f(σx, σy, τxy) = f(σx, σy,−τxy)

[35, 64, 65]. There are two commonly used formulations or approaches in constructing such

a yield function. The �rst formulation is to use a polynomial function of second or higher

order and its positivity and convexity has to be further certi�ed mathematically upon the

calibration of its polynomial coe�cients [34�36, 65�67]. The second formulation is to use a

positive and convex non-quadratic isotropic function of the so-called linearly transformed

stresses and its positivity and convexity is automatically ensured upon the calibration of its

real-valued material constants [20, 40, 68]. When the stress exponent M is set to an even

order in the second formulation, the resulting yield function is shown to be in general a
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reduced form of a positive and convex polynomial function of the same order [68, 69].

In this study, we consider the fourth-order yield functions developed by these two for-

mulations, namely, Gotoh's fourth-order polynomial yield function and Yld2000-2d yield

function with a stress exponent M=4. Historically, the development of Gotoh's 1977 quartic

polynomial yield function is a natural continuation and extension of Hill's 1948 quadratic

polynomial yield function. It is one of the earliest and capable non-quadratic yield functions

for advanced sheet metal plasticity modeling [36, 60, 70�74]. As the total number of eight

independent material constants in the fourth-order Yld2000-2d is one less than the total

number of nine independent polynomial coe�cients in Gotoh's yield function, a detailed

comparative evaluation about the similarities and di�erences of these two fourth-order yield

functions is warranted.

In the following, fourth-order yield functions by these two formulations are summarized in

Section 3.2 along with the nonlinear relationship between polynomial coe�cients in Gotoh's

yield function and material constants in Yld2000-2d. In Section 3.3, parameter identi�cation

is detailed for these two versions of the fourth-order yield function when the same three, �ve,

seven or eight independent experimental inputs are used. Examples of calibrated yield func-

tions for modeling four representative sheet metals are presented and compared in Section

3.4. Discussion and conclusions of the study are given in Section 3.5, including comments

about some recent results as reported by Uppaluri and Helm [74] on the convex fourth-order

yield function.

3.2 Fourth-order Yield Functions in Plane Stress

3.2.1 Gotoh's 1977 Yield Function

The complete fourth-order homogeneous polynomial as a plane stress yield function has

the following form according to Gotoh [36]

Φg(σx, σy, τxy) = f 4(σσσ) = A1σ
4
x + A2σ

3
xσy + A3σ

2
xσ

2
y + A4σxσ

3
y + A5σ

4
y

+ A6σ
2
xτ

2
xy + A7σxσyτ

2
xy + A8σ

2
yτ

2
xy + A9τ

4
xy,

(3.1)

where (A1, A2, ..., A9) are nine polynomial coe�cients (material constants). To facilitate its

parameter identi�cation from independent experimental inputs and to study various cases
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of reduced plastic anisotropy, reformulation in terms of intrinsic variables (principal stresses

σ1 and σ2 and loading angle θ) is preferred [65,75,76]

φg(σ1, σ2, θ) = F (θ)σ4
1 +G(θ)σ3

1σ2 +H(θ)σ2
1σ

2
2 +G(θ +

π

2
)σ1σ

3
2 + F (θ +

π

2
)σ4

2, (3.2)

where F (θ), G(θ) and H(θ) are in the Fourier cosine series form

F (θ) = F0 + F1cos2θ + F2cos4θ + F3cos6θ + F4cos8θ,

G(θ) = G0 +G1cos2θ +G2cos4θ − 2F3cos6θ − 4F4cos8θ,

H(θ) = H0 − 2(F2 +G2)cos4θ + 6F4cos8θ,

(3.3)

and the nine unique Fourier coe�cients (F0, F1, F2, F3, F4, G0, G1, G2, H0) are given by Tong

[72, 76] in terms of linear relationships of the nine polynomial coe�cients (A1, A2, ..., A9) in

Φg(σx, σy, τxy) of Eq.(3.1).

3.2.2 The Fourth-order Yld2000-2d

As discussed by Barlat et al. [40], the original Yld2000-2d and several of its variants

are equivalent with a total of up to eight independent material constants. Two particularly

popular forms of fourth-order Yld2000-2d yield function are considered: the original form by

Barlat's group [20,40] and one of its compact variants by Aretz [41]. The original Yld2000-2d

has the following form in terms of its eight material constants (α1, α2, ..., α8)

2Φ
(α)
2k (σσσ) = 2f 4(σσσ) = {(2α3 − 2α4 + 4α5 − α6

6
)σx − (

α3 − 4α4 + 2α5 − 2α6

6
)σy

+

√
[(

2α3 − 2α4 − 4α5 + α6

6
)σx − (

α3 − 4α4 − 2α5 + 2α6

6
)σy]2 + (α8τxy)2 }4

+ {(2α3 − 2α4 + 4α5 − α6

6
)σx − (

α3 − 4α4 + 2α5 − 2α6

6
)σy

−
√

[(
2α3 − 2α4 − 4α5 + α6

6
)σx − (

α3 − 4α4 − 2α5 + 2α6

6
)σy]2 + (α8τxy)2 }4

+ {2
√

[(
2α1 + α2

6
)σx − (

α1 + 2α2

6
)σy]2 + (α7τxy)2 }4.

(3.4)
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One of its variants is given by Aretz [41] as

2Φ
(β)
2k (σσσ) = 2f 4(σσσ) = {β8σx + β1σy

2
+

√
(
β2σx − β3σy

2
)2 + (β4τxy)2 }4

+ {β8σx + β1σy
2

−
√

(
β2σx − β3σy

2
)2 + (β4τxy)2 }4

+ {2
√

(
β5σx − β6σy

2
)2 + (β7τxy)2 }4,

(3.5)

where (β1, β2, .., β8) are its eight material constants and they are shown by Barlat et al. [40]

to be related to (α1, α2, .., α8) as

β1 =
−α3 + 4α4 − 2α5 + 2α6

3
, β2 =

−2α3 + 2α4 + 4α5 − α6

3
,

β3 =
−α3 + 4α4 + 2α5 − 2α6

3
, β8 =

2α3 − 2α4 + 4α5 − α6

3
,

β5 =
2α1 + α2

3
, β6 =

2α2 + α1

3
, β4 = α8, β7 = α7.

(3.6)

Both fourth-order yield functions 2Φ
(α)
2k (σσσ) and 2Φ

(β)
2k (σσσ) can be expanded out into the

same polynomial of Eq.(3.1) with their nine coe�cients being given as (here Ã and Ā are

used to indicate that they are computed from functions of (α1, α2, .., α8) and (β1, β2, .., β8),
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respectively)

Ã1 =
4α2

1α
2
2

27
+

16α3
1α2

81
+

8α4
1

81
+

4α1α
3
2

81
+

α4
2

162
+

16α2
3α

2
4

27

− 32α3
3α4

81
+

8α4
3

81
− 32α3α

3
4

81
+

8α4
4

81
+

16α2
5α

2
6

27

− 128α3
5α6

81
+

128α4
5

81
− 8α5α

3
6

81
+

α4
6

162
,

Ã2 = −20α2
1α

2
2

27
− 56α3

1α2

81
− 16α4

1

81
− 26α1α

3
2

81
− 4α4

2

81
− 80α2

3α
2
4

27
+

112α3
3α4

81

− 16α4
3

81
+

208α3α
3
4

81
− 64α4

4

81
− 80α2

5α
2
6

27
+

448α3
5α6

81
− 256α4

5

81
+

52α5α
3
6

81
− 4α4

6

81
,

Ã3 =
11α2

1α
2
2

9
+

20α3
1α2

27
+

4α4
1

27
+

20α1α
3
2

27
+

4α4
2

27
+

44α2
3α

2
4

9
− 40α3

3α4

27
+

4α4
3

27

− 160α3α
3
4

27
+

64α4
4

27
+

44α2
5α

2
6

9
− 160α3

5α6

27
+

64α4
5

27
− 40α5α

3
6

27
+

4α4
6

27
,

Ã4 = −20α2
1α

2
2

27
− 26α3

1α2

81
− 4α4

1

81
− 56α1α

3
2

81
− 16α4

2

81
− 80α2

3α
2
4

27
+

52α3
3α4

81

− 4α4
3

81
+

448α3α
3
4

81
− 256α4

4

81
− 80α2

5α
2
6

27
+

208α3
5α6

81
− 64α4

5

81
+

112α5α
3
6

81
− 16α4

6

81
,

Ã5 =
4α2

1α
2
2

27
+

4α3
1α2

81
+

α4
1

162
+

16α1α
3
2

81
+

8α4
2

81
+

16α2
3α

2
4

27
− 8α3

3α4

81
+

α4
3

162

− 128α3α
3
4

81
+

128α4
4

81
+

16α2
5α

2
6

27
− 32α3

5α6

81
+

8α4
5

81
− 32α5α

3
6

81
+

8α4
6

81
,

Ã6 =
16α2

1α
2
7

9
+

16

9
α1α2α

2
7 +

4α2
2α

2
7

9
+

8α2
3α

2
8

9
− 16

9
α3α4α

2
8 +

16

9
α3α5α

2
8

− 4

9
α3α6α

2
8 +

8α2
4α

2
8

9
− 16

9
α4α5α

2
8 +

4

9
α4α6α

2
8 +

32α2
5α

2
8

9
− 16

9
α5α6α

2
8 +

2α2
6α

2
8

9
,

Ã7 = −16

9
α2

1α
2
7 −

40

9
α1α2α

2
7 −

16α2
2α

2
7

9
− 8α2

3α
2
8

9
+

40

9
α3α4α

2
8 −

16

9
α3α5α

2
8

+
10

9
α3α6α

2
8 −

32α2
4α

2
8

9
+

40

9
α4α5α

2
8 −

16

9
α4α6α

2
8 −

32α2
5α

2
8

9
+

40

9
α5α6α

2
8 −

8α2
6α

2
8

9
,

Ã8 =
4α2

1α
2
7

9
+

16

9
α1α2α

2
7 +

16α2
2α

2
7

9
+

2α2
3α

2
8

9
− 16

9
α3α4α

2
8 +

4

9
α3α5α

2
8 −

4

9
α3α6α

2
8

+
32α2

4α
2
8

9
− 16

9
α4α5α

2
8 +

16

9
α4α6α

2
8 +

8α2
5α

2
8

9
− 16

9
α5α6α

2
8 +

8α2
6α

2
8

9
,

Ã9 = 8α4
7 + α4

8.

(3.7)
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Ā1 =
β4

2

16
+
β4

5

2
+

3β2
2β

2
8

8
+
β4

8

16
, Ā5 =

β4
1

16
+

3β2
1β

2
3

8
+
β4

3

16
+
β4

6

2
,

Ā2 = −β
3
2β3

4
− 2β3

5β6 +
3β1β

2
2β8

4
− 3β2β3β

2
8

4
+
β1β

3
8

4
,

Ā3 =
3β2

1β
2
2

8
+

3β2
2β

2
3

8
+ 3β2

5β
2
6 −

3β1β2β3β8

2
+

3β2
1β

2
8

8
+

3β2
3β

2
8

8
,

Ā4 = −3β2
1β2β3

4
− β2β

3
3

4
− 2β5β

3
6 +

β3
1β8

4
+

3β1β
2
3β8

4
,

Ā6 =
β2

2β
2
4

2
+ 4β2

5β
2
7 +

3β2
4β

2
8

2
, Ā7 = −β2β3β

2
4 − 8β5β6β

2
7 + 3β1β

2
4β8,

Ā8 =
3β2

1β
2
4

2
+
β2

3β
2
4

2
+ 4β2

6β
2
7 , Ā9 = β4

4 + 8β4
7 .

(3.8)

The above results are identical to those given by Soare and Barlat [69] and by Uppaluri and

Helm [74] respectively. It is noted that (A1, A2, ..., A9) = (1, -2, 3, -2, 1, 6, -6, 6, 9) when

(α1, α2, ..., α8)=(β1, β2, ..., β8) = (1, 1, 1, 1, 1, 1, 1, 1), corresponding to the squared von

Mises yield function in plane stress.

Clearly, unlike the parameter identi�cation of nine coe�cients (A1, A2, ..., A9) or their

Fourier coe�cients (F0, F1, F2, F3, F4, G0, G1, G2, H0) where only linear equations are in-

volved [36,72,77], the determination of eight constants, either (α1, α2, ..., α8) or (β1, β2, ..., β8),

requires the solution of a set of fourth-order equations. However, once the real-valued either

(α1, α2, ..., α8) or (β1, β2, ..., β8) are successfully obtained numerically via parameter identi�-

cation, the positivity and convexity of Yld2000-2d is also simultaneously certi�ed [20]. An

additional step of convexity certi�cation is required to carry out either algebraically or numer-

ically for an as-calibrated Gotoh's fourth-order polynomial yield function [66,67,71,74,78].

3.3 Fourth-order Yield Functions of Reduced Plastic Anisotropy

Fourth-order Yld2000-2d yield functions have only up to eight material constants, so they

are only a subset of all possible convex fourth-order polynomials (which include up to nine

independent polynomial coe�cients). That is, with respect to the complete fourth-order yield

function, a fourth-order Yld2000-2d models a sheet metal with reduced plastic anisotropy as

discussed by Tong [72]. To make a more direct and meaningful comparison between Gotoh's

yield functions and Yld2000-2d functions, both polynomial coe�cients (A1, A2, ..., A9) and

the material constants (α1, α2, ..., α8) or (β1, β2, ..., β8) shall be calibrated from the same
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types and numbers (up to eight) of experimental inputs.

Typical experimental inputs for sheet metal plasticity modeling include yield stresses σθ

and plastic strain ratios Rθ under uniaxial tension at various loading angles θ plus yield

stress σb and plastic strain ratio Rb under equal biaxial tension [20, 34, 36, 66, 72, 77]. By

common practice, the yield stress σ0 (along the rolling direction of the sheet metal) is used

as its equivalent �ow strength σf = σ0, so A1 = 1 holds for the polynomial yield function in

this study. Due to the equivalency of the original and compact forms of Yld2000-2d given in

Eq.(3.4) and Eq.(3.5), much simpler results relating (A1, A2, ..., A9) and (β1, β2, ..., β8) will

mostly be used from now on. Calibration of various fourth-order yield functions of the two

formulations will be described in details with only three, �ve, seven or eight independent

experimental inputs in the following. First three cases of reduced plastic anisotropy have

previously been studied by Tong [72] for Gotoh's yield function only.

3.3.1 In-plane Isotropic Yield Functions with Three Inputs (σ0, σb, R0)

This is the simplest case when the sheet metal has in-plane isotropy with σθ = σ0 and

Rθ = R0. One can show that Gotoh's yield function will have three independent polynomial

coe�cients (A1, A2, A3) and six dependent ones (A4, ..., A9) [72, 76]. In terms of the two

principal stresses, the in-plane isotropic Gotoh's yield function of Eq.(3.2) becomes (i.e.,

non-zero Fourier coe�cients are only F0 = A1, G0 = A2 and H0 = A3)

φgio(σ1, σ2) = A1σ
4
1 + A2σ

3
1σ2 + A3σ

2
1σ

2
2 + A2σ1σ

3
2 + A1σ

4
2, (3.9)

where

A5 = A1 = 1, A4 = A2 = − 4R0

1 +R0

, A3 =
6R0 − 2

1 +R0

+ (
σ0

σb
)4,

A6 = A8 = 4A1 − A2 =
4 + 8R0

1 +R0

,

A7 = 4A1 + 2A2 − 2A3 =
8− 16R0

1 +R0

− 2(
σ0

σb
)4,

A9 = 2A1 − 2A2 + A3 =
16R0

1 +R0

+ (
σ0

σb
)4.

(3.10)

One can show that a planarly isotropic fourth-order Yld2000-2d has only three indepen-
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dent material constants (β1, β2, β5) because

β8 = β1, β3 = β2, β2
4 = β2

2 , β6 = β5, β2
7 = β2

5 . (3.11)

The relationship between polynomial coe�cients (A1, A2, ..., A9) and material constants

(β1, β2, ..., β8) per Eq.(3.8) is thus simpli�ed as

A1 =
β4

1

16
+

3β2
1β

2
2

8
+
β4

2

16
+
β4

5

2
, A2 =

β4
1

4
− β4

2

4
− 2β4

5 ,

A3 =
3β4

1

8
− 3β2

1β
2
2

4
+

3β4
2

8
+ 3β4

5 .

(3.12)

In fact, one can obtain the algebraic expressions of (β1, β2, β5) in terms of (A1, A2, A5) from

Eq.(3.12) as

β2
1 =

√
2A1 + 2A2 + A3, β2

2 =
6A1 − A3

3
√

2A1 + 2A2 + A3

,

β4
5 =

12A1A3 + 2A2
3 − 9A2

2

18(2A1 + 2A2 + A3)
.

(3.13)

The condition for the Yld2000-2d yield function to be positive and convex is to ensure that

all (β1, β2, β5) are real-valued or in terms of (A1, A2, A5) as

2A1 + 2A2 + A3 ≥ 0, 6A1 − A3 ≥ 0, 12A1A3 + 2A2
3 − 9A2

2 ≥ 0. (3.14)

Recall that the necessary and su�cient condition for an in-plane isotropic Gotoh's yield

function to be positive and convex has just recently been reported by Tong [67] as (this is a

special case of Eq.(3.18) below with A5 = A1 and A4 = A2 due to in-plane isotropy)

6A1 + A3 ≥ 0, 24A1A3 + 36A2
1 − 9A2

2 − A2
3 ≥ 0,

72A2
1A3 + 9A2

2A3 − 2A3
3 − 54A1A

2
2 ≥ 0.

(3.15)

It turns out that these two convexity conditions given by Eq.(3.14) and Eq.(3.15) are equiv-

alent, noting

(6A1 − A3)(12A1A3 + 2A2
3 − 9A2

2) = 72A2
1A3 + 9A2

2A3 − 2A3
3 − 54A1A

2
2. (3.16)
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The convex domain (the intersection among all three individual domains) of each yield

function de�ned by the inequalities per Eq.(3.14) or Eq.(3.15) is graphically shown in Fig.3.1

over the mechanical property space (η0, b), where the plastic thinning ratio η0 = 1/(1+R0) ∈

(0, 2) with R0 > −0.5 and the stress ratio b = σ0/σb ∈ (0, 2) [67, 71, 78]. That is, in-plane

isotropic fourth-order Gotoh's and Yld2000-2d yield functions are shown algebraically to

be identical in terms of the number of independent polynomial coe�cients and material

constants and the size of their convex domains (η0, b) are the same.

Figure 3.1: Convex domains of in-plane isotropic Gotoh's and Yld2000-2d yield functions.

3.3.2 Yield Functions Based on On-axis Five Inputs (σ0, σ90, σb, R0, R90)

When only yield stresses and plastic strain ratios under on-axis loading (θ = 0o or

θ = 90o) are made available, one may assume F2 = F3 = F4 = G2 = 0 in Eq.(3.3) so all

nine polynomial coe�cients of Gotoh's yield function may still be obtained [72, 76]. That
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is, the �ve independent on-axis coe�cients (A1, A2, A3, A4, A5) and four dependent o�-axis

coe�cients (A6, A7, A8, A9) are now given as

A1 = 1, A2 = − 4R0

1 +R0

, A3 =
3R0 − 1

1 +R0

+
3R90 − 1

1 +R90

(
σ0

σ90

)4 + (
σ0

σb
)4,

A4 = − 4R90

1 +R90

(
σ0

σ90

)4, A5 = (
σ0

σ90

)4,

A6 = 3A1 − A2 + A5 =
3 + 7R0

1 +R0

+ (
σ0

σ90

)4,

A7 = 2A1 + A2 − 2A3 + A4 + 2A5 =
4− 8R0

1 +R0

+
4− 8R90

1 +R90

(
σ0

σ90

)4 − 2(
σ0

σb
)4,

A8 = A1 − A4 + 3A5 = 1 +
3 + 7R90

1 +R90

(
σ0

σ90

)4,

A9 = A1 − A2 + A3 − A4 + A5 =
8R0

1 +R0

+
8R90

1 +R90

(
σ0

σ90

)4 + (
σ0

σb
)4.

(3.17)

The convexity of Gotoh's yield function requires an additional certi�cation step. One should

�rst verify the following necessary and su�cient conditions on (A1, ..., A5) for a convex

Gotoh's function Φg(σx, σy, 0) [67, 78]

Ψ1 = 3A1 + A3 + 3A5 ≥ 0,

Ψ2 = 24A1A3 + 72A1A5 + 24A3A5 − 9A2
2 − 2A2

3 − 9A2
4 ≥ 0,

Ψ3 = 72A1A3A5 + 9A2A3A4 − 2A3
3 − 27A1A

2
4 − 27A2

2A5 ≥ 0,

(3.18)
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and then the su�cient condition on the entire set of (A1, ..., A9) by requiring the following

9-by-9 matrix to be positive semide�nite



12A1 3A2 0 3A2 2A3 0 0 0 2A6

3A2 2A3 0 2A3 3A4 0 0 0 A7

0 0 2A6 0 0 A7 2A6 A7 0

3A2 2A3 0 2A3 3A4 0 0 0 A7

2A3 3A4 0 3A4 12A5 0 0 0 2A8

0 0 A7 0 0 2A8 A7 2A8 0

0 0 2A6 0 0 A7 2A6 A7 0

0 0 A7 0 0 2A8 A7 2A8 0

2A6 A7 0 A7 2A8 0 0 0 12A9



≥ 0. (3.19)

When it fails, one may ultimately check the positivity of three leading principal minors of

Hessian matrix of Φg(σx, σy, τxy) via a numerical minimization method [71,72,79]. The same

convexity certi�cation step shall also be applicable to the following two cases using either

seven or eight independent inputs.

For the case of only �ve inputs, three additional conditions have to be introduced for

Yld2000-2d yield function, so its eight material constants (β1...β8) may be determined. There

are a total of six material constants (β1, β2, β3, β5, β6, β8) of the fourth order Yld2000-2d that

are related to the independent �ve polynomial coe�cients (A1, A2, A3, A4, A5) per Eq.(3.8).

One may simply set β8 = β1 to remove one redundant material constant, the remaining �ve

of them are independent and may be determined. Unlike the case of in-plane isotropy above,

one could not obtain in general explicit algebraic relationships of (β1, β2, β3, β5, β6) in terms

of known (A1, A2, A3, A4, A5). Numerical solutions of a set of �ve fourth-order equations are

required instead, namely

Ā1(β2, β5, β8) = A1, Ā2(β1, β2, β3, β5, β6, β8) = A2, Ā5(β1, β3, β6) = A5,

Ā3(β1, β2, β3, β5, β6, β8) = A3, Ā4(β1, β2, β3, β5, β6, β8) = A4,
(3.20)

where (A1, A2, A3, A4, A5) are known polynomial coe�cients given in Eq.(3.17) and (Ā1, Ā2, Ā3,
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Ā4, Ā5) are the �ve four-order functions of (β1, β2, β3, β5, β6) as given in Eq.(3.8), noting

β8 = β1 here. There are numerous possible choices for determining the two other dependent

material constants (β4, β7), among them are

case (a) : β4 = β7 = 1,

case (b) : Ā6(β4, β7) = A6, Ā7(β4, β7) = A7,

case (c) : F̄3(β4, β7) = F3 = 0, F̄4(β4, β7) = F4 = 0,

case (d) : minimize δ1(β4, β7),

(3.21)

where the objective function of the least-square minimization is given as

δ1(β4, β7) =
9∑

k=6

[Āk(β4, β7)− Ak]2, (3.22)

(A6, A7, A8, A9) are the known dependent polynomial coe�cients given in Eq.(3.17) and

(Ā6, Ā7, Ā8, Ā9) are four four-order functions of the dependent material constant (β4, β7) as

given in Eq.(3.8)6 to Eq.(3.8)9, noting that other six material constants have already been

�rst determined above. In the case (c) above, the Fourier coe�cients F̄3 and F̄4 are given in

terms of (Ā1, ..., Ā9) of Eq.(3.8) while F3 and F4 are given in terms of (A1, ..., A9) of Eq.(3.17).

If one does not set β8 = β1 as a prior, then a total of eight nonlinear equations have to

be solved simultaneously for obtaining (β1, ..., β8), that is, the �ve fourth-order equations of

Eq.(3.20) and plus the following set of three nonlinear equations

case (e) : Ā6(β2, β4, β5, β7, β8) = A6, Ā7(β1, ..., β8) = A7,

Ā8(β1, β3, β4, β6, β7) = A8,
(3.23)

Alternatively, with �ve on-axis material constants (β1, β2, β3, β5, β6) being constrained

per Eq.(3.20), the least-square minimization may be used to �nd the optimal (β4, β7, β8)
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with the following objective functions

case (f) : minimize F̄ 2
2 (β4, β7, β8) + F̄ 2

3 (β4, β7, β8)

+ F̄ 2
4 (β4, β7, β8) + +Ḡ2

4(β4, β7, β8),

case (g) : minimize δ2(β4, β7, β8),

(3.24)

where

δ2(β4, β7, β8) =
9∑

k=6

[Āk(β4, β7, β8)− Ak]2. (3.25)

Finally, one may simply use the least-square minimization for determining the entire set of

eight material constants with an objective function of either δ3a or δ3b (as cases h1 for �rst

eight and h2 for all nine polynomial coe�cients, respectively)

δ3a(β1, ..., β8) =
8∑

k=2

[Āk(β1, ..., β8)− Ak]2, Ā1(β2, β5, β8) = A1,

δ3b(β1, ..., β8) =
9∑

k=2

[Āk(β1, ..., β8)− Ak]2, Ā1(β2, β5, β8) = A1.

(3.26)

3.3.3 Yield Functions Based on Standard Eight Inputs for Yld2000-2d

Eight experimental inputs consisting of four yield stresses and four plastic strain ra-

tios (σ0, σ45, σ90, σb, R0, R45, R90, Rb) are most commonly used for parameter identi�cation of

Yld2000-2d [20,41,70]. As pointed out in earlier studies on Gotoh's fourth-order polynomial

yield function [72, 77], seven of them are independent. Accordingly, these seven inputs (ex-

cluding the redundantRb) lead to only six determinant polynomial coe�cients (A1, ..., A5, A9)

plus a restrictive condition on the remaining three o�-axis coe�cients (A6, A7, A8) [36, 66,

72,74,80]

A1 = 1, A3 =
3R0 − 1

1 +R0

+
3R90 − 1

1 +R90

(
σ0

σ90

)4 + (
σ0

σb
)4,

A2 = − 4R0

1 +R0

, A4 = − 4R90

1 +R90

(
σ0

σ90

)4, A5 = (
σ0

σ90

)4,

A9 =
16R45

1 +R45

(
σ0

σ45

)4 + A1 + A2 + A3 + A4 + A5,

A6 + A7 + A8 =
16

1 +R45

(
σ0

σ45

)4 − 2(A1 + A2 + A3 + A4 + A5).

(3.27)
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When the plastic strain ratio Rb under equal biaxial tension is used instead of σb and Rb 6= 1,

only the material constant A3 will be a�ected and it is computed as [72]

A3 =
−2R0 − 2Rb + 4R0Rb

(1 +R0)(−1 +Rb)
+

2− 4R90 + 2R90Rb

(1 +R90)(−1 +Rb)
(
σ0

σ90

)4. (3.28)

If both σb and Rb are included in parameter identi�cation, one can simply use the average

of these two A3 values from Eq.(3.27)2 and Eq.(3.28).

Due to lack of two required o�-axis uniaxial tensile test measurements for the sheet metal

under consideration, one may assume that its uniaxial yielding and plastic �ow behavior has

a reduced degree of planar anisotropy by setting its two higher-order Fourier coe�cients F3

and F4 in Eq.(3.3) to be zero. So the remaining three o�-axis coe�cients (A6, A7, A8) are [72]

A6 =
1 + 5R0

1 +R0

+ 4(
σ0

σ45

)4 − (
σ0

σ90

)4,

A7 = − 4R0

1 +R0

+
8− 8R45

1 +R45

(
σ0

σ45

)4 − 4R90

1 +R90

(
σ0

σ90

)4 − 2(
σ0

σb
)4,

A8 = −1 + 4(
σ0

σ45

)4 +
1 + 5R90

1 +R90

(
σ0

σ90

)4.

(3.29)

There are two options in parameter identi�cation of a fourth-order Yld2000-2d using the

standard eight inputs. The �rst one is to set β8 = β1, so its seven remaining materials con-

stants (β1, β2, ..., β7) can be obtained by numerical solution of seven fourth-order equations:

solving �rst for (β1, β2, β3, β5, β6) of Eq.(3.20) and then the following two equations for β4

and β7

Ā9(β4, β7) = A9,

Ā6(β4, β7) + Ā7(β4, β7) + Ā8(β4, β7) = A6 + A7 + A8,
(3.30)

where A9 and A6 + A7 + A8 are known polynomial coe�cients given in Eq.(3.27) and

(Ā6, Ā7, Ā8, Ā9) are four-order functions of (β4, β7) as given in Eq.(3.8).

The second option is not to set β8 = β1 but use three additional equations along with the

�ve ones of Eq.(3.20) for numerically determining the eight material constants (β1, β2, ..., β8)

Ā6(β1, ..., β8) + Ā7(β1, ..., β8) + Ā8(β1, ..., β8) = A6 + A7 + A8,

Ā7(β1, .., β8) = A7, Ā9(β1, .., β8) = A9.
(3.31)

46



3.3.4 Yield Functions Based on Independent Eight Inputs

One can in fact add one more experimental input such as σθ or Rθ from another o�-axis

tension test (with θ 6= 0o, 45o, 90o) to realize the full modeling capabilities of the fourth-

order Yld2000-2d with eight independent material constants. For Gotoh's polynomial yield

function, in addition to set the Fourier coe�cient F4 = 0, one has an extra equation based

on the experimental σθ to make up the two needed linear equations, namely

A1 − A2 + A3 − A4 + A5 − A6 + A7 − A8 + A9 = 0,

1

128
(35A1 + 5A2 + 3A3 + 5A4 + 35A5 + 5A6 + 3A7 + 5A8 + 3A9)

+
1

32
(14A1 + A2 − A4 − 14A5 + A6 − A8)cos2θ

+
1

32
(7A1 − A2 − A3 − A4 + 7A5 − A6 − A7 − A8 − A9)cos4θ

+
1

32
(2A1 − A2 + A4 − 2A5 − A6 + A8)cos6θ = (

σ0

σθ
)4.

(3.32)

If an extra Rθ is used instead, a similar but more lengthy equation in terms of linear

combinations of nine polynomial coe�cients can be used to substitute the above mentioned

second equation. One may consult the results given elsewhere for its detailed derivation [72].

Without presetting β8 = β1, one may simply use the following eight nonlinear equations

for simultaneously solving all eight material constants for Yld2000-2d (noting β8 appears in

Ā1, Ā2, Ā3, Ā4, Ā6 and Ā7 per Eq.(3.8))

Ā1(β2, β5, β8) = A1, Ā2(β1, β2, β3, β5, β6, β8) = A2,

Ā3(β1, β2, β3, β5, β6, β8) = A3, Ā4(β1, β2, β3, β5, β6, β8) = A4,

Ā5(β1, β3, β6) = A5, Ā8(β1, β3, β4, β6, β7) = A8, Ā9(β4, β7) = A9,

Ā6(β2, β4, β5, β7, β8) + Ā7(β1, β1, β3, β4, β5, β6, β7, β8) = A6 + A7,

(3.33)

where the nine polynomial coe�cients (A1, ..., A9) are obtained from Eq.(3.27) and Eq.(3.32).

3.4 Modeling Results on Selected Sheet Metals

We now apply Gotoh's and Yld2000-2d fourth-order yield functions of reduced plastic

anisotropy for modeling selected sheet metals using the same three, �ve, seven or eight exper-
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imental inputs in their parameter identi�cation as detailed in the previous section. To make

the comparative evaluations more explicit and relevant for a typical application, four selected

sheet metals (2 FCC and 2 BCC) with eleven experimental inputs (σ0, σ225, σ45, σ675, σ90, σb,

R0, R225, R45, R675, R90) are included in this study [36, 70, 81], see Table 3.1. R-values at

the plastic strain of 1% are used for the two sheet metals reported by Aamaishi et al. [81].

These types and numbers of experimental inputs were �rst used by Gotoh [36] for parameter

identi�cation. Numerical results for calibrated material parameters are reported up to six

signi�cant digits in this study.

Table 3.1: Four selected sheet metals with their eleven experimental inputs

Metal No. 1 2 3 4
Material Cu-1/4Ha DP780 Steel Mild Steel AA6XXX
σf/σ0 1 1 1 1
σ225/σ0 0.973393 1.065 1.0268 1.1091
σ45/σ0 0.944059 1.07 1.0102 0.8359
σ675/σ0 0.955903 1.060 1.0230 0.8471
σ90/σ0 0.954847 1.00 1.0332 0.9439

σb/σ0 1.0316 1.02 1.1794b 0.7960b

R0 0.818182 0.93 1.63 0.72
R225 0.928552 0.91 1.49 0.42
R45 1.1101 0.99 1.51 0.21
R675 0.930079 1.155 1.66 0.37
R90 0.842266 1.19 1.83 0.42

σave/σ0 0.960741 1.035 1.0134 0.9039
Rave 0.970161 1.025 1.62 0.39
Source [36] [70] [81] [81]

(a) Based on reported (A1, ..., A9); (b) Based on Hill's 1948p yield function [79].

3.4.1 Yield Functions Based on Three Experimental Inputs

Using (σave, Rave) in place of (σ0, R0) as given for the four selected sheets #1�#4 in

Table 1, both the polynomial coe�cients (A1, ..., A9) of Gotoh's yield function and material

constants (β1, ..., β8) of Yld2000-2d (M = 4) are obtained using Eq.(3.10) and Eq.(3.13).

Their results are listed in Table 3.2. For completeness and due to its more popular use in the

literature, corresponding results on material constants (α1, ..., α8) of Yld2000-2d via linear
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equations of Eq.(3.6) are also given in Table 3.2. Obviously, all calibrated Gotoh's yield

functions of the four sheet metals are convex as shown in Fig.3.1.

A total of all eight sets of real-valued material constants (β1, ..., β8) are presented for sheet

metal #1 in Table 3.2 to illustrate the non-uniqueness of solutions of nonlinear Eq.(3.13)

based on the known (A1, A2, A3). Those eight variants of Yld2000-2d for this sheet metal are

completely equivalent to its Gotoh's fourth-order yield functions with identical polynomial

coe�cients as listed in Table 3.2. By some tacit convention, most authors have reported

only one set of mostly positively-valued material constants for Yld2000-2d yield functions

in the literature. Accordingly, only one out of eight sets of real-valued material constants

(β1, ..., β8) are listed for other three sheet metals in Table 3.2. We will follow such a practice

whenever possible in the rest of the paper as well.

Biaxial tensile yield surfaces φgio(σ1, σ2) = Φg(σx, σy, 0) = σ4
f of Eq.(3.9) along with

its plastic �ow directions are shown in Fig.3.2(a) and Fig.3.2(b) respectively for these four

representative sheet metals. Here, the direction of the axial stress vector (σx, σy) is de�ned

by the angle α = tan−1(σy/σx) and the plastic �ow direction of the axial plastic strain

increment vector (ε̇px, ε̇
p
y) is de�ned by the angle β = tan−1(ε̇py/ε̇

p
x), see the insert of Fig.3.2(b)

for illustration. It is seen that a four-order yield function is capable of modeling a wide range

of biaxial yield surface shapes.

3.4.2 Yield Functions Based on Five Experimental Inputs

The parameters of calibrated Gotoh's and Yld2000-2d yield functions based on �ve on-

axis experimental inputs (σ0, σ90, σb, R0, R90) of Table 3.1 are listed in Table 3.3 for the

selected four sheet metals. The �rst set of (A2, ..., A9) for each metal in Table 3.3 were

computed directly from Eq.(3.17) with A1 = 1 for all cases due to setting σf = σ0. All

calibrated Gotoh's yield functions of the four sheet metals listed in Table 3.3 were found to

be strictly positive and convex as per the su�cient condition of Eq.(3.19).

For sheet metal #1, eight material constants (β1, ..., β8) of Yld2000-2d in all nine cases

from (a) to (h1) and (h2) were computed per the procedure described in Section 3.3.2 and

their values are also listed in Table 3.3. Results from cases (e) and (h1) of Yld2000-2d are

found to be completely identical : the least square minimization of δ3a of Eq.(3.26) and
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Figure 3.2: Biaxial tensile yield surfaces (a) and plastic �ow directions (b) of four sheet
metals with in-plane isotropy.

the solution of eight nonlinear equations of Eq.(3.20) and Eq.(3.23) are equivalent for convex

yield functions (i.e. the minimized δ3a = 0)1. For other three sheet metals, two representative

cases (c) and (e) of calibrated fourth-order Yld2000-2d yield functions are listed in Table 3.3.

For each Yld2000-2d yield function, both the corresponding material constants (α1, ..., α8)

based on Eq.(3.6) and their polynomial coe�cients (Ā2, ..., Ā9) per Eq.(3.8) are also listed in

Table 3.3. The latter results are shown immediately following those of Gotoh's yield function

in the table for direct comparison. The value of a polynomial coe�cient from a Yld2000-2d

yield function is left to be blank if it is identical to that of Gotoh's yield function. For

sheet metal #1, only values of (β4, β7) and (α7, α8) are given in Table 3.3 for cases (b)-(d)

of Yld2000-2d as their other six material constants are identical to those of case (a).

Predicted biaxial tensile yield surfaces based on Gotoh's polynomial yield function

Φg(σx, σy, 0) = σ4
f of Eq.(3.1) are shown in Fig.3.3 for the four sheet metals. Their experi-

mental yield stresses (σ0, σ90, σb) are shown as open circles in the �gure. Biaxial tensile yield

surfaces given by cases (a) to (h1) of Yld2000-2d are not shown separately as they have the

1In the case of a calibrated set of (A1, ..., A8) leading to a non-convex fourth-order function, a solution of
real-valued material constants from these eight nonlinear equations would be impossible.
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Table 3.2: List of yield function parameters for four sheet metals with three inputs

Material A2 A3 A4 A5 A6 A7 A8 A9

Cu-1/4H -1.80000 2.35228 -1.80000 1.00000 5.80000 -4.30456 5.80000 7.95228
DP780 -1.92746 2.91506 -1.92746 1.00000 5.92746 -5.68503 5.92746 8.76998

Mild Steel -2.47909 3.50328 -2.47909 1.00000 6.47909 -7.96473 6.47909 10.4615
AA6XXX -1.67442 3.01160 -1.67442 1.00000 5.67442 -5.37203 5.67442 8.36043

β1 β2 β3 β4 β5 β6 β7 β8
Cu-1/4H 0.93131 1.18401 1.18401 1.18401 ±0.93010 ±0.93010 ±0.93010 0.93131

0.93131 -1.18401 -1.18401 -1.18401 ±0.93010 ±0.93010 ±0.93010 0.93131
-0.93131 1.18401 1.18401 1.18401 ±0.93010 ±0.93010 ±0.93010 -0.93131
-0.93131 -1.18401 -1.18401 -1.18401 ±0.93010 ±0.93010 ±0.93010 -0.93131

DP780 1.01471 0.99936 0.99936 0.99936 ±0.99281 ±0.99281 ±0.99281 1.01471
Mild Steel 0.85925 1.06171 1.06171 1.06171 ±1.03530 ±1.03530 ±1.03530 0.85925
AA6XXX 1.13555 0.87893 0.87893 0.87893 ±0.99253 ±0.99253 ±0.99253 1.13555

α1 α2 α3 α4 α5 α6 α7 α8

Cu-1/4H ± 0.93010 ±0.93010 0.80496 0.99449 0.99449 0.80496 ±0.93010 1.18401
± 0.93010 ±0.93010 1.98897 0.40248 0.40248 1.98897 ±0.93010 -1.18401
± 0.93010 ±0.93010 -1.98897 -0.40248 -0.40248 -1.98897 ±0.93010 1.18401
± 0.93010 ±0.93010 -0.80496 -0.99449 -0.99449 -0.80496 ±0.93010 -1.18401

DP780 0.99281 0.99281 1.02238 1.01087 1.01087 1.02238 0.99281 0.99936
Mild Steel 1.03530 1.03530 0.75802 0.90987 0.90987 0.75802 1.03530 1.06171
AA6XXX 0.99253 0.99253 1.26387 1.07140 1.07140 1.26387 0.99253 0.87893

identical polynomial coe�cients as (A1, ..., A5) of their Gotoh's yield function. The biaxial

tensile yield surface given by case (h2) of Yld2000-2d is however shown in Fig.3.3 for sheet

metal #1 as its polynomial coe�cients (Ā2, Ā3, Ā4, Ā5) are slightly di�erent, see Table 3.3.

The directional dependence of yield stresses and plastic strain ratios under uniaxial ten-

sion as predicted by Gotoh's and some selected Yld2000-2d fourth-order yield functions of

Table 3.3 are shown in Fig.3.4(a)-Fig.3.7(a) for these four sheet metals, respectively. Also

shown in those four �gures are the experimental results of uniaxial yield stresses (open

squares) and plastic strain ratios (closed circles) as given in Table 3.1. As only on-axis ex-

perimental inputs (σ0, σ90, R0, R90) are used in their parameter identi�cation, the predicted

o�-axis yield stresses and plastic strain ratios are usually not good. Results from cases (c)

and (e) of Yld2000-2d are similar but not identical to those of Gotoh's polynomial yield

functions with coe�cients given per Eq.(3.17).

3.4.3 Yield Functions Based on Seven Experimental Inputs

Using seven experimental inputs (σ0, σ45, σ90, σb, R0, R45, R90) listed in Table 3.1, poly-

nomial coe�cients of Gotoh's yield function were computed directly from Eq.(3.27) and
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Figure 3.3: Biaxial tensile yield surfaces of four sheet metals calibrated with
(σ0, σ90, σb, R0, R90).

Eq.(3.29). Results for the four sheet metals are listed in Table 3.4. Because the use of two

additional inputs (σ45, R45), only the o�-axis polynomial coe�cients (A6, A7, A8, A9) in Table

3.4 are di�erent from those in Table 3.3. Again, all calibrated Gotoh's yield functions of the

four sheet metals listed in Table 3.4 were veri�ed to be strictly positive and convex as per

the su�cient condition of Eq.(3.19).

Material parameters (β1, ..., β8) of Yld2000-2d were obtained for the selected four sheet

metals using Eq.(3.20) �rst and then Eq.(3.30) for case (a) assuming β8 = β1 and Eq.(3.31)

for case (b), respectively. Results including corresponding (α1, ..., α8) and (Ā2, ..., Ā9) are

listed in Table 3.4 as well. Besides the six polynomial coe�cients (Ā1, ..., Ā5, Ā9) of both

cases of Yld2000-2d are identical to those of Gotoh's yield function, Ā7 of case (b) Yld2000-2d

is the same value of that of Gotoh's yield function.

The directional dependence of yield stresses and plastic strain ratios under uniaxial ten-

sion as predicted by Gotoh's and two Yld2000-2d fourth-order yield functions of Table 3.4

are shown in Fig.3.4(b)-Fig.3.7(b) for these four sheet metals, respectively. As two o�-axis

inputs (σ45, R45) are included in their parameter identi�cation, the predicted o�-axis yield

stresses and plastic strain ratios are thus much improved. Results on σθ and Rθ from case (a)
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Figure 3.4: Directional dependence of uniaxial yield stresses and R-values of Cu-1/4H sheet
predicted by various yield functions calibrated with: (a) (σ0, σ90, σb, R0, R90); (b) an addition
of (σ45, R45) to (a); (c) an addition of either σ22.5 or σ67.5 to (b).

Figure 3.5: Directional dependence of uniaxial yield stresses and R-values of DP780 steel
sheet predicted by various yield functions calibrated with: (a) (σ0, σ90, σb, R0, R90); (b) an
addition of (σ45, R45) to (a); (c) an addition of either σ22.5 or σ67.5 to (b).

of Yld2000-2d are very close if not identical to those of Gotoh's polynomial yield functions

for these four sheet metals. On the other hand, the predicted σθ and Rθ from case (b) of

Yld2000-2d can be quite di�erent especially for sheet metal #2 (DP780) shown in Fig.3.5(b)

and for sheet metal #4 (AA6XXX) shown in Fig.3.7(b), respectively.
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Figure 3.6: Directional dependence of uniaxial yield stresses and R-values of mild steel sheet
predicted by various yield functions calibrated with: (a) (σ0, σ90, σb, R0, R90); (b) an addition
of (σ45, R45) to (a); (c) an addition of either R22.5 or R67.5 to (b).

Figure 3.7: Directional dependence of uniaxial yield stresses and R-values of AA6XXX sheet
predicted by various yield functions calibrated with: (a) (σ0, σ90, σb, R0, R90); (b) an addition
of (σ45, R45) to (a); (c) an addition of either R22.5 or R67.5 to (b).

3.4.4 Yield Functions Based on Eight Independent Experimental Inputs

To realize the full modeling capabilities of a fourth-order Yld2000-2d yield function, one

additional o�-axis experimental input σθ or Rθ may be added for parameter identi�cation.

For Gotoh's polynomial yield function, the natural default choice of reduced anisotropy is to

set the Fourier coe�cient F4 = 0, so the total number of independent coe�cients is reduced

from nine to eight [72]. In this study, four speci�c cases of adding one more o�-axis input

from Table 3.1 were considered: (a) σ225; (b) σ675; (c) R225; and (d) R675. For an illustrative
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purpose, only results of cases (a) and (b) for sheet metals #1 (Cu-1/4H) and #2 (DP780)

and results of cases (c) and (d) for sheet metals #3 (mild steel) and #4 (AA6XXX) are

given in Table 3.5, respectively. In comparison with polynomial coe�cients of Gotoh's yield

function given in Table 3.4, only two o�-axis polynomial coe�cients A6 and A8 are di�erent.

The su�cient convexity condition Eq.(3.19) was used to verify that all calibrated Gotoh's

yield functions of the four sheet metals listed in Table 3.5 are strictly positive and convex.

Using eight nonlinear equations of Eq.(3.33), material constants (β1, ..., β8) of Yld2000-

2d were subsequently obtained based on the polynomial coe�cients of cases (a) to (d) of

Gotoh's yield function listed in Table 3.5. Results including corresponding (α1, ..., α8) and

(Ā2, ..., Ā9) are listed in Table 3.5 as well. Only two polynomial coe�cients Ā6 and Ā7 from

Yld2000-2d are di�erent from those of corresponding Gotoh's yield function.

The directional dependence of yield stresses and plastic strain ratios under uniaxial ten-

sion as predicted by a pair of Gotoh's and Yld2000-2d fourth-order yield functions of Table

3.5 are shown in Fig.3.4(c)-Fig.3.7(c) for these four sheet metals, respectively. When an ex-

tra o�-axis input σθ or Rθ is included in their parameter identi�cation, the predicted o�-axis

yield stresses or plastic strain ratios are further enhanced. Results on σθ from cases (a) and

(b) or on Rθ from cases (c) and (d) of Yld2000-2d follow more closely in general to those

of corresponding Gotoh's polynomial yield functions for these four sheet metals. However,

signi�cant di�erences may remain in predicted Rθ for cases (a) and (b) and in predicted σθ

for cases (c) and (d) between those two formulations of fourth-order yield functions.

3.5 Discussion and Conclusions

3.5.1 Fourth-order Yld2000-2d Is A Subset of Gotoh's Yield Functions

For the purpose of mathematical modeling of anisotropic plasticity of a sheet metal in

plane stress, one may broadly classify homogeneous fourth-order polynomials of Eq.(3.1)

into convex and non-convex types. Only convex ones are deemed to be used as valid Gotoh's

yield functions. As shown in Fig.3.8, convex fourth-order homogeneous polynomials can

be further classi�ed as full or various reduced Gotoh's yield functions with nine or less

independent polynomial coe�cients as detailed by Tong [72].

The question about possible maximum number of independent material constants in a

55



Figure 3.8: Schematic of full and various reduced Gotoh's yield functions with 9, 8, 7 and 3
independent polynomial coe�cients. Fourth-order Yld2000-2d using standard inputs is only
a subset of Gotoh's yield functions with 7 independent parameters.

3D orthotropic yield function Yld2004-18p was investigated in a recent study by Boogaard

et al. [82] and it is found that inter-dependencies among its 18 material constants exist and

two speci�c combinations of those material constants do not contribute to the value of yield

function. Consequently, the number of independent material constants is 16 instead of 18 for

3D Yld2004. For the plane stress version of Yld2004, the number of independent material

constants reduces from 14 to 12 as well. In the current common practice, a set of four

yield stresses (σ0, σ45, σ90, σb) and four plastic strain ratios (R0, R45, R90, Rb) has been widely

used as the standard inputs for calibrating a non-quadratic Yld2000-2d yield function with a

stress exponent of M > 2 [40]. This has been assumed to be the case even when M = 4 [70].

However, these inputs do not constitute eight unique or independent inputs for a fourth-

order yield function [72, 76, 77]. Standard fourth-order Yld2000-2d is thus only a subset of

Gotoh's yield functions with seven independent polynomial coe�cients (POLY4-7p). On the
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other hand, it is shown in this study that fourth-order Yld2000-2d with eight independent

material constants can still be obtained if one additional o�-axis experimental input σθ or Rθ

is used to replace Rb for its parameter identi�cation. Nevertheless, the resulting Yld2000-2d

is still a subset of Gotoh's yield functions with eight independent polynomial coe�cients

(POLY4-8p).

It is found that when modeling a sheet metal with in-plane isotropy, both Gotoh's and

Yld2000-2d fourth-order yield functions are completely equivalent with three independent pa-

rameters (A1, A2, A3) or (β1, β2, β5). The necessary and su�cient conditions as per Eq.(3.15)

for a convex fourth-order polynomial of Eq.(3.9) would automatically ensure the existence

of real-valued (β1, β2, β5) per Eq.(3.13) and thus a successful calibration of Yld2000-2d2.

The fourth-order Yld2000-2d has another peculiar feature, that is, it has one redun-

dant material constant in modeling a sheet metal under biaxial stress (i.e., τxy = 0). The

�ve polynomial coe�cients (Ā1, ..., Ā5) of Yld2000-2d are related to six material constants

(β1, β2, β3, β5, β6, β8) per Eq.(3.8). It can be shown that the necessary and su�cient con-

ditions of Eq.(3.18) for a convex fourth-order polynomial Φg(σx, σy, 0) of Eq.(3.1) are met

automatically if material constants (β1, β2, β3, β5, β6, β8) are real-valued. Here, we show that

for a biaxial fourth-order Yld2000-2d function (τxy = 0), the requirement of real-valued

material constants (β1, β2, β3, β5, β6, β8) is not only a su�cient but also necessary convex-

ity condition. That is, the polynomial coe�cients (Ā1, ..., Ā5) given in Eq.(3.8) in terms

of (β1, β2, β3, β5, β6, β8) meet the necessary and su�cient convexity conditions of Eq.(3.18).

By some lengthy algebraic manipulations, one can show that each term as a polynomial in

(Ā1, ..., Ā5) can be factored as a sum of squares (SOS) in (β1, β2, β3, β5, β6, β8) and thus to

be non-negative, namely

16

3
(3Ā1 + Ā3 + 3Ā5) = 2(β1β2 − β3β8)2 + 2(β2β3 − β1β8)2

+ β4
1 + β4

2 + 6β2
1β

2
3 + β4

3 + 8β4
5 + 16β2

5β
2
6 + 8β4

6 + 6β2
2β

2
8 + β4

8 ≥ 0,

(3.34)

2The requirement for real-valued material constants (α1, ..., α8) or (β1, ..., β8) upon the parameter iden-
ti�cation of Yld2000-2d is only a su�cient condition for Yld2000-2d to be convex. Mathematically, it is not
a necessary condition in general per the algebraic results of Eq.(3.13): i.e., an imaginary-valued β5 is also
acceptable here.
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24Ā1Ā3 + 72Ā1Ā5 + 24Ā3Ā5 − 9Ā2
2 − 2Ā2

3 − 9Ā2
4 =

3(8Ā1Ā3 − 3Ā2
2) + 3(8Ā3Ā5 − 3Ā2

4) + 2(36Ā1Ā5 − Ā2
3) ≥ 0,

(3.35)

32

27
(72Ā1Ā3Ā5 + 9Ā2Ā3Ā4 − 2Ā3

3 − 27Ā1Ā
2
4 − 27Ā2

2Ā5) = (β1β2 + β3β8)2

(β1β5 + β3β5 − β2β6 + β6β8)2(β1β5 − β3β5 + β2β6 + β6β8)2 ≥ 0,

(3.36)

where
16

3
(8Ā1Ā3 − 3Ā2

2) = 8(β3β
2
5β8 − 2β2β5β6β8 − β1β2β

2
5)2

+ 8(β5β6β
2
8 − β2β3β

2
5 + β2

2β5β6 + β1β
2
5β8)2

+ (−β1β
3
2 + β3β

3
8 − β2

2β3β8 + β1β2β
2
8)2 ≥ 0,

(3.37)

16

3
(8Ā3Ā5 − 3Ā2

4) = 8(−β3β
2
6β8 − 2β1β3β5β6 + β1β2β

2
6)2

+ 8(−β2
3β5β6 + β2β3β

2
6 − β1β

2
6β8 − β2

1β5β6)2

+ (−β3
1β2 + β3

3β8 + β1β2β
2
3 − β2

1β3β8)2 ≥ 0,

(3.38)

16

9
(36Ā1Ā5 − Ā2

3) = 8(β2β
2
6β8 + β1β3β

2
5)2

+ 2(β2
1β

2
5 + β2

3β
2
5 − β2

6β
2
8 − β2

2β
2
6)2

+ (−β2β
2
3β8 − β1β3β

2
8 − β1β

2
2β3 − β2

1β2β8)2 ≥ 0.

(3.39)

On the other hand, it is not known at present if real-valued material constants (β1, β2, β3,

β5, β6, β8) can always be obtained using Eq.(3.20) if (A1, ..., A5) satisfy the necessary and

su�cient conditions of Eq.(3.18). Empirically, from the results obtained in this study with

or without assuming β8 = β1, the answer seems to be a�rmative. If it can be proved

rigorously, then one can conclude that both Yld2000-2d and Gotoh's yield function may also

be equivalent under biaxial stress.

3.5.2 On the Parameter Identi�cation of Fourth-order Yld2000-2d

As the focus in this study is to compare the two formulations of fourth-order yield func-

tions, parameter identi�cation of material constants (β1, ..., β8) of Yld2000-2d has been car-

ried out almost exclusively by matching its corresponding polynomial coe�cients (Ā1, ..., Ā9)

given by Eq.(3.8) with the polynomial coe�cients (A1, ..., A9) of Gotoh's yield function, which
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are computed directly using linear algebraic relations based on three to eight experimental

inputs. Polynomial coe�cient matching has also been used by Sener et al. [73] and Uppaluri

and Helm [74] for their parameter identi�cation of the fourth-order yield function.

Three di�erent approaches have been used for their polynomial coe�cient matching of

four sheet metals in this study: 1) a solution of up to eight nonlinear equations such as

given by Eq.(3.33), 2) the least square minimization of di�erences between (Ā1, ..., Ā9) and

(A1, ..., A9) such as given by either δ3a(β1, ...β8) or δ3b(β1, ...β8) of Eq.(3.26) with Ā1 = A1,

and 3) a mix or combination of previous two methods given by Eq.(3.20) and Eq.(3.22) for

β8 = β1 or Eq.(3.25) without pre-imposing β8 = β1. Obviously, one can only match exactly

at most eight polynomial coe�cients of Yld2000-2d with those of Gotoh's yield function in

general.

The least square minimization has recently been used by Uppaluri and Helm [74] to

obtain eight material constants (β1, ..., β8) of fourth-order Yld2000-2d using the following

objective function3

δud(β1, ...β8) =
5∑

k=1

[Āk(β1, ..., β8)− Ak]2 + [Ā9(β1, ..., β8)− A9]2

+ [Ā6(β1, ..., β8) + Ā7(β1, ..., β8) + Ā8(β1, ..., β8)− A6 − A7 − A8]2.

(3.40)

It is observed that their objective function δud(β1, ...β8) is a sum of only seven squared

di�erences. In comparison, the objective functions δ3a(β1, ...β8) or δ3b(β1, ...β8) of Eq.(3.26)

used in this study have a sum of either eight or nine squared di�erences (including the

di�erence Ā1 − A1 = 0 per the constraint condition!). Mathematically, they lead to under-,

fully-, and over-constrained least square minimization problems where unique solutions of

eight material constants (β1, ..., β8) can only be obtained from the latter two cases (without

counting the multiple equivalent variants due to nonlinear nature of problems). We have

since veri�ed numerically that indeed the results on eight material constants (β1, ..., β8) of

fourth-order Yld2000-2d given by Uppaluri and Helm [74] in their Table 3 for the six sheet

metals is only one of in�nite many possible solutions due to the under-constrained least

3It is called as an inverse approach by Uppaluri and Helm [74] and the objective function here is based
on their Eq.(23) and Eq.(24) in Section 3.2 of their paper. It is note that their (a1, .., a8) are the same as
(β1, ..., β8) used in this study.
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square minimization: all solutions based on their objective function δud will have the same

(Ā1, ..., Ā5, Ā6 + Ā7 + Ā8, Ā9) but individual values of (Ā6, Ā7, Ā8) are not all the same.

Parameter identi�cation of Yld2000-2d yield function has been more commonly based

on either the Newton-Raphson numerical solution of eight nonlinear equations [20] or least

square minimization of the objective function in terms of a sum of squared di�erences be-

tween predicted and measured yield stresses and plastic strain ratios [41]. If only the standard

eight experimental inputs (σ0, σ45, σ90, σb, R0, R45, R90, Rb) are used for such a least-square

parameter identi�cation of fourth-order Yld2000-2d, one would also have non-unique solu-

tions as the problem is also under-constrained (i.e., σb and Rb are not two independent inputs

here). This is an intrinsic non-uniqueness problem, di�erent from the numerical non-unique

solutions of nonlinear equations or the least-square minimization [73,83].

3.5.3 On the Convexi�cation of Non-convex Fourth-order Polynomials

It is well-known that the su�cient condition for a Yld2000-2d function to be convex

is that all of its eight material constants are real-valued [20]. This essential mathematical

attribute underscores the vast popularity of Yld2000-2d and other similarly formulated yield

functions in advanced sheet metal forming analyses and simulations since 2000s [40,41,68,70].

On the other hand, the convexity of any polynomial yield function has to be certi�ed upon

calibration [65,66]. It is noted that the convexity of the vast majority of all calibrated Gotoh's

yield functions initially appeared in the literature is simply assumed or implied but not

rigorously certi�ed [78], including those calibrated yield functions presented in the original

work by Gotoh [36]. Nevertheless, it is shown that the certi�cation of convexity of a calibrated

Gotoh's yield function can be easily done either algebraically or numerically [67, 71, 79]. It

turns out that almost all of reported Gotoh's yield functions for various FCC, BCC and

HCP polycrystalline sheet metals in the literature are veri�ed to be indeed convex by the

new convexity certi�cation.

Occasionally, the fourth-order polynomial function of Eq.(3.1) upon parameter identi-

�cation is found to be actually non-convex. For example, Uppaluri and Helm [74] re-

cently reported two non-convex fourth-order polynomials using the seven experimental inputs

(σ0, σ45, σ90, σb, R0, R45, R90) for their parameter identi�cation of one AA6016-T4 sheet and
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one steel sheet (both were previously modeled by Tong and Alharbi [71]). A convexi�cation

adjustment of either polynomial coe�cients or experimental inputs is thus needed before

using them as valid Gotoh's yield functions in sheet metal forming analyses [71, 77]. By

assuming that experimental inputs σ45 and R45 are more reliable, Uppaluri and Helm [74]

reduced σb from measured 1.0069σ0 and 1.0σ0 to 0.99σ0 and 0.9σ0 for those two sheet metals

respectively to obtain their convex fourth-order polynomial yield functions. The rationale for

making such an adjustment is the new upper and lower bounds on the equal-biaxial tensile

yield stress σb (equivalent to Eq.(18) presented by Uppaluri and Helm [74])

2(1 +R45)(
σ45

2
)4 ≤ σ4

b ≤ 2(1 +R45)(9R45 + 3
√

9R2
45 + 2R45 + 1 + 1)(

σ45

2
)4 (3.41)

While such an adjustment works out well for the two sheet metals under consideration, it is

noted that the above bounds were derived from a necessary convexity condition originally

given by Soare et al. [66]. For example, even with the newly adjusted σb as 0.99σ0 and 0.9σ0

for AA6016-T4 and steel sheets, the resulting fourth-order polynomial function would be

still non-convex if the experimental input R90 happened to be 1.1 for AA6016-T4 and 0.8 for

steel, respectively. That is, satisfying the new upper and lower bounds on the equal-biaxial

tensile yield stress σb per Eq.(3.41) does not always lead in general to a convex fourth-order

polynomial function. It is noted that the second case considered by Uppaluri and Helm [74] is

a steel sheet very close to in-plane isotropy (σ45 = 0.8σ0 instead of σ45 = σ0). The necessary

and su�cient convex condition in terms of σb, R0(= R45) and σ0(= σ45) per Eq.(3.15)3 has

been given by Tong [67] already for the case of in-plane isotropy. One can show that the

upper and lower bound condition Eq.(3.41) with R45 = R0 = Rθ is equivalent to Eq.(3.15)3.

That is, it is also a su�cient convex condition in this special case.

A better alternative convexi�cation method for a non-convex Gotoh's polynomial function

with reduced plastic anisotropy may be the use of fourth-order Yld2000-2d yield function.

That is, depending on the number of independent experimental inputs used for parame-

ter identi�cation of (A1, ..., A9), one can use the least-square minimization of the objective

function given in Eq.(3.41) with β8 = β1 or the ones given in Eq.(3.26) to �nd the convex

approximation in terms of (Ā1, ..., Ā9) of a non-convex fourth-order polynomial function. For
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the case of seven experimental inputs (σ0, σ45, σ90, σb, R0, R45, R90), this adjustment method

was successfully applied to both AA6016-T4 and steel sheet metals [71, 74] using the least

square minimization of δud(β1, ...β7, β8 = β1) and the results are given in Table 3.6. It is

noted that the added condition β8 = β1 make the resulting fourth-order Yld2000-2d unique.

Original experimental inputs from Uppaluri and Helm [74] and the predicted yield stresses

and plastic strain ratios by the convex Yld2000-2d fourth-order functions are listed in the

table for comparison. Similarly, polynomial coe�cients of two versions of convex Gotoh's

yield functions are also listed for direct comparison. The minimum of the objective func-

tion δud was found to be 0.000929 for AA6016-T4 and 0.102437 for steel, respectively. The

much larger adjustment one has to make for the steel sheet indicates that a higher order

non-quadratic yield function such as a sixth-order one may be better suited for modeling the

steel sheet [84].

3.5.4 Conclusions

1. For an in-plane isotropic sheet metal, the fourth-order yield functions by Gotoh's

polynomial and Yld2000-2d formulations are shown to be identical as their three independent

material parameters are algebraically related and their convex domains are the same.

2. Fourth-order Yld2000-2d may fully match the capability of Gotoh's yield function for

any on-axis biaxial loading (σx, σy, τxy = 0).

3. Fourth-order Yld2000-2d is not unique if the standard set of eight experimental inputs

from three uniaxial tension tests and one equal biaxial tension test are used for its parameter

identi�cation.

4. A unique fourth-order Yld2000-2d may still be obtained if one additional condition or

an extra experimental input from a second o�-axis tension test is available for its calibration.

5. When �ve, seven or eight independent inputs are used for parameter identi�cation of

Gotoh's yield function with reduced plastic anisotropy, Yld2000-2d may be made to closely

approximate each of the calibrated Gotoh's yield functions.

6. Yld2000-2d formulation may be used as an e�ective convexi�cation method of a

calibrated but non-convex fourth-order polynomial function with reduced plastic anisotropy.

7. It is advisable to always report the corresponding unique set of nine polynomial co-
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e�cients of four-order Yld2000-2d as its parameter identi�cation generates many equivalent

variations of its eight material constants.
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Table 3.3: List of yield function parameters for four sheet metals with �ve inputs

Material A2 A3 A4 A5 A6 A7 A8 A9

Cu-1/4H -1.80000 2.68000 -2.20000 1.20300 6.00300 -4.85020 6.80900 8.88300
yld2000(a) 5.41996 -6.01335 6.28055 9.00000

(b) 6.79725 8.77003
(c) 5.97992 -5.00016 6.78592
(d) 6.03254 -4.87513 6.83079 8.85768
(e) 8.78039
(f) 5.54571 -2.03119 6.58806 6.19634
(g) 6.03144 -4.87511 6.83205 8.85759
(h1) 8.78039
(h2) -1.78297 2.66537 -2.18924 1.19569 6.01752 -4.86412 6.81972 8.87014

DP780 -1.92746 3.02482 -2.17352 1.00000 5.92746 -5.41246 6.17352 9.12580
yld2000(c) 5.92215 -6.16125 6.16820

(e) 8.43346
Mild Steel -2.47909 3.38817 -2.26980 0.87753 6.35662 -7.48720 5.90239 10.0146
yld2000(c) 6.35121 -7.78099 5.89698

(e) 9.74124
AA6XXX -1.67442 3.39540 -1.49045 1.25978 5.93420 -7.29297 6.26980 8.82005
yld2000(c) 5.92698 -5.45054 6.26258

(e) 10.8530

β1 β2 β3 β4 β5 β6 β7 β8
Cu-1/4H(a) 0.96935 1.16963 1.17065 1.00000 0.91193 1.02297 1.00000 0.96935

(b) 1.18408 0.96034
(c) 1.17014 0.96745
(d) 1.18692 0.96275
(e) 1.01273 1.18815 1.16585 1.18727 0.93123 0.99951 0.95995 0.92562
(f) 1.08095 1.21327 1.15331 1.34031 0.96166 0.95977 0.78053 0.85501
(g) 0.97709 1.17307 1.16996 1.18738 0.91537 1.01889 0.96264 0.96161
(h1) 1.01275 1.18815 1.16585 1.18727 0.93124 0.99950 0.95995 0.92560
(h2) 1.24082 1.25119 1.09426 1.18925 1.02889 0.85452 0.96264 0.68193

DP780(c) 0.97767 1.05810 0.97364 1.01587 0.98110 1.02269 1.00189 0.97767
(e) 1.00790 1.07340 0.96884 1.08090 0.99078 1.01124 0.96952 0.94453

Mild Steel(c) 0.84776 1.02465 1.00851 1.01658 1.05348 1.00322 1.02835 0.84776
(e) 0.82608 1.01970 1.01562 1.05113 1.04741 1.00887 1.01588 0.86966

AA6XXX(c) 1.24685 0.76039 0.93774 0.84907 0.99545 1.02306 1.00926 1.24685
(e) 1.24673 0.76035 0.93782 0.72473 0.99542 1.02309 1.07231 1.24695

α1 α2 α3 α4 α5 α6 α7 α8

Cu-1/4H(a) 0.80089 1.13401 0.86972 1.01993 1.01917 0.86819 1.00000 1.00000
(b) 0.96034 1.18408
(c) 0.96745 1.17014
(d) 0.96275 1.18692
(e) 0.86295 1.06779 0.82676 1.02366 1.01861 0.90377 0.95995 1.18727
(f) 0.96355 0.95788 0.75887 1.02757 1.01605 0.96178 0.78053 1.34031
(g) 0.81185 1.12241 0.86207 1.02066 1.01912 0.87447 0.96264 1.18738
(h1) 0.86298 1.06776 0.82675 1.02366 1.01860 0.90378 0.95995 1.18727
(h2) 1.20326 0.68015 0.59828 1.02523 1.00320 1.11312 0.96264 1.18925

DP780(c) 0.93951 1.06428 0.89523 0.95555 1.01889 1.02192 1.00189 1.01587
(e) 0.97032 1.03170 0.85950 0.95615 1.01873 1.04803 0.96952 1.08090

Mild Steel(c) 1.10374 0.95296 0.75125 0.88391 0.89602 0.77546 1.02835 1.01658
(e) 1.08595 0.97033 0.77081 0.88334 0.89730 0.75514 1.01588 1.05113

AA6XXX(c) 0.96784 1.05067 1.57876 1.21391 1.08090 1.31273 1.00926 0.84907
(e) 0.96775 1.05076 1.57888 1.21393 1.08088 1.31256 1.07231 0.72473
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Table 3.4: List of yield function parameters for four sheet metals with seven inputs

Material A2 A3 A4 A5 A6 A7 A8 A9

Cu-1/4H -1.80000 2.68000 -2.20000 1.20300 6.63275 -6.29150 7.43875 11.4800
yld2000(a) 6.51322 -6.18961 7.45639

(b) 5.84595 8.22555
DP780 -1.92746 3.02482 -2.17352 1.00000 4.97904 -5.91800 5.22510 6.99634

yld2000(a) 4.94134 -5.83162 5.17643
(b) 7.05928 3.14486

Mild Steel -2.47909 3.38817 -2.26980 0.87753 6.44243 -7.34336 5.98821 9.75941
yld2000(a) 6.42895 -7.32826 5.98660

(b) 6.35691 6.07373
AA6XXX -1.67442 3.39540 -1.49045 1.25978 9.60763 2.55279 9.94323 8.17801
yld2000(a) 8.45210 4.71660 8.93495

(b) 3.21979 16.3311

β1 β2 β3 β4 β5 β6 β7 β8
Cu-1/4H(a) 0.96935 1.16963 1.17065 1.17063 0.91193 1.02297 1.04669 0.96935

(b) 0.92399 1.99825 0.94950 1.69440 0.20458 1.13096 0.79759 0.04187
DP780(a) 0.97767 1.05810 0.97364 0.86361 0.98110 1.02269 0.94722 0.97767

(b) 0.51263 0.27589 1.80508 1.14711 1.13527 0.38558 0.90069 -1.19678
Mild Steel(a) 0.84776 1.02465 1.00851 1.08504 1.05348 1.00322 1.01147 0.84776

(b) 1.02712 1.06151 0.94265 1.08355 1.09819 0.94990 1.01170 0.65598
AA6XXX(a) 1.24685 0.76039 0.93774 1.53801 0.99545 1.02306 0.75377 1.24685

(b) 1.93079 1.11102 0.44239 1.67395 1.14400 0.69281 0.44939 0.32103

α1 α2 α3 α4 α5 α6 α7 α8

Cu-1/4H(a) 0.80089 1.13401 0.86972 1.01993 1.01917 0.86819 1.04669 1.17063
(b) -0.72180 2.05733 -1.01963 0.44765 1.01368 0.99455 0.79759 1.69440

DP780(a) 0.93951 1.06428 0.89521 0.95554 1.01889 1.02191 0.94722 0.86361
(b) 1.88496 -0.36411 -0.31381 0.79069 -0.78356 -1.75290 0.90069 1.14711

Mild Steel(a) 1.10374 0.95296 0.75125 0.88391 0.89602 0.77547 1.01147 1.08504
(b) 1.24648 0.80160 0.57935 0.88351 0.87986 0.94322 1.01170 1.08355

AA6XXX(a) 0.96785 1.05067 1.57876 1.21391 1.08090 1.31273 0.75377 1.53801
(b) 1.59520 0.24162 0.39660 0.98909 1.08812 2.20443 0.44939 1.67395
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Table 3.5: List of yield function parameters for four sheet metals with eight inputs

Material A2 A3 A4 A5 A6 A7 A8 A9

Cu-1/4H (a) -1.80000 2.68000 -2.20000 1.20300 6.69445 -6.29150 7.37705 11.4800
yld2000(a) 6.57802 -6.17508

Cu-1/4H (b) 7.24705 -6.29150 6.82445 11.4800

yld2000(b) 2.69595 -1.74040
DP780 (a) -1.92746 3.02482 -2.17352 1.00000 3.80101 -5.91800 6.40313 6.99634
yld2000(a) 2.85479 -4.97178
DP780 (b) 5.98997 -5.91800 4.21417 6.99634

yld2000(b) 5.23802 -5.16606
Mild Steel (c) -2.47909 3.38817 -2.26980 0.87753 7.59858 -7.34336 4.83206 9.75941

yld2000(c) 8.02247 -7.76724
Mild Steel (d) 6.29484 -7.34336 6.13580 9.75941

yld2000(d) 6.32091 -7.36942
AA6XXX (c) -1.67442 3.39540 -1.49045 1.25978 12.4349 2.55279 7.11598 8.17801

yld2000(c) 10.2872 4.70052
AA6XXX (d) 4.94852 2.55279 14.6023 8.17801

yld2000(d) 4.60942 2.89190

β1 β2 β3 β4 β5 β6 β7 β8
Cu-1/4H(a) 1.07735 1.21208 1.15413 1.17609 0.96006 0.96195 1.04573 0.85879

(b) 0.90949 1.93091 1.33558 1.15509 -0.07019 0.95047 1.04935 0.30565
DP780(a) 1.06590 1.95323 0.55868 1.09853 0.36783 1.11768 0.91223 -0.23788

(b) 1.62650 1.25321 0.70075 0.83831 1.13900 0.58943 0.94951 0.08553
Mild Steel(c) 0.29837 0.77846 1.86448 1.55646 1.06243 0.32672 0.83508 -1.06735

(d) 1.12342 1.07833 0.90179 1.08399 1.11789 0.91584 1.01163 0.54425
AA6XXX(c) 0.92964 0.67824 1.11609 1.58808 0.89572 1.09255 0.69039 1.47024

(d) 1.84450 1.03923 0.52331 1.60889 1.13063 0.77704 0.65557 0.51106

α1 α2 α3 α4 α5 α6 α7 α8

Cu-1/4H(a) 0.95817 0.96384 0.76245 1.02742 1.01624 0.95866 1.04573 1.17609
(b) -1.09086 1.97114 -0.50273 0.71622 1.01176 0.69220 1.04935 1.15509

DP780(a) -0.38201 1.86752 -1.37882 0.26452 0.98448 1.36489 0.91223 1.09853
(b) 1.68857 0.03986 -0.00405 0.87171 0.90081 1.59512 0.94951 0.83831

Mild Steel(c) 1.79813 -0.40898 -0.76438 0.61997 -0.53597 -1.71056 0.83508 1.55646
(d) 1.31994 0.71379 0.47853 0.87909 0.86670 1.03292 1.01163 1.08399

AA6XXX(c) 0.69889 1.28938 1.81487 1.22087 1.02763 0.88779 0.69039 1.58808
(d) 1.48422 0.42345 0.65574 1.05186 1.10544 2.09634 0.65557 1.60889

Table 3.6: Experimental inputs and model parameters for two additional sheet metals

Material σ0/σf σ45/σf σ90/σf σb/σf R0 R45 R90 Rb
AA60616-T4a 1 0.9514 0.9375 1.0069 0.76 0.26 0.61 -
(from Yld2000) 1 0.9507 0.9351 0.9919 0.7471 0.2544 0.5929 1.4492
Steela 1 0.8 1 1 0.38 0.38 0.38 -
(from Yld2000) 1 0.79676 0.96616 0.88417 0.30315 0.34313 0.25973 1.18664

A2 A3 A4 A5 A6 A7 A8 A9

AA60616-T4b -1.72727 2.36751 -1.96191 1.29454 6.31484 0.09962 7.13856 5.00255
(σb = 0.99σ0)a -1.7273 2.4357 -1.9619 1.2945 6.2899 -0.0264 7.1532 5.0707

(R90 = 1.1)b -1.72727 3.18612 -2.71237 1.29454 6.31484 -0.78714 7.88901 5.07070
(from Yld2000) -1.71049 2.38308 -1.94746 1.30796 4.90882 3.45305 5.18880 5.00573

Steelb -1.10145 1.20290 -1.10145 1.00000 10.8671 4.57201 10.8671 11.7563
(σb = 0.9σ0)a -1.1014 1.7271 -1.1014 1.0000 9.6014 6.0549 9.6014 12.2805

(R90 = 0.8)b -1.10145 2.40338 -1.77778 1.00000 10.8671 2.84737 11.5434 12.2805
(from Yld2000) -0.93051 1.36564 -0.94647 1.14764 8.71745 8.60077 8.96779 11.7788

β1 β2 β3 β4 β5 β6 β7 β8
AA60616-T4 1.00427 1.16493 1.26730 1.49577 0.88597 0.98766 0.04370 1.00427
Steel 1.12968 1.11838 1.18176 1.85257 0.79712 0.84558 0.02300 1.12968

α1 α2 α3 α4 α5 α6 α7 α8

AA60616-T4 0.78429 1.08934 0.97512 1.09562 1.01884 0.82157 0.04370 1.49577
Steel 0.74866 0.89404 1.16702 1.15854 1.11101 1.07195 0.02300 1.85257

(a) From Table 2 of [74]; (b) Non-convex fourth-order polynomial functions.
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Chapter 4

ON THE QUADRATIC YIELD CRITERION FOR FCC STAINLESS STEEL 304L

SINGLE CRYSTALS

4.1 Introduction

It is well known that plasticity of metal crystals takes place at ambient conditions primar-

ily due to collective motion of dislocations on certain crystallographic planes [30�32,42,85].

For engineering applications, the discrete nature of dislocation line segments and their dis-

continuous motions are not explicitly treated. Instead, plastic deformation of a single crystal

due to such crystallographic slips has been treated as smooth (continuous) and homogeneous

simple shear deformations occurring on activated slip systems [43,44,86]. That is, as a con-

tinuum element under homogeneous stress and plastic strain rate, a single crystal is assumed

to �ow uniformly through its crystallographic lattice. The elastic deformation of the lattice

is often negligible for metals, the lattice is assumed to only undergoes rigid body rotation in

most of investigations for simplicity.

There are two broadly di�erent approaches in developing and formulating a phenomeno-

logical continuum plasticity theory for such single crystals: the macroscopic one and the mi-

cromechanical one. A macroscopic theory simply treats the single crystal as an anisotropic

solid and models its plasticity following the classical mathematical theory of anisotropic

plasticity [34�36], while a micromechanical theory of continuum crystal plasticity invokes

explicitly the crystallographic slips as the physical mechanisms and processes that control

yielding and dictate plastic �ow in a single crystal [32,85].

Both rate-independent and rate-dependent theories of (micromechanical) crystal plastic-

ity have been well developed and widely used [87�89] while the mathematical anisotropic

plasticity theory of single crystals has only occasionally been considered, mostly in the

so-called continuum mechanics of textured polycrystals (CMTP) that aims to model the
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texture-induced plastic anisotropy in polycrystals [90, 91]. In CMTP, a macroscopic plastic

potential (yield stress function) is used to approximate or curve-�t the micromechanically

derived yield or �ow surface of a single crystal. Most often the plastic potentials for cubic

crystals are assumed to be of particular kinds of cubic symmetry [92,93].

In this study, we investigate the anisotropic hardening e�ects of crystallographic slips

in crystal plasticity on the formulation of a macroscopic plastic potential of FCC cubic

crystals and examine in some details the condition assumed for the plastic potential with

some particular cubic symmetry types in the existing literature. To make the micro-to-

macro transition mathematically rigorous, we consider only a class of multi-mechanism or

multi-surface crystal plasticity models based on smooth and continuous plastic potentials

[94�97]. As an initial e�ort focusing on FCC crystals, only quadratic plastic potentials will

be considered in both crystal and macroscopic plasticity.

The continuum modeling of crystallographic slips is �rst discussed in Section 4.2, two

formulations of quadratic plastic potentials for an FCC crystal per its cubic axes are detailed

in Section 4.3. Sachs and Taylor polycrystal plastic potentials are presented in Section 4.4,

parameter identi�cations of a quadratic macroscopic texture-induced plastic potential for

FCC crystals are then described in Section 4.5. Modeling example applied to tensile tests

on plastic SS304L single crystals with di�erent loading directions is given, and some possible

implications on continuum mechanics of textured polycrystals are discussed.

4.2 Continuum Modeling of Crystallographic Slips

A multi-slip model of the crystal plasticity is introduced [97]. In classical continuum

plasticity, a stress-based plastic potential τ s(σσσ) is used to compute the plastic strain rate

tensor ε̇p via a �ow rule

ε̇p = γ̇
p∂τ s
∂σσσ

, (4.1)

where the equivalent plastic strain rate γ̇
p
is given by a �ow or yield condition

τ s(σσσ) = τf (γ
p),

τ s(σσσ) = τvf (γ
p, γ̇

p
),

(4.2)
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where τf (γ
p) is the equivalent plastic �ow strength of a rate-independent material that is a

function of only equivalent plastic strain γp, and τvf (γ
p, γ̇

p
) is the equivalent viscoplastic �ow

strength of a rate-dependent material that is a function of both equivalent plastic strain rate

γ̇
p
and equivalent plastic strain γp . Additional internal state variables besides the isotropic

hardening variable γp may also be incorporated to account for anisotropic hardening of the

material.

To model crystallographic slips in crystal plasticity theory, the stress-based plastic slip

potential is given in terms of independent resolved shear stresses

τ (α) = σmσmσm(α) · sss(α), (4.3)

where σσσ is the applied Cauchy stress on all N possible slip systems (mmm(α), sss(α)) of a single

crystal as τ s(τ
(1), . . . , τ (N)). Here, mmm(α) and sss(α) are the normal vector and slip direction of

αth slip system where α =1,...,N. Individual crystallographic slip rate can thus be obtained

via a slip rule

τ̇ (α) = γ̇
p ∂τ s
∂τ (α)

. (4.4)

Limited to the classical Schmid law, the crystallographic slip rate on each slip system is

solely dependent on its resolved shear stress and a power-law is commonly assumed

τ̇ (α) = γ̇
p
sgn(τ (α))|τ

(α)

τ
(α)
0

|b−1, (4.5)

where the power exponent b > 1 and τ
(α)
0 > 0 is the slip resistance of each system. Conse-

quently, the slip rule and power-law above lead to the speci�c slip potential as (noting yield

condition τ̄s = τf or the �ow condition τ̄s = τvf )

τ bs = φb(τ
(1), . . . τ (N)) = w1|τ (1)|b + w2|τ (2)|b + ...+ wN |τ (N)|b =

N∑
α=1

wα|τ (α)|b, (4.6)

where wα = (
τf

τ
(α)
0

)b−1 > 0 or wα = (
τvf

τ
(α)
0

)b−1 > 0 is the slip system weight coe�cient of the

slip potential. One can verify that the power-law of Eq.(4.5) can indeed be obtained from

the slip rule of Eq.(4.4) using the slip potential of Eq.(4.6).

69



In summary, a continuum plasticity model of crystallographic slips of a single crystal

prescribes simply a slip potential φb(τ
(1), . . . τ (N)) in the form of a weighted sum of individual

resolved shear stresses of bth order (b > 1). The required inputs for the model include N

-pairs of slip system vectors (mmm(α), sss(α)), the overall �ow strength of the crystal τf (rate-

independent cases) or τvf (rate-dependent cases), and the slip resistance τ
(α)
0 (or alternatively

and equivalently the slip system weights wα) of all N slip systems. Evolution laws on those

initial inputs due to plastic spin and slip hardening upon subsequent plastic deformation of

the crystal [97] are omitted for brevity as they are outside the main interest in the current

study.

4.3 Quadratic Plastic Potentials of FCC Single Crystals

Following the classical anisotropic plasticity theory [34,35], one considers a continuumma-

terial element of a rolled sheet metal under an applied Cauchy stress σσσ = (σx, σy, σz, τxy, τyz,

τzx), where the Cartesian coordinate xyz -axes are chosen by convention to be the rolling

(RD), transverse (TD) and normal (ND) directions of the sheet metal. A plastic potential

(also as a yield stress function) is used to describe pressure insensitive yielding, incompress-

ible plastic �ow, and centro-symmetric tension and compression respsonses (i.e., Bauchinger

e�ects due to the load reversal is not considered here). Consequently, the plastic poten-

tial will be a homogeneous function of only �ve independent stress components such as

σσσd = (σx − σz, σy − σz, τxy, τyz, τzx). The yield stress function in a general quadratic theory

of macroscopic anisotropic plasticity is a homogeneous polynomial of second order in the

following form (setting σz = 0 for simplicity)

Φ2(σσσd) = f 2(σσσ)

= A1σ
2
x + A2σxσy + A3σ

2
y + A4τ

2
xy + A5τ

2
yz + A6τ

2
zx

+ A7σxτxy + A8σyτxy + A9τyzτzx + A10σxτyz + A11σyτyz

+ A12τxyτyz + A13σxτzx + A14σyτzx + A15τxyτzx,

(4.7)

where (A1, ..., A15) are the 15 independent polynomial coe�cients (material constants) of the

yield stress function (YLD), and f(σσσd) = σf de�nes the yield condition (surface) where σf is

the current equivalent �ow strength of the material. In this section, the anisotropic quadratic

70



yield functions for FCC single crystal with di�erent plastic anisotropy will be presented.

4.3.1 Two Formulations of Plastic Potential for an FCC Single Crystal

When being applied to cubic single crystals (the xyz -axes coincide with the 123 -axes),

their quadratic plastic potential of Eq.(4.7) may be rewritten with respect to their cubic

123 -axes as (setting σ33 = 0 for simplicity as well)

Φ2(σσσ∗d) = a1σ
2
11 + a2σ11σ22 + a3σ

2
22 + a4τ

2
12 + a5τ

2
23 + a6τ

2
31

+ a7σ11τ12 + a8σ22τ12 + a9τ23τ31 + a10σ11τ23 + a11σ22τ23

+ a12τ12τ23 + a13σ11τ31 + a14σ22τ31 + a15τ12τ31,

(4.8)

where (a1, ..., a15) are the corresponding 15 material constants, and the applied Cauchy stress

and its reduced form are now given in terms of 123 -components as σσσ∗ = (σ11, σ22, σ33, τ12, τ23,

τ31) and σσσ∗d = (σ11 − σ33, σ22 − σ33, τ12, τ23, τ31).

On the other hand, the quadratic plastic potential of an FCC single crystal may be di-

rectly associated with its crystallographic slips in a micromechanical multi-surface plasticity

theory as a weighted sum of squared independent resolved shear stresses shown in Eq.(4.6)

with b = 2

Φ2fcc(τ
(1), . . . , τ (12)) = w1|τ (1)|2 + w2|τ (2)|2 + w3|τ (3)|2 + w4|τ (4)|2

+ w5|τ (5)|2 + w6|τ (6)|2 + w7|τ (7)|2 + w8|τ (8)|2

+ w9|τ (9)|2 + w10|τ (10)|2 + w11|τ (11)|2 + w12|τ (12)|2,

(4.9)

where (τ (1), ..., τ (12)) are resolved shear stresses, (w1, ..., w12) are non-negative weights related

to the relative slip resistance of twelve slip systems in the FCC crystal, and
√
φ2fcc = τf

de�nes the slip condition of the single crystal.

4.3.2 Relationships between Polynomial Coe�cients and Slip System Weights

As the individual resolved shear stress on αth slip system of the FCC crystal can be

directly computed via τ (α) = σσσ∗m(α) · s(α), the quadratic yield stress function of an FCC
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single crystal φ2fcc of Eq.(4.9) are given explicitly in terms of Cauchy stress components as

Φ2fcc(τ
(1), . . . , τ (12)) =

12∑
α=1

wα|τ (α)|2

=
12∑
α=1

wα|σσσ∗mmm(α) · sss(α)|2 = Φ2fcc(σσσ
∗),

(4.10)

where (m(α), s(α)) are the unit slip plane normal and slip direction of the twelve slip systems

as shown in Table 4.1 (including the corresponding resolved shear stresses). The names for

incremental slips are similar but slightly di�erent from those originally used by Bishop and

Hill [85].

Table 4.1: Slip systems in FCC crystals

number incremental normal direction resolved shear stress

α slip m(α) s(α)
√

6τ (α)

1 γ̇a1 [011̄] σ22 − σ33 + τ12 − τ31

2 γ̇a2 (111) [1̄01] σ33 − σ11 − τ12 + τ23

3 γ̇a3 [11̄0] σ11 − σ22 + τ13 − τ23

4 γ̇b1 [01̄1̄] σ22 − σ33 + τ12 + τ31

5 γ̇b2 (1̄1̄1) [101] σ33 − σ11 − τ12 − τ23

6 γ̇b3 [1̄10] σ11 − σ22 − τ13 + τ23

7 γ̇c1 [011̄] σ22 − σ33 − τ12 + τ13

8 γ̇c2 (1̄11) [101] σ33 − σ11 + τ12 + τ23

9 γ̇c3 [1̄1̄0] σ11 − σ22 − τ13 − τ23

10 γ̇d1 [01̄1̄] σ22 − σ33 − τ12 − τ13

11 γ̇d2 (11̄1) [1̄01] σ33 − σ11 + τ12 − τ23

12 γ̇d3 [110] σ11 − σ22 + τ13 + τ23

Obviously, macroscopic and microscopic plastic potentials φ2(σσσ∗) and φ2fcc(σσσ
∗) are re-

garded to be equivalent here. By comparing directly the individual second-order Cauchy

stress terms in both potentials φ2 in Eq.(4.8) and φ2fcc in Eq.(4.10), one has the �fteen
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polynomial coe�cients (a1, ..., a15) in terms of twelves slip system weights (w1, ..., w12) as

a1 = a5 =
w2 + w3 + w5 + w6 + w8 + w9 + w11 + w12

6
,

a2 = −w3 + w6 + w9 + w12

3
, a7 =

w2 + w5 − w8 − w11

3
,

a3 = a6 =
w1 + w3 + w4 + w6 + w7 + w9 + w10 + w12

6
,

a4 = a1 + a2 + a3 =
w1 + w2 + w4 + w5 + +w7 + w8 + w10 + w11

6
,

a8 =
w1 + w4 − w7 + w10

3
, a9 = −w3 + w6 − w9 − w12

3
,

a10 = −w2 + w3 − w5 − w6 + w8 + w9 − w11 − w12

3
,

a11 =
w3 − w6 + w9 − w12

3
, a12 = −w2 − w5 − w8 + w11

3
,

a13 =
w3 − w6 − w9 + w12

3
, a15 = −w1 − w4 + w7 − w10

3
,

a14 = −w1 + w3 − w4 − w6 − w7 − w9 + w10 + w12

3
.

(4.11)

That is, only up to twelve polynomial coe�cients (a1, a2, a3, a7, ..., a15) are independent in

the quadratic plastic potential of an FCC crystal as a4 = a1 + a2 + a3, a5 = a1, and a6 = a3.

4.3.3 FCC Crystals with Reduced Plastic Anisotropy

The number of independent polynomial coe�cients of φ2(σσσ∗) and slip system weight

coe�cient of quadratic plastic potential φ2fcc(σσσ
∗) may be further reduced if plastic anisotropy

of FCC crystals is of a lesser degree (i.e., having a higher order of symmetry).

For the case of monoclinic anisotropy with its symmetric plane de�ned by 3-axis, six

polynomial coe�cients (a10, ..., a15) associated with linear Cauchy stresses terms of only ei-

ther τ23 or τ31 shall be zero. For the case of orthotropic anisotropy with its symmetric axes

de�ned by the cubic 123-axes, three polynomial coe�cients (a7, a8, a9) associated with the

remaining linear Cauchy stresses terms of either τ12 or τ23 shall be zero. Three additional

cases of further reduced plastic anisotropy can also be considered: in-plane axially isotropy

with a3 = a1, in-plane isotropy with a2 = 0, and �nally the cubic anisotropy with a2 = −a1.

By using the twelve linear relationships between the polynomial coe�cients and crystallo-

graphic slip system weights given in Eq.(4.11), it turns out that the reduce plastic anisotropy

leads to various conditions imposed on the crystallographic slip system weights. The results
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are summarized in the following �ve cases of reduced plastic anisotropy

1) monoclinic anisotropy (six material constants) :

φ2m = a1σ
2
11 + a2σ11σ22 + a3σ

2
22 + (a1 + a2 + a3)τ 2

12 + a1τ
2
23 + a3τ

2
31

+ a7σ11τ12 + a8σ22τ12 + a9τ23τ31,

w1 = w4, w2 = w5, w3 = w6, w7 = w10, w8 = w11, w9 = w12.

2) orthotropic anisotropy (three material constants) :

φ2o = a1σ
2
11 + a2σ11σ22 + a3σ

2
22 + (a1 + a2 + a3)τ 2

12 + a1τ
2
23 + a3τ

2
31,

w1 = w4 = w7 = w10, w2 = w5 = w8 = w11, w3 = w6 = w9 = w12.

3) in-plane axial isotropy (two material constants) :

φ2ia = a1σ
2
11 + a2σ11σ22 + a1σ

2
22 + (2a1 + a2)τ 2

12 + a1τ
2
23 + a1τ

2
31,

w1 = w4 = w7 = w10 = w2 = w5 = w8 = w11, w3 = w6 = w9 = w12.

4) in-plane isotropy (one material constant) :

φ2ip = a1(σ2
11 + σ2

22 + 2τ 2
12 + τ 2

23 + τ 2
31),

w1 = w4 = w7 = w10 = w2 = w5 = w8 = w11, w3 = w6 = w9 = w12 = 0.

5) cubic anisotropy (one material constant) :

φ2c = a1(σ2
11 − σ11σ22 + σ2

22 + τ 2
12 + τ 2

23 + τ 2
31),

w1 = w4 = w7 = w10 = w2 = w5 = w8 = w11 = w3 = w6 = w9 = w12.

(4.12)

4.3.4 Texture Component of Orthotropic FCC Metals

Next we consider the quadratic plastic potential φ2(σσσd) of some disoriented FCC single

crystals as representative texture components commonly found in a rolled and/or annealed

polycrystal sheet [92, 98, 99]. Per convention, an ideal texture component (or a disoriented

crystal) is speci�ed in terms of Miller indices for both ND and RD (z -axis and x -axis)

of a polycrystalline sheet metal as {hkl}〈uvw〉. Limited only to the case of orthotropic

polycrystal sheets with xyz -axes, each texture component consists in general a quartet or

four variants of (hkl)[uvw], (h̄k̄l̄)[uvw], (hkl)[ūv̄w̄], and (h̄k̄l̄)[ūv̄w̄]. The quadratic plastic

potential φ2(σσσd) of one disoriented FCC crystal is a sum of quadratic plastic potentials

74



φ2fcc(σσσ
∗
d) of its four variants

Φ2o(σσσd) =
1

4
[Φ

(i)
2fcc(σσσ

∗
d) + Φ

(ii)
2fcc(σσσ

∗
d) + Φ

(iii)
2fcc(σσσ

∗
d) + Φ

(iv)
2fcc(σσσ

∗
d)]

= A1σ
2
x + A2σxσy + A3σ

2
y + A4τ

2
xy + A5τ

2
yz + A6τ

2
zx,

(4.13)

where σσσ∗ = QσσσQT , Q = (e′RD, e
′
TD, e

′
ND) is the coordinate transformation matrix given in

terms of unit vectors (in the column form) of RD, TD and ND axes of the polycrystal sheet

metal expressed in the 123 -axes of a cubic single crystal. That is

e′RD =
(u, v, w)T√
u2 + v2 + w2

, e′ND =
(h, k, l)T√
h2 + k2 + l2

, e′TD = e′ND × e′RD. (4.14)

Besides Miller indices, there is another form called Euler angles (φ1,Φ, φ2) to indicate

the representation of an disorientate crystal, which presents the rotating angles transferred

from the specimen coordinate system to the crystallographic coordinate system [100�102].

In the following, the Euler angle in Bunge convention is employed to de�ne texture data of a

single crystal. That is, φ1 is the rotated angle about the ND axis of the specimen coordinate

system ,Φ is the angle rotating about new RD axis of the rotated coordinate system, and φ2

tells the rotation of the ND axis of the crystallographic coordinate system. The relationships

between Miller indices and Euler angles in Bunge convention are

cos Φ =
l√

h2 + k2 + l2
, cosφ2 =

k√
h2 + k2

,

cosφ1 =
w√

u2 + v2 + w2

√
h2 + k2

√
h2 + k2 + l2

,

(4.15)

where φ1 ∈ [0, 2π],Φ ∈ [0, π], and φ2 ∈ [0, 2π]. The rotation matrix expressed by three Bunge

Euler angles from the coordinate system of specimen to the coordinate system of crystal is

shown

Q =


cosφ2 sinφ2 0

− sinφ2 cosφ2 0

0 0 1




1 0 0

0 cos Φ sin Φ

0 − sin Φ cos Φ




cosφ1 sinφ1 0

− sinφ1 cosφ1 0

0 0 1

 . (4.16)
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4.3.5 Generation of Grain Orientations in Polycrystals

Besides the Miller index for ideal texture components, the Rodriguez crystal orientation

angles (θ, ψ, ω) may be used to de�ne the arbitrary orientation of a single crystal in the

polycrystal reference frame. The Rodriguez formula for the rotated cubic axes in Fig.4.1 are

expressed in terms of the crystal orientation angles (θ, ψ, ω) via

d1 = sin θ cosψ, d2 = sin θ sinψ, d3 = cos θ, c = cosω, s = sinω, (4.17)

and the coordinate transformation matrix will then be given by Bunge [103]

Q =


(1− d2

1)c+ d2
1 d1d2(1− c) + d3s d1d3(1− c)− d2s

d1d2(1− c)− d3s (1− d2
2)c+ d2

2 d2d3(1− c) + d1s

d1d3(1− c) + d2s d2d3(1− c)− d1s (1− d2
3)c+ d2

3

 . (4.18)

To ensure the strict plastic orthotropy, the four orthotropic variants for each orientation

of a single crystal should be included in the calculations.

4.4 Sachs and Taylor Quadratic Plastic Potentials of Polycrystals

4.4.1 Dual Quadratic Plastic Potentials for FCC Single and Polycrystals

Under strict convexity and normality conditions in associated plasticity [104, 105], it is

shown that quadratic yield stress function Φ2(σσσd) and plastic strain rate function Ψ2(ε̇εεd) are

constitutive dual plastic potentials, where (per plastic incompressibility)

Ψ2(ε̇εεd) =q2(ε̇εεd) = B1ε̇
2
x +B2ε̇xε̇y +B3ε̇

2
y +B4γ̇

2
xy +B5γ̇

2
yz +B6γ̇

2
zx

+B7ε̇xγ̇xy +B8ε̇yγ̇xy +B9γ̇yzγ̇zx +B10ε̇xγ̇yz +B11ε̇yγ̇yz

+B12γ̇xyγ̇yz +B13ε̇xγ̇zx +B14ε̇yγ̇zx +B15γ̇xyγ̇zx,

(4.19)

where (B1, ..., B15) are the 15 independent polynomial coe�cients (material constants) of

quadratic strain rate function (SRP), ε̇εεd = (ε̇x, ε̇y, γ̇xy, γ̇yz, γ̇zx) and q(ε̇εεd) = ˙̄εp de�nes the

plastic �ow condition (surface) at a �xed equivalent plastic strain rate per plastic work rate

equivalency: f(σσσd)q(ε̇εεd) = σf ˙̄εp = σσσd : ε̇εεd. There is a simple relationship between these two
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Figure 4.1: Rotation axes and Rodriguez angles.

sets of polynomial coe�cients from the constitutive duality, namely



2B1 B2 B7 B10 B13

B2 2B3 B8 B11 B14

B7 B8 2B4 B12 B9

B10 B11 B12 2B5 B15

B13 B14 B9 B15 2B6


=



2A1 A2 A7 A10 A13

A2 2A3 A8 A11 A14

A7 A8 2A4 A12 A9

A10 A11 A12 2A5 A15

A13 A14 A9 A15 2A6



−1

. (4.20)

For the case of orthotropic sheet metal, one has the following algebraic relationships
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(k=4,5,6)

A1 =
4B3

4B1B3 −B2
2

, A2 =
−4B2

4B1B3 −B2
2

, A3 =
4B1

4B1B3 −B2
2

, Ak =
1

Bk

,

B1 =
4A3

4A1A3 − A2
2

, B2 =
−4A2

4A1A3 − A2
2

, B3 =
4A1

4A1A3 − A2
2

, Bk =
1

Ak
.

(4.21)

It is noted that both 4A1A3−A2
2 > 0 and 4B1B3−B2

2 > 0 per strict convexity requirements

on Φ2(σσσd) and Ψ2(ε̇εεd), respectively.

4.4.2 Calculations of Quadratic Plastic Potentials of Polycrystals

The quadratic yield functions will be derived for an orthotropic polycrystal by taking

average of the quadratic yield functions of its K constituent single crystals following the

classical Sachs iso-stress and Taylor iso-strain polycrystal modeling approaches [92], namely

Φ̄S
2o(σd) =

K∑
k=1

V (k)Φ
(k)
2o (σd), or Āi =

K∑
k=1

V (k)A
(k)
i , i = 1, 2, ..., 6, (4.22)

Ψ̄T
2o(ε̇d) =

K∑
k=1

V (k)Ψ
(k)
2o (ε̇d), or B̄i =

K∑
k=1

V (k)B
(k)
i , i = 1, 2, ..., 6, (4.23)

where V (k) is the volume fraction of individual texture components or single crystals (i.e.

V (k) = 1/K), Φ
(k)
2o (σd) is the quadratic yield stress function given by Eq.(4.13) for each

orthotropic quartet of single crystals and Ψ
(k)
2o (ε̇d) is its dual plastic strain-rate function. It

is noted that polynomial coe�cients (A1, ..., A6) of the Sachs quadratic yield stress function

Φ̄S
2o(σd) remain still linear combinations of slip system weights while polynomial coe�cients

(B1, ..., B6) of the Taylor quadratic strain-rate function Ψ
(k)
2o (ε̇d) depends in a nonlienar

manner with slip system weights per Eq.(4.20).

4.4.3 Quadratic Plastic Potentials of Randomly Textured Polycrystals

In this section, the Sachs model for random polycrystals is considered to check and verify

the polynomial coe�cients of a polycrystal generated by MATLAB code matching with the

von Mises yield function coe�cients.
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As the polycrystal consists of randomly oriented single crystals, we need to generate

random orientation distribution. However, random values of the Euler angles φ1, Ψ and φ2

will not give the random orientation distribution. In our computation, the random orienta-

tion distribution of K-crystals obtained from a MATALB texture analysis toolbox MTEX

(https://mtex-toolbox.github.io/) was used. Euler angles (φ1,Ψ, φ2) can be converted to the

Rodriguez angles (θ, ψ, ω) by

ω = 2 cos−1

(
cos

Ψ

2
cos

φ1 + φ2

2

)
, θ = sin−1

(
sin Ψ

2

sin ω
2

)
, ψ =

1

2
(φ1 − φ2) . (4.24)

The polycrystal yield function of randomly oriented grains was obtained by averaging

yield functions of single crystals. The most general anisotropic condition was considered �rst:

cubic plastic anisotropy with all slip system weights equal to 1. It is supposed that each grain

is modeled by the general quadratic yield function φ2 of Eq.(4.8) with its 15 coe�cients being

given in terms of 12 distinct crystallographic slip system weights per Eq.(4.11). From the

resulting averaged yield function, it was con�rmed that 3Ā1 ≈ 3Ā2 ≈ 3Ā3 ≈ Ā4 ≈ Ā5 ≈ Ā6,

and
Ā4

3Ā1

≈ 1.2
∑12

α=1wα

(3)(0.4)
∑12

α=1wα
≈ 1. (4.25)

Referring to Eq.(4.25) and A4

3A1
= 1 for the most general symmetry condition, we can deduce

that A4

3A1
= 1 for all other higher symmetry conditions in Section 4.3.3, including monoclinic,

orthotropic, cubic, etc. The variation of Ā4

3Ā1
with the number of grains is displayed in

Fig.4.2. The value varies when the number of grain is less than 1000, and it approaches to

1 as the number of grains K increases up to 10,000. It will be shown that, if the orientation

distribution of the single crystals are uniform or random, the resultant polycrystal yield

function will approach to the von Mises yield function for all types of single crystal yield

functions considered.

4.5 Calibration of Quadratic Plastic Potential for SS304L Single Crystals

To model the polycrystalline SS304L thin foils, material texture can be measured via

di�erent methods, but slip system weights are usually not accessible directly from experi-

ments. Therefore, there is no experimental data on the individual slip strength as well as
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Figure 4.2: Variation of Ā4

3Ā1
with respect to the number of grains of a random polycrystals.

the rate-dependence and hardening behaviors of crystals provided at present. So, the cal-

ibration of quadratic plastic potentials for FCC single crystals comes down to parameter

identi�cation of 12 slip system weights per crystal when no experimental data is provided.

Uniaxial tensile tests with di�erent loading direction (RD and TD) are easily conducted on

the polycrystalline SS304L thin foils at quai-static conditions. Consequently, a simpli�ed

rate-independent version of the crystal plasticity model presented in the previous section

was used for modeling. The resulting model will be similar to the texture-based FCC single

crystal plasticity model proposed by researchers for rolled sheets [92,98,99]. That is, the slip

strength of crystal is represented by an isotropic slip hardening model, while an analytical

stress function such as a quadratic polynomial with cubic or orthotropic plastic anisotropy

in the local crystallographic axes is assumed to be the slip potential for multi-slips in each

FCC single crystal. When modeling the plastic deformation of a polycrystalline SS304L foil

at the individual grain level explicitly, each grain is assigned with known crystal orientation

and its own slip potential as well as isotropic hardening law. The parameters of the isotropic
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hardening of slip resistance or strength are to be estimated in order to match the stress-strain

response measured from the actual tests.

Figure 4.3: Two-dimensional cross-section micrographs of as-received SS304L: (a) image
quality map and (b) color coded orientation map.
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4.5.1 Grain Orientations of an SS304L Polycrystal

In the study of polycrystalline or polycrystalline material, electron backscatter di�raction

(EBSD) has become a quantitative method to measure crystal orientations from a crystalline

sample [106]. EBSD is a scanning electron microscope-based technique to characterize the

microstructural-crystallography of the material. The ultra-thin stainless steel 304L (SS304L)

is an austenitic low-carbon stainless steel, which is one of the popular materials studied for

possible applications for PEM fuel cell manufacturing [12]. The microstructure examination

of SS304L foil sheet was carried out by EBSD Analytical Inc. Fig.4.3 shows cross-section

micrographs of as-received SS304L foil with the sample size are 2000 µm by 2000 µm and

step is 2 µm. Using this technique, two-dimensional grain structure and its relevant grain

information of as-received material were obtained, such as the crystal orientation, aspect

ratio, etc.

For further analyzing and reconstructing of the experimental texture data, MTEX is

employed [107]. The grain-based EBSD database of SS304L has been imported in MTEX

in order to reconstruct the microstructure. The characteristics of such grain-based texture

data consisting of the pole �gures are shown in Fig.4.4. The orientation of each grain is

obtained as the Euler angles in Bunge convention (φ1,Φ, and φ2). The distribution of these

three Bunge Euler angles from the EBSD database are displayed in Fig.4.5 and Fig.4.6. For

this set of EBSD data, the range of Euler angles is 0 − 2π for φ1, 0 − 2
3
π for Φ and 0 − 2π

for φ2 respectively.

4.5.2 Single Crystals with Cubic Plastic Anisotropy

As discussed in Section 4.3.3 and previous study [92], all twelves slip system weights

(w1, ..., w12) of single crystal with cubic plastic anisotropy for crystals are identical and equal

to 1, shown in Eq.(4.12)(5). The polynomial coe�cients of quadratic yield stress function

and its dual strain rate potential per single crystal based on EBSD can be calculated via

Eq.(4.11), Eq.(4.12)(5), Eq.(4.13), Eq.(4.16) and Eq.(4.21). If we assumed that every single

crystal has the same volume fraction, the polynomial coe�cients of yield functions for a
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Figure 4.4: Pole �gures of the reconstructed grain-based texture data (EBSD) : (a) top :
pole �gure of raw data point, each blue point represents a measurement position of a grain;
(b) middle : pole �gure after smoothing (recalculated pole �gure in MTEX); (c) bottom :
inverse pole �gure after smoothing (recalculated inverse pole �gure in MTEX).

cubic polycrystal are

Ā1 = 0.78755, Ā2 = −0.77541, Ā3 = 0.78719,

Ā4 = 2.44918, Ā5 = 2.40204, Ā6 = 2.40059,
(4.26)

B̄1 = 1.91082, B̄2 = 1.81414, B̄3 = 1.85587,

B̄4 = 0.44635, B̄5 = 0.45148, B̄6 = 0.45727.
(4.27)
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Figure 4.5: The Euler angle distribution based on EBSD provided by EBSD Analytical Inc.:
(a) left : φ1 vs. Φ; (b) middle : Φ vs. φ2; (c) right : φ1 vs. φ2.

Figure 4.6: 3D View of the Euler angle distribution.

The predicted R-values for polycrystal of this case (Case #1) is R0 = 0.96962 and R90 =

0.97049 for Sachs model, and R0 = 0.95601 and R90 = 0.90368 for Taylor model.

4.5.3 Parameter Identi�cation from the Sachs and Taylor Polycrystal Models

As cubic plastic anisotropy has been studied, the study for polycrystals with orthotropic

plastic anisotropy becomes more complicated since the associated slip system weights are

increased from one (w1) to three (w1, w2 and w3). It is di�cult to determine the slip system
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weight values without any experimental information. Therefore, three plastic strain ratios

(R0, R45, R90) are made available in addition to one stress from three uniaxial tensile tests,

one can use the associated �ow rule to determine the polynomial coe�cients (A1, A2, A3, A4)

of quadratic yield stress function per single crystal as (where σf = σ0 is assumed, A1 = 1

holds)

A1 = 1, A2 = − 2R0

1 +R0

, A3 =
1 +R90

1 +R0

R0

R90

, A4 =
R0 +R90

1 +R0

1 + 2R45

R90

. (4.28)

It is noted that plastic strain ratios can only be used to determine three out of four

polynomial coe�cients. Based on texture information from EBSD of SS304L, the expres-

sions for polynomial coe�cients of yield stress function and its dual strain rate potential

per crystal are calculated via Eq.(4.11), Eq.(4.12)(3), Eq.(4.13), Eq.(4.16) and Eq.(4.21).

Unlike cubic anisotropic case (here w1 = 1), three slip system weights are determined by

experimental plastic strain ratios. As discussed in Section 4.4, Sachs polycrystal plasticity

assumes the local stress in each single crystal grain is the same as the stress acting on a

polycrystalline continuum element [108,109]. If the volume fraction of each crystal is equal,

the quadratic yield stress function for an orthotropic polycrystal is derived and shown in

Eq.(4.22). Eq.(4.28) is still valid for polycrystals by replacing A with Ā of Eq.(4.22), as

Ā1 = 1, Ā2 = − 2R0

1 +R0

, Ā3 =
1 +R90

1 +R0

R0

R90

, Ā4 =
R0 +R90

1 +R0

1 + 2R45

R90

. (4.29)

Here, two plastic strain ratios R0 and R90 are 0.92 and 0.75 obtained from experiments via

digital image correlation as initial guessing conditions for estimating polynomial parameters.

Two more cases are considered as R0 increases from 0.92 to 0.95 and 0.97, and R90 is not

changed. Then, let the expression of Ā2 and Ā3 in Eq.(4.29) equals to the values in terms

of R0 and R90, the crystallographic slip system weights and R-values used of each case are

listed in Table 4.2. The associated polynomial coe�cients of the macroscopic quadratic yield

stress function and strain-rate potential are calculated and included in Table 4.3.

Taylor model is to assumes the local strain in each single crystal grain is the same as

the strain applied to the polycrystalline continuum element [85, 110, 111]. This approach is
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Table 4.2: Summary of R-values and slip system weights via Sachs model

Case R0 R90 w1 w2 w3

2 0.92000 0.75000 1.86696 1.27364 1.01680

3 0.95000 0.75000 1.91750 1.21245 1.05550

4 0.97000 0.75000 1.95035 1.17270 1.08065

Table 4.3: Summary of polynomial coe�cients of YLD and its dual SRP via Sachs model

Case ĀS
1 ĀS

2 ĀS
3 ĀS

4 ĀS
5 ĀS

6

2 1.00000 -0.95833 1.11806 3.22276 3.48926 3.36201

3 1.00000 -0.97436 1.13675 3.25992 3.52771 3.35593

4 1.00000 -0.98477 1.14890 3.28406 3.55269 3.35198

Case B̄S
1 B̄S

2 B̄S
3 B̄S

4 B̄S
5 B̄S

6

2 1.25843 1.07865 1.12555 0.31029 0.28659 0.29744

3 1.26389 1.08333 1.11184 0.30676 0.28347 0.29798

4 1.26746 1.08640 1.10320 0.30450 0.28148 0.29833

to calibrate parameters using strain rate potential function instead of yield stress function.

The quadratic strain-rate potential for an orthotropic polycrystal will be derived by taking

average of quadratic strain-rate potentials of its K constituent single crystals, as shown in

Eq.(4.23). When three plastic strain ratios (R0, R45, R90) and one stress are measured from

three uniaxial tensile tests, the four polynomial coe�cients of strain rate potential function

of a single crystal in terms of (R0, R45, R90) with the assumption σf = σ0 are:

B1 =
(1 +R0)(1 +R90)

1 +R0 +R90

, B2 =
2(1 +R0)R90

1 +R0 +R90

,

B3 =
(1 +R0)2R90

R0(1 +R0 +R90)
, B4 =

(1 +R0)R90

(1 + 2R45)(R0 +R90)
.

(4.30)
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The four polynomial coe�cients of strain rate potential function for a polycrystal are easily

obtained by replacing B with B̄ of Eq.(4.23), as

B̄1 =
(1 +R0)(1 +R90)

1 +R0 +R90

, B̄2 =
2(1 +R0)R90

1 +R0 +R90

,

B̄3 =
(1 +R0)2R90

R0(1 +R0 +R90)
, B̄4 =

(1 +R0)R90

(1 + 2R45)(R0 +R90)
.

(4.31)

The easiest approach to obtain polynomial coe�cients of strain rate potential function per

single crystal is to get the polynomial coe�cients of yield stress function and convert A to

B according to Eq.(4.21). After averaging, let the expression of B̄1, B̄2 and B̄3 in Eq.(4.31)

equals to the values in terms of R0 and R90. Here, there are three sets of R0 and R90 employed

in this study: R0 is 0.92, 0.95 and 0.97, R90 is �xed and equals to 0.75. The crystallographic

slip weights, R-values, the associated polynomial coe�cients of the macroscopic quadratic

strain-rate potential and yield stress function of each case are listed in Table 4.4 and Table

4.5.

Table 4.4: Summary of R-values and slip system weights via Taylor model

Case R0 R90 w1 w2 w3

5 0.92000 0.75000 2.63313 1.44208 0.75806

6 0.95000 0.75000 2.81390 1.29652 0.79468

7 0.97000 0.75000 2.93616 1.20775 0.81452

4.5.4 Parameter Identi�cation from a Finite Element RVE Model

As described in Section 4.4, both the Sachs and Taylor polycrystal theories are intro-

duced to represent the behavior of polycrystalline material and calibrate the parameters

using EBSD as texture data. Due to the limitations of these two approaches, uniform stress

or uniform strain in a single crystal is assumed as the initial calibration, which is too ideal
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Table 4.5: Summary of polynomial coe�cient of SRP and its dual YLD via Taylor model

Case B̄T
1 B̄T

2 B̄T
3 B̄T

4 B̄T
5 B̄T

6

5 1.25843 1.07865 1.12555 0.29348 0.29097 0.27680

6 1.26389 1.08333 1.11184 0.29012 0.28934 0.27398

7 1.26746 1.08640 1.10320 0.28790 0.28822 0.27206

Case ĀT
1 ĀT

2 ĀT
3 ĀT

4 ĀT
5 ĀT

6

5 1.00000 -0.95833 1.11806 3.40740 3.43675 3.61271

6 1.00000 -0.97436 1.13675 3.44682 3.45611 3.64996

7 1.00000 -0.98477 1.14890 3.47339 3.46962 3.67563

for estimating the correct parameters for the real tests. In a previous study proposed by

Tadano's group, a representative volume element (RVE) was used to obtain the polycrys-

talline behaviors of FCC Metals by using the Taylor model as the initial assumption [112].

Hence, obtaining R-values from the �nite element analysis (FEA) is considered as the third

method to gain more accurate parameters of a single crystal. Here, we use the estimated slip

system weights via Sachs or Taylor polycrystal model as the input parameters of the modi-

�ed Hill quadratic equation per single crystal to obtain R-values using FEA under uniaxial

tensile condition.

4.5.4.1 Finite Element Model and Analysis of a Polycrystal RVE

A polycrystal RVE model presents as the polycrystalline SS304L foil is employed and

simulated to illustrate the modi�ed Hill's model for single crystal and polycrystal plasticity

modeling. Eight di�erent cases have been introduced in this section: �rst case is polycrystal

modeling with cubic plastic anisotropy and all slip system weights equal to 1, then the

following six cases are polycrystal modelings with orthotropic plastic anisotropy and the

estimated slip system weights (w1, w2, w3) of Case #2 to #7 listed in Table 4.2 and Table

4.4 were used, and the last case (Case #8) is to use the intermediate slip system weights

between Case #3 and Case #6 with R0 = 0.95 and R90 = 0.75. The estimated slip system

weights for last case is w1 = 2.54498, w2 = 1.27130 and w3 = 0.87292.
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Two loading conditions (RD and TD) are applied to obtain R0 and R90 from simula-

tions. One more diagonal direction loading is employed for simulations using the estimated

parameters of Case #2 and #5 to check the e�ect on R45. Both stress and strain of the

strain hardening law are corrected by certain scale factors and discussed in the next section.

Young's modulus employed is 200 GPa and Possion's ratio used is 0.3. The RVE model used

in the FEA is shown in Fig.4.7, consisting of one cube, three cubes and �ve cubes. From

the previous study [112], an RVE model with 200 and more crystal grains is su�cient to

describe the behaviors of FCC polycrystalline metal. The initial geometry of each cube in

this study is 10 × 10 × 10 mm3 with the total number of elements is 2028 (13 by 13 by

12 elements per edge). The total number of crystals of EBSD is 2030, only 2 sets of Euler

angles are not used in FEA, the result of the RVE model assigned with 2028 sets of Euler

angles randomly are representative of the response of SS304L foil. Based on the results of

simulation using di�erent number of grains and the study proposed by Kasemer et al. [113],

it concludes that the R-value remains steady as the grain number increases. Therefore, the

simplest model (one cube) is chosen for further studies, as shown in Fig.4.7(a). The applied

boundary conditions are: at x = 0 mm, all nodes are �xed in X-direction, point (0, 0, 0) is

prescribed in Y and Z directions and point (0, 10, 0) is �xed in Z direction to prevent the

rotations. Two approaches could be used for adding applied loads to the model: certain

uniform displacement or uniform force (pressure) distribution. Checked by simulations, the

results of applying with either uniform displacement or uniform pressure distribution give

very similar force and displacement responses. To mimic a test coupon under a uniaxial

tensile test, the latter method is chosen and applied to the surface located at x = 10mm.

4.5.4.2 Input Parameters of Individual Single Crystal Grains

The associate quadratic yield stress function of Hill's model [34, 35] in the specimen

coordinate system is used and expressed as (setting σz = 0 for simplicity and consistency)

Φh(σσσ) =
G+H

2
σ2
x +

F +H

2
σ2
y −Hσxσy +Nτ 2

xy +Mτ 2
zx + Lτ 2

yz, (4.32)

where F,G,H,L,M , and N are the material constants that be determined by the experi-

mental results in general. As described in the previous section, a modi�ed Hill's quadratic
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yield function is used to de�ne the input parameters of the simpli�ed crystal plasticity model

for FEA. Per single crystal, the rotation matrix of the Bunge Euler angles rotating from the

specimen coordinate system to the crystal coordinate system is shown in Eq.(4.16). Applying

σσσ∗ = QσσσQT, the coe�cients of nine stress components (in terms of σx, σy, σz, τxy, τyz, and

τzx) of the average plastic potential of a single crystal for a orthotropic polycrystal material

expressed in the crystal cubic coordinate frame are obtained via the Bunge Euler angles and

its three mirror-symmetric copies (see Eq.(4.13)). Let Φ2(σσσd) of Eq.(4.7) equals to Φ2(σσσ) of

Eq.(4.32) (the expression used in ANSYS), the relationships between these two expressions

of Hill's model per single crystal are shown as

F = A2 + 2A3, G = 2A1 + A2, H = −A2, N = A4, L = A5, M = A6. (4.33)

Then, the input parameters (the Hill yield surface directional yield ratio Rij) of single

crystal in ANSYS are calculated as

Rxx =
σx
σf

=

√
2

G+H
=

√
1

A1

, Ryy =
σy
σf

=

√
2

F +H
=

√
1

A3

,

Rzz =
σz
σf

=

√
2

F +G
=

√
1

A1 + A2 + A3

, Rxy =
√

3
τxy
σf

=

√
3

N
=

√
3

A4

,

Ryz =
√

3
τyz
σf

=

√
3

L
=

√
3

A5

, Rzx =
√

3
τzx
σf

=

√
3

M
=

√
3

A6

.

(4.34)

For the polycrystal microstructure, the input parameters of each grain are di�erent and

computed from its own Euler angles. The e�ect of the strain hardening also needs to be con-

sidered for polycrystal modeling, because stress-strain curve obtained from the experiment

usually re�ects the overall mechanical behavior of all grains. Therefore, for a polycrystal

model in which the characterization of each grain is de�ned separately, strain hardening

curve should be corrected with the scale factor of the stress and strain for this study are
√

1.732 and 1√
1.732

.

4.5.4.3 Results

The force verse axial displacement, true axial stress and strain curve, and R-value verse

axial displacement of Case #2 with RD as the loading condition are shown in Fig.4.8, it shows
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that the R-value is not a constant and changed along with axial deformation. At the initial

stage, a hugh variation is observed and may cause by the developing of grain heterogeneity

of the model. R-value is virtually constant with slight decreasing when the large strain is

applied. The nodal displacement, stress component distribution, elastic strain component

distribution, and plastic strain component distribution in the X-axis of simulations of the

same case are displayed in Fig.4.9.

The corresponding plastic strain ratio R via FEA is calculated as shown

R(εpa) =
dεpw
dεpt

, (4.35)

where εpa is true plastic strain in axial direction, dε
p
w and dεpt are true plastic strain increment

in width and thickness. Here, the average strain of each surface of the RVE model were

examined and used for the plastic strain ratio calculations, and the calculated R-values

are included in Table 4.6 at the true axial plastic strain is around 10%. As well known, the

austenite phase of SS304L can transform into the martensitic phase when certain deformation

is induced. In previous paper [114], researchers claim that the predicted R-value of uniaxial

tensile test is in good agreement with the experiment even phase transformation is not

considered within a certain strain level (about the strain of 0.15) as shown in Fig.9 of their

paper. In this study, the true axial plastic strain is about 10% (the engineering strain of

about 11%) and within the range as they proposed [114]. Therefore, the e�ect caused by the

phase transformation that happened within grains could be ignored.

For Case #2 and #5, one additional simulation was carried out with the loading direction

is diagonal direction (45o rotated from the RD of test coupon). The predicted R-value via

FEA is 0.96985 for Case #2 and 0.95494 for Case #5, respectively.

4.5.5 Discussions

As detailed in the previous sections, three approaches were used to calibrate the param-

eters of a single crystal with orthotropic plastic anisotropy: Sachs polycrystal model, Taylor

polycrystal model, and FEA model. The summarized table of predicated R-values and esti-

mated weights of the slip system of a single crystal used in simulations are shown in Table

4.6. Here, the superscript S is the results using Sachs polycrystal model, T relates to the
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Table 4.6: Summary of slip system weights and R-values via FEA and Sachs/Taylor model

Case w1 w2 w3 RF
0 RF

90 RS
0/R

T
0 RS

90/R
T
90

1 1.00000 1.00000 1.00000 0.94300 0.96065 RS
0 :0.96962 RS

90:0.97049

RT
0 :0.95601 RT

90:0.90368

2 1.86696 1.27364 1.01680 0.91808 0.84387 0.92000 0.75000

3 1.91750 1.21245 1.05550 0.93828 0.82760 0.95000 0.75000

4 1.95035 1.17270 1.08065 0.95060 0.81692 0.97000 0.75000

5 2.63313 1.44208 0.75806 0.87366 0.76947 0.92000 0.75000

6 2.81390 1.29652 0.79468 0.91070 0.73117 0.95000 0.75000

7 2.93616 1.20775 0.81452 0.93433 0.70725 0.97000 0.75000

8 2.54498 1.27130 0.87292 0.91849 0.75575 0.95000 0.75000

results obtained from Taylor polycrystal model, and F is simulated or predicted values using

FEA. Case #1 is the simulation using cubic plastic anisotropy and all slip system weights is

the same and equals to 1, as discussed in Section 4.5.2. When orthotropic plastic anisotropy

is applied, that is, three slip system weights (w1, w2 and w3) are independent parameters,

and the remaining slip system weights can be expressed by these three weights shown in

Eq.(4.12).

As R-values showed in Table 4.6, it should be noted that there is no exact match be-

tween the simulation (Case #1 to #8) and experiment, Case #8 has the closest match with

experimental R0 and R90, about 0.002 and 0.005 di�erence from the experimental results

receptively. The slightly larger scatter on R90 may cause by the strain hardening law used

in FEA was obtained from a RD tensile test, not a TD tensile test. In the study by other re-

searchers [114], the stress-strain curve of TD is lower than the curve got from RD test, which

may a�ect the R-values of simulations. For Case #1 (cubic plastic anisotropy), R90 is larger

than R0 for Sachs model that is contrary from the values obtained from experiments, the

same trend is obtained for Taylor model but R90 is far away from experimental R90. That is,

R-values obtained from FEA model with orthotropic plastic anisotropy imposed instead of

cubic plastic anisotropy give more accurate predictions and close to the experimental results.
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From the results of Case #2 and #5 shown, the largest R-value of one set with di�erent

loading conditions is R45, R45 for Case #2 and #5 is about 0.97 and 0.96, which is larger

than R0 of each case. The same trend but not the identical value is observed by Jeong et

al. [114]. Other parameters that may a�ect R-values of the simulations are not considered

in this study, such as grain morphology, numerical discretization, etc.

Calibrations of a single crystal via Sachs and Taylor polycrystal models are reported in

Table 4.3 - Table 4.5, including the slip system weights and the corresponding polynomial

coe�cients of the quadratic plastic potential per single crystal. Case #2 and #5 are cases

calibrated via Sachs and Taylor models with the imposed R-values obtained from experiments

directly. As shown in Table 4.3 and Table 4.5, it is noticeable that even the slip system

weights are quite di�erent, but some polynomial coe�cients of the quadratic plastic potential

are identical (ĀS
1 to ĀS

3 for Case #2 and ĀT
1 to ĀT

3 for Case #5) and related to the imposed

R-values. Similar situations are found from other two sets of the calibrated parameters (Case

#3 and #6, Case #4 and #7) with R0 is changed. It veri�ed the found in Chapter 3, the

slip system weights may not be unique even some or all associate polynomial coe�cients Ā

of yield function are identical. Ā4, Ā5 and Ā6 are not identical among the cases using Sachs

and Taylor methods with the same R-values imposed, but the results shows that ĀS
4 < ĀT

4 ,

ĀS
5 > ĀT

5 , and Ā
S
6 < ĀT

6 . By arti�cially increasing R0 from 0.92 to 0.97 for both models, Ā2

decreases as well as the rest coe�cients (Ā3 to Ā5) increase. Ā1 is always 1 as the imposed

condition, Ā6 shows di�erent trends: Ā
T
6 increases and ĀS

6 decreases when R0 increases.

The associated polynomial coe�cients of dual strain rate potential are listed in Table

4.3 and Table 4.5 as well. According to the expressions (see Eq.(4.21)), the �rst three

polynomial coe�cients (B̄1, B̄2, B̄3) of strain rate potential only relate to the �rst three

polynomial coe�cients (Ā1, Ā2, Ā3) of yield stress function, thus the �rst three polynomial

coe�cients (B̄1, B̄2, B̄3) of strain rate potential via either Sachs or Taylor model using the

same R-values as initial guess are identical, and the inverse trend are found for the rest

coe�cients: B̄S
4 > B̄T

4 , B̄
S
5 < B̄T

5 , and B̄S
6 > B̄T

6 . With R0 increasing, B̄3 to B̄5 decrease

as well as B̄1 and B̄2 increases. B̄6 via Sachs model increases, while B̄6 via Taylor model

decreases.

In summary, the simpli�ed rate-independent version of the crystal plasticity model pre-
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sented in the section with an isotropic slip hardening model as slip strength and a quadratic

polynomial with cubic or orthotropic plastic anisotropy in the local crystallographic axes as

the slip potential is an e�ective method to calibrate the parameters of the quadratic macro-

scopic plastic potential of a single crystal. For our focus, the �rst three coe�cients (Ā1 to Ā3

or B̄1 to B̄3) are important to R-value predictions, which the R-values of FEA model show

either larger or smaller than the values obtained from Sachs or Taylor in most cases. Com-

pared R-values with Sachs and Taylor models, the R-values of FEA model are more accurate

and re�ect the material responses of tensile tests. Case #8 has the closest match with exper-

imental R0 and R90 with crystallographic slip system weights is w1 = 2.54498, w2 = 1.27130

and w3 = 0.87292.

4.6 Conclusions

In this chapter, the macroscopic and microscopic quadratic plastic potentials used for

modeling continuum plasticity of an FCC single crystal have been evaluated for both general

and reduced plastic anisotropy. By their equivalency, the number and type of independent

material constants have been identi�ed for six speci�c cases of plastic anisotropy. Quadratic

plastic potential of texture components is subsequently evaluated as well based on various

degrees of plastic anisotropy of constituent single crystals. It is found that a commonly used

macroscopic quadratic plastic potential of FCC crystals with orthotropic plastic anisotropy

can be derived directly from its microscopic counterpart based on crystallogrphic slips. Some

simulations of a RVE model using ANSYS input parameters obtained by the simpli�ed rate-

independent Hill's model for a polycrystal and EBSD data show the validation of this micro-

to-macro transition method with some constitutive assumptions are made. Calibration on

parameters of the quadratic plastic potential and slip system weights of SS304L grain is also

presented via three methods: Sachs polycrystal model, Taylor polycrystal model and FEA

model. The simulated R-value via FEA model is more accurate and close to the experimental

results, and the case with orthotropic plastic anisotropy imposed and a certain slip system

weights used (w1 = 2.54498, w2 = 1.27130 and w3 = 0.87292) gives the best match.
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Figure 4.7: Geometry of a RVE model: (a) one cube; (b) three cubes; (c) �ve cubes(from
top to bottom).
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Figure 4.8: Simulation Results of Case #2: (a) force vs axial displacement ; (b) true stress
verse true strain ; (c) R-value verse axial displacement.

Figure 4.9: The contour plots of Case #2 in loading direction (X-axis of local coordinate
system in ANSYS): (a) top left : nodal displacement ; (b) top right : stress component ; (c)
bottom left : elastic strain component ; (d) bottom right : plastic strain component.
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Chapter 5

EXPERIMENTAL INVESTIGATION AND NUMERICAL ANALYSIS OF

MICRO-CHANNEL FORMING OF STAINLESS STEEL FOILS

5.1 Introduction

Fuel cells have gained increasing attentions and are highly e�cient and environmentally

friendly substitutes for internal combustion engines in the automotive industry. Forming is

one of the major processes commonly used in the fabrication of fuel cell parts by placing

metal sheet between a pair of forming tools where tools deform metal pieces into a speci�c

shape since it is a mass-production economical process. Ford has adopted metal forming

for automotive part manufacturing since the 20th century, and such process is still used for

automotive fuel cell manufacturing in nowadays [115]. Metal forming process uses punch

and die as a pair of tools to form sheet metal into di�erent pre-de�ned shapes: the male

part is called punches or upper die, which moves down and deforms the metal, and the

female part is called die or lower die. Both punch and lower die are made of the hardened

steel and match the desired contour of the part. The trend of metal forming for automation

manufacturing nowadays is focused on down-scaling the size of the products to reduce the cost

and increase exchange e�ciency in reaction area for fuel cells. Therefore, micro forming is

one of the suitable methods for the mass production. Due to the limitations of machines and

manufacturing conditions, micro forming process is di�cult to control precision of products

during high-volume handling processes [11].

Since metal needs to be deformed into di�erent shapes during forming process, material

used for this process is required to �ow easily in order to be formed into various shapes. In

recent years, ultra-thin stainless steel is most commonly used in such forming processes due

to its high tensile stress, resistance to corrosion, and ductility. However, using stainless steel

also leads to an extensive elastic deformation recovery in the specimen after manufacturing
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process. Such kind of recovery is called springback, which is a material behavior related to

the release of elastic deformation after working load is removed. In fuel cell industry, one

of the critical concerns about micro forming is the application of metallic material with 100

µm thick and below [116]. To reduce springback e�ect on �nal shape, there are three most

common approaches by changing processing conditions used in industry: bending the pieces

by applying through tension force, increasing the working load, and increasing the holding

time on the material. Besides processing conditions, material properties, tool's geometries

and test procedures are also considered factors that mostly a�ect springback behaviors.

To understand the mechanism that how springback happens and to predict more accurate

shape of the deformed part, many research groups have developed and investigated via

various methods over the past few years, such as analytical method [117�119] and numerical

method [22�26]. Various material properties and di�erent geometry and shape of tools have

been extensively studied [14,27�29]. Multi-stage forming processes have also been evaluated

in various �elds [15, 16, 120]. The shape of every stage will a�ect �nal product forming

quality. Compared with tests, the computer-based simulation method provides much easier

and a�ordable approach to check the associate springback behaviors with di�erent material

and test conditions quickly and e�ciently. Therefore, the studies of material springback via

simulations are signi�cant and necessary to guide engineers on improving the quality of the

products and decreasing production costs.

Ultra-thin SS304L foil is an austenitic low-carbon stainless steel widely used in industries

due to its material properties, such as good formability, high strength, and high hardness.

This type of material has limited grains distributed through the thickness, hence it could use

either a macroscopic or microscopic plasticity model to simulate specimen responses under

di�erent test conditions. Di�erent plasticity models may have a great in�uence on material

behaviors.

In this chapter, both experimental and computational methods are carried out to predict

e�ects of springback compensation of SS304L, which lead by material properties and test

conditions (the max load reached). For numerical approach, a macroscopic plasticity theory

and a microscopic plasticity theory with cubic or orthotropic plastic anisotropy described in

Chapter 4 are examined to estimate springback behaviors of material. The direct compar-
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isons between experiments and two simulation methods are presented to evaluate replication

and di�erence caused by various possible factors among these three approaches.

5.2 Material and Methods

5.2.1 Material and Specimen Preparation

The ultra-thin stainless steel foil sheet investigated in this study is SS304L with 0.075

mm thickness. Test specimens are prepared with the longitudinal axis aligned with the

rolling direction (RD) of foil sheet. Waterjet cutting was employed to cut specimens into

a 5 mm wide strip from one large foil sheet. Length of each specimen has less e�ect on

springback behaviors, thus paper cutter was used to trim strip into a specimen with certain

length manually. The length of each cut specimen was measured using a caliper before the

test, and the original length of the tested specimen was about 15mm, as shown in Fig.5.1.

To reduce edge e�ect caused by paper cutter, each specimen was compressed and �atten

with a pair of clean, smooth steel compression �at patterns of Instron machine.

Figure 5.1: 75 µm thick specimen with the length is around 15 mm.
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Figure 5.2: The schematic drawings : (a) 1st line : preform forming tool and (b) 2nd line :
conformal �nal forming tool.

5.2.2 Micro Channel Forming Tool Preparation

Micro channel forming tool plays an essential role in micro channel forming and may

a�ect the amount of springback of the bent material. Each pair of forming tool consists

of a punch and a lower die and is used to deform the foil specimens permanently. Hence,

it is important to design a proper toolset with a speci�ed pitch, depth, land, bottom/�at,

and the number of repeated pro�les. The schematic drawings of di�erent forming tools are

displayed in Fig.5.2, there are �ve repeated pro�les as forming channels of the toolset used

in this design.

Preform pro�le (see the �rst drawing of Fig.5.2) as the simplest and representative one

is evaluated in this study, and its associate geometry is listed in Table 5.1. The schematic

drawing of half channel of preform forming tool in Solidworks is shown in Fig.5.3 .

Table 5.1: Geometry of preform forming toolset (in mms)

Name Pitch Depth R
PF1.3R20T75 1.3 0.235 0.20
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Preform forming toolset could be used in one-stage forming test or the �rst stage of the

two-stage forming test, which consists of three parts per half channel: two curve parts and

a straight part connects these two curve parts. The expressions for calculating the central

angle γ of the curve part are

tan γ =
D +R( 1

cos γ
− 1) + (R + t)( 1

cos γ
− 1)

P
=
D − 2R(1− cos γ)

P − 2R sin γ
,

P sin γ + (2R + t−D) cos γ = 2R + t,

P√
P 2 + (2R + t−D)2

sin γ +
2R + t−D√

P 2 + (2R + t−D)2
cos γ

=
2R + t√

P 2 + (2R + t−D)2
cos γ,

(5.1)

where P is half-length of the pitch, t refers to thickness of foil specimen, 0.075mm, D is

depth, R represents the radius of the curve part. The central angle of curved part of this

preform design is 23.0118o.

Figure 5.3: Schematic drawing of the half channel of prefrom forming toolset in Solidworks.
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Forming toolset was machined by Micro waterjet Company, and its material is S7 HRC

52-54. The surface �nish of tool is 0.4-0.8 microns, and heat treatments are required before

machining. The tolerance of parallel and perpendicular is 0.01 and 0.025, respectively. The

overall dimensions of tools are about 56.5 mm × 6.35 mm × 14.50 mm for punch and 56.5

mm × 6.35 mm × 10.0 mm for lower die, the overview of the assembled preform toolset is

shown in Fig.5.4.

Figure 5.4: The overview of assembled preform set : pitch=1.3mm, depth=0.235mm, and
the radius of the curve part R=0.20mm.

5.2.3 Test Equipment

Micro channel forming tests were carried out at room temperature with an Instron 5967

dual column tabletop universal testing system with a max capacity of 30kN. The machine was

equipped with the compression �at patterns where the forming toolset placing on through

strong stainless-steel magnets (see Fig.5.5). The moving head traveled with a speed of 0.005

mm/s, and the reading of load cell was recorded continuously at a 100 Hz data acquisition

rate. The e�ective travel distance (tool starts to have contact surface with specimen till the

end of loading step) is about 0.28 mm per test, it holds for 50 seconds when the max load is

reached, about 2000N. Load control mode was used for the loading part, while displacement
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control mode was employed for the unloading part. Per test, a high-resolution USB3 digital

camera with a macro zoom lens was used to record test history. The frame rate of the

recording camera was 4 fps with the image size is 1960×1200 pixels, and a typical pixel

resolution is about 2.1 µm per pixel on average. There are roughly 350 or more images

recorded for a complete test, as only one out of four images was saved to the computer. Two

additional light sources were used to lighten test environment: a lamp was used to provide

the front lighting, and the other one was backlighting source provided by a di�use LED white

light panel. By turning the front light on, specimen deformation is easily observed in the

images, and backlighting is to check the gap between specimen and toolset at the max load

or the pro�le of specimen by turning o� the front lighting. After each test, a KEYENCE

digital microscope VHX500 equipped with two di�erent lenses were also used to capture

specimen pro�le from the top and side view.

Figure 5.5: Test setup : (a) left : the overview of test setup and (b) right : the zoom-in
view of the punch and lower die.
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5.3 Experimental Results

According to the number of stage, there are two types of forming tests could be performed:

one-stage test and two-stage test. One-stage forming test is also called one-step test, which is

to form specimen only one-time using forming toolset. Two-stages forming test (or two-steps

test) refers to use preform toolset �rst to form specimen from �at condition to the shape of

channel pro�le of preform tool and to shape the same specimen to the pro�le of �nal tool

in the second forming. As only preform forming tool is analyzed in this study, one-stage

preform forming test is presented in the following sections. Test information about forming

tool set and loading condition (the peak load presented) used in the experiments is listed in

Table 5.2. The applied max peak load per 1 mm wide is about 400 N/mm.

Table 5.2: One-stage test with preform forming set

Tool Peak Load (N)
P2(PF1.3R20T75) 2000

An example set of continuously recorded images using preform forming set (P2) with the

peak load is 400 N/mm is shown in Fig.5.6, the punch and lower die have full contact with

specimen at the max load. The left image in the �rst line is a recorded image of the initial

holding, images in the middle and right are recorded images under loading condition. In the

second line: the left and middle images are recorded at the max load with front lighting and

di�use backlighting condition, and the right image is a recorded image at unloading condition.

Fig.5.7 depicts force versus displacement curve of the Instron machine data. The images of

specimen pro�le after removing from the tools were taken under the microscope: Fig.5.8 is

the overview of �ve channels part with 30X magni�cation taken from the top and side view,

while Fig.5.9 is zoom-in image of the middle three channels with 200X magni�cation form

side view taken from left to right. The resolutions of these two magni�cations are about 16.1
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µm/pixel for one 30X low-resolution lens and 0.6267 µm/pixel for one 200X high-resolution

lens. Fig.5.10 shows the length measurements of this specimen by caliper before and after

stamping test, about 0.38 mm reduction in length.

Figure 5.6: Continuously recorded images with preform set and max load is 400 N/mm.

5.4 Finite Element Analysis of Micro Channel Forming

Two-dimensional �nite element analysis (FEA) with preform forming toolset was carried

out using ANSYS Mechanical (APDL) in this section. For performed 2D simulations, foil

model can be treated as a plane strain element behavior because specimen is su�ciently long

comparing with its thickness (0.075 µm). Considering the running cost of simulations, half

geometries of the test coupon and toolset were selected to simulate. Like the experimental

setup, there is no contact surface between tool and simulated specimen at the initial setup.

Per simulation, there are two steps introduced to mimic the loading part and the unloading

part of one stage experiment: the �rst step is to apply load to the upper edge of punch

to enforce foil specimen deform to a certain shape, and the second step is to release force

by moving the punch back to the initial position. The general Hill's model for macroscopic
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Figure 5.7: The extension versus load curve obtained from Instron.

Figure 5.8: The images of test specimen pro�le of �ve repeated channels taken under digital
microscope with a low-resolution lens : (a) left: top view and (b) right: side view.

plasticity and the modi�ed Hill's model for polycrystal plasticity discussed in Chapter 4

were employed as foil's material model. Cubic and orthotropic plastic anisotropy of plastic

potentials for polycrystals were assumed in the following simulation, which is presented in

Chapter 4 and the previous studies [92,93].

5.4.1 FEA Results Using Macroscopic Plasticity Model

In this section, several cases with preform forming toolset are included. To-be-simulated

foil specimen is treated as a single crystal using the general Hill's model presented in Chapter
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Figure 5.9: The images of test specimen side view pro�le of the middle three channels taken
under digital microscope with a high-resolution lens (from left to right: the second channel
to the fourth channel).

Figure 5.10: Length Measurements by caliper : (a) left : before the test and (b) right : after
the test.

4 calibrated by tensile test. That is, one set of ANSYS input parameters of Hill's model was

used in this type of simulation for all elements. The initial geometry of the meshed foil is 3.8

mm × 0.075 mm rectangular area. The micrograph of the in-plane cross-section shows that

there are 7 or 8 grains distributed through thickness. Hence, the foil model with few elements

(6 or more elements) distribute along thickness is su�cient for simulation purposes. There

are two di�erent mesh sizes in this area: 6 elements and 10 elements distributed through

0.075mm thick foil, the corresponding size per element represents 12.5 µm and 7.5 µm,

respectively. The mesh size of elastic elements used in the forming toolset part was multiple

times larger than the foil's element size. There are four strain hardening rules which interpret

the relationship between true plastic strain and true stress shown in Fig.5.11. For simulated

cases with 10 elements distributed through thickness of foil part (single layer model), one
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Figure 5.11: True stress versus true plastic strain of strain hardening rule : (a) SS1; (b)
SS2; (c) SS3; (d) SS4 (from left to right).

Figure 5.12: Six-layer setup of foil : 1) orange zone : soft plastic strain hardening rule (SS2),
2) gray zone : medium plastic strain hardening rule (SS3), and 3) blue zone: hard plastic
strain hardening rule (SS4).

strain-hardening rule SS1 was employed for all foil elements. One or three strain-hardening

laws were employed with the cases using 6 elements through thickness of foil part in the

simulation, the meshed foil was also considered as a six-layer model (see Fig.5.12). Each

layer can be classi�ed as the outer, middle, and inner layer by its vertical location. The

outer layer (orange layer) is the layer where will have direct contact with either punch or

lower die has a softer plastic strain hardening rule (SS2), while the inner layer (blue layer)

will have the most harder plastic strain hardening rule (SS4). The convergence criteria in

displacement and force were customized, which is much smaller than the default of ANSYS,
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about 0.001, and Possion's ratio was 0.3. To check e�ects of Young's modulus and coe�cient

of friction (CoF) between tool and specimen, there are two di�erent values imposed in

the simulations. The displacement was applied to the top line of punch in order to achieve

certain load levels in FEA to match experimental load level. Except that, all other boundary

conditions employed in simulations of this part were the same: left boundary lines of upper

punch, foil sample and lower die were �xed in the horizontal direction, the bottom line of

the lower die was �xed.

Here, preform forming toolset with the max load is 400 N/mm is considered in the sim-

ulations, and the detailed geometry information is presented in Table 5.1. The information

about the setup of each one-stage forming simulation is listed in Table 5.3. An example of

the associated setup in ANSYS using preform tool before each run is displayed in Fig.5.13.

Table 5.3: One-stage simulation with preform forming tool (P2)

FEA Plastic Strian No. Element Young's Applied
CoF Module Displacement

Case Hardening Type Through Thickness (GPa) (mm)
P2a SS1 10 0.18 200 0.5250
P2b SS1 10 0.40 200 0.5250
P2c SS3 6 0.40 200 0.5250
P2d SS2,3,4 6 0.40 200 0.5250
P2e SS2,3,4 6 0.40 150 0.5250

As shown in Table 5.3, some selected representative simulations with di�erent material

parameters are introduced. One typical single layer (P2c) and 6-layer (P2d) simulation case

using preform tool are presented, the contour plots of deformed foil at max load (around 400

N/mm) and after releasing load are shown in Fig.5.14 and Fig.5.16. Fig.5.15 and Fig.5.17

display stress and elastic strain distribution within punch and lower die at two loading

statues.
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Figure 5.13: Simulation setup with preform set.

5.4.2 FEA Results Using Polycrystal Plasticity Model

As detailed in Chapter 4, entire polycrystalline SS304L thin foil in a channel forming

process will be modeled with detailed grain structures. That is, the slip potential for multi

slips in each single grain is represented by an analytical stress function such as a quadratic

polynomial with cubic or orthotropic plastic anisotropy in the local crystallographic axes,

and the slip strength of the crystal is represented by an isotropic slip hardening model. In

this section, grain structure of foil is presented via a Voronoi tessellation. In material science,

a Voronoi tessellation represents polycrystal microstructures in metal alloys, such as stainless

steel. The morphology of each crystal is convex, ununiform, and exhibits randomness. These

characters are highly governed by distributing many points (also called seeds) in the plane

and the proximity between each two-point. To generate two-dimensional grain geometries,

a software called Neper was used to create a random distribution of seeds that represents

grains �tting in a speci�ed area. Neper is a powerful package developed by Romain Quey at

CNRS and MINES Saint-Etienne used for polycrystal generation and meshing [121,122]. In

Neper, it also provides a way to de�ne a set of parameters of a microstructure model, such

as number of grains, dimensions, the space of tessellation, aspect ratio, grain orientation,

etc. The Voronoi tessellation and grain orientation provided by electron back-scattering

di�raction (EBSD) technique were employed to reconstruct grain microstructures. To check

e�ects caused by geometric morphology and randomness of microstructure, �ve random
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Figure 5.14: Case P2c foil result (single layer model): 1st line (at max load): (a) deformed
foil, (b) von Mises stress distribution, (c) von Mises elastic strain distribution, (d) von Mises
plastic strain distribution ; 2nd line (after releasing the load): (e) deformed foil, (f) von
Mises stress distribution, (g) von Mises elastic strain distribution, (h) von Mises plastic
strain distribution (from left to right).

Figure 5.15: Case P2c tool result (single layer model): (a) and (b) are von Mises stress
distribution at the max load and after releasing the load; (c) and (d) are von Mises elastic
strain distribution at the max load and after releasing the load (from left to right).

two-dimensional Voronoi diagrams sharing the same code were generated via Neper and are

displayed in Fig.5.18. The associate Voronoi diagrams regenerated in ANSYS based on the

output of Neper are depicted in Fig.5.19.

A 3.8 mm × 0.075 mm rectangular area with an aspect ratio per grain is 10:7 was used to

present the foil part: each element in the area is considered as a single crystal or grain. The

total number of grains presented foil in Fig.5.19 is three times of the total number of grains

from EBSD data, about 6090 grains in total. The average element number through thickness

of foil is about 12 (6.25 µm per element), the randomness of texture leads to distribution
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Figure 5.16: Case P2d foil result (6-layer model): 1st line (at max load): (a) deformed foil,
(b) von Mises stress distribution, (c) von Mises elastic strain distribution, (d) von Mises
plastic strain distribution ; 2nd line (after releasing the load): (e) deformed foil, (f) von
Mises stress distribution, (g) von Mises elastic strain distribution, (h) von Mises plastic
strain distribution (from left to right).

Figure 5.17: Case P2d tool result (6-layer model): (a) and (b) are von Mises stress distri-
bution at the max load and after releasing the load; (c) and (d) are von Mises elastic strain
distribution at the max load and after releasing the load (from left to right).

di�erence of elements along thickness by its location. Like macroscopic simulations, there

are two mesh sizes for punch and lower die about 2 and 10 times of the average size of foil.

Each grain was assigned with a unique Hill's model parameters calibrated via Bunge Euler

angles of SS304L obtained from EBSD texture data. The strain hardening curve used for

each grain (SS5) was scaled based on the strain hardening law (SS3) of Fig.5.11(c) with a

factor is 1√
1.732

for strain and
√

1.732 for stress, as shown in Fig.5.20. The same boundary

conditions discussed in Section 5.4.1 were applied to all cases with cubic plastic anisotropy in

this part, all slip system weights for this anisotropy equal to 1. The convergence criterion for
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Figure 5.18: Two-dimensional 6090 grains Voronoi diagram created via Neper, the domain
size is 3.8 mm × 0.075 mm with aspect ratio is 10:7 and the orientation of �ber is along
horizontal direction (from top to bottom : Set 1 to Set 5).

displacement and force was 0.001, Young's modulus was 200 GPa, and Possion's ratio was

0.3 for all cases. CoF used in the simulation between punch/lower die and foil was 0.4, which

is obtained from some SS304L friction tests. The initial setup of punch/lower die used in this

type of simulations is the same as shown in the previous section, while foil part was replaced

by microstructure model displayed in Fig.5.19, and the associate simulation information is

listed in Table 5.4. For the case (P2k) imposed with orthotropic plastic anisotropy per grain,

the displacement applied at the top of punch is di�erent to meet the max load of experiments.

Three independent slip system weights are introduced as w1 = 2.54498, w2 = 1.27130 and

w3 = 0.87292, the remaining slip system weights could be expressed in terms of these three

weights. As the result of the fourth Voronoi diagram as foil is the most closely match to the

average of �ve cases with cubic plastic anisotropy, this typical set is used as a representative

case for orthotropic plastic anisotropy modeling.

The associated plots of ANSYS for polycrystal simulation using preform tool and the �rst

Voronoi diagram set as meshed foil are shown in Fig.5.21. In this simulation, the max load

reached is about 400 N/mm, which replicates the same load level obtained from experiments.

Fig.5.22 focus on the corresponding localized results (left edge) of the foil of Fig.5.21, while
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Figure 5.19: The corresponding foil model consists of 6090 grains in ANSYS (from top to
bottom : Set 1 to Set 5).

Table 5.4: 6090 grains one-stage simulation with preform tool

FEA Microst- Plastic Strian No. Element Young's Applied
CoF Module Displacement

Case ructure Hardening Type Through Thickness (GPa) (mm)
P2f 1st Set SS5 12 0.40 200 0.5250
P2g 2nd Set SS5 12 0.40 200 0.5250
P2h 3rd Set SS5 12 0.40 200 0.5250
P2i 4th Set SS5 12 0.40 200 0.5250
P2j 5th Set SS5 12 0.40 200 0.5250
P2k 4th Set SS5 12 0.40 200 0.5254

Fig.5.23 displays stress and elastic strain distribution within punch and lower die at the max

load and after load releases. The localized foil results of Fig.5.21 show that di�erent grain

indeed has di�erent stress and strain responses, and it will a�ect the springback behaviors

eventually.
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Figure 5.20: The scaled stress-strain hardening law (SS5) base on SS3 with certain scale
factor.

5.5 Springback Sensitivity Study of Micro Channel Forming Operations

Springback is a material behavior that refers to the release of elastic deformation after

working load removes [22,29,119]. In this study, bending the specimens with tension force was

employed to decrease springback e�ects on shape forming. Studying springback responses of

experimental and computational results helps to understand material behaviors better and

have reasonable predictions.

5.5.1 De�nition for Springback Measurement

In recent studies, there are several options to describe springback measurement for either

experimental or computational test: height reduction of the channel (peak to valley) [123]

and springback angle [124, 125]. Because it is di�cult to pin down the start point and the

endpoint of the channel part, length measurement is not a measurement option to evaluate

the springback behaviors in this study. As illustrated in the previous section, there are

�ve repeated and identical pro�les of the channel forming part used in experiments and
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Figure 5.21: Case P2f foil result (the �rst Voronoi diagram set used) : 1st line (at max load):
(a) deformed foil, (b) von Mises stress distribution, (c) von Mises elastic strain distribution,
(d) von Mises plastic strain distribution; 2nd line (after releasing the load): (e) deformed
foil, (f) von Mises stress distribution, (g) von Mises elastic strain distribution, (h) von Mises
plastic strain distribution (from left to right).

Figure 5.22: Case P2f localized foil result (the �rst Voronoi diagram set used, left edge) :
(a) and (b) are von Mises stress distribution at the max load and after releasing the load;
(c) and (d) are von Mises elastic strain distribution at the max load and after releasing the
load (from left to right).

two and half of the same pro�les simulated in FEA. In this study, two approaches were

employed to evaluate springback: local measurement and global measurement. The �rst

method is to measure changes in height and bended angle channel by channel or half channel

by half channel, while the second method is to consider �ve channels as a whole piece and

check the average changes at the center and the end of the foil. The measurements were

achieved by using a software called ImageJ, which is a powerful open-source Java-based

image processing program developed at the National Institutes of Health and University of

Wisconsin [126,127].
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Figure 5.23: Case P2f tool result (the �rst Voronoi diagram set used) : (a) and (b) are von
Mises stress distribution at the max load and after releasing the load; (c) and (d) are von
Mises elastic strain distribution at the max load and after releasing the load (from left to
right).

Figure 5.24: Schematic drawing of local springback measurement : (a) captured foil image
after removing load; (b) rotated captured image (rotating image in ImageJ); (c) foil height
measurement based on captured image (from left to right).

For local measurement, the schematic drawing shows how to de�ne height and rotating

angle in Fig.5.24. Here, ϕ is a rotated angle that obtains by rotating the captured images

either from experiments or simulations to aligned with the edge of a reference box drawn in

ImageJ, and the springback angle 4ϕ is relevant to the di�erence between the rotated angle

of punch or lower die and the rotated angle of deformed foil, as shown in following

4ϕ = ϕd − ϕf , (5.2)

where ϕd is the rotated angle by rotating punch or lower die to match the drawn reference

box, ϕf is the rotated angle by rotating deformed foil specimen after removing loads to

match the drawn reference box, and 4ϕ > 0. The reduction in height of the channel pro�le

part between the punch or lower die and a deformed foil specimen re�ects height change
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from peak to valley of the pro�le shown in Fig.5.24(c), the expression for calculating height

change is

4H = Hd −Hf , (5.3)

where Hd is the height of punch or lower die (peak to valley), Hf is the height of deformed

foil (peak to valley), 4H is height reduction between these two heights with 4H > 0.

Focusing on springback prediction per channel or half channel, it may be easier to lead to

a scatter result, global measurement is introduced to get a more consistent result case by case.

Due to the limits of lab equipment, the images taken under microscopic or captured from

FEA were stitched side by side before further analysis and displayed in Fig.5.25. The edges

of forming tools or foil specimens were detected using edge detection function of ImageJ, and

the images need to be rotated to keep the end of the edge horizontal before overlapping these

two images (see Fig.5.26). The overlapped image of forming tool and foil sample is aligned

at the valley of central channel (the third channel counted from left). The same procedures

for measuring height and angle were carried out for global measurements.

Figure 5.25: Stitched microscopic images : (a) preform forming tool (P2) and (b) deformed
foil (from top to bottom).
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Figure 5.26: Edge pro�le images: (a) pro�le of preform forming tool (P2); (b) pro�le of
deformed foil; (c) overlapped image of preform tool and deformed foil aligned at center
(marked with open circle); (d) enlarged pro�le of middle channel of overlapped image: white
line is deformed foil, black line is preform tool (from top to bottom).

5.5.2 Results and Discussions

As shown in Table 5.2, tests were carried out in the experiments with max load is 400

N/mm (2000N, 5mm width). The max load, the average values of height reduction and

springback angle using local and global measurement methods are listed in Table 5.5. In this

table, the superscript L refers to the local measurement method and G is the measurement

using the global method, and subscript E represents the results obtained from experiments.

Table 5.5: Springback measurement based on experimental images

Max Load (N/mm) 4HL
E (µm) 4ϕL

E (o) 4HG
E (µm) 4ϕG

E (o)
400 4.20 1.56 6.97 1.08
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The springback measurement results of FEA cases listed in Table 5.3 for macroscopic

plasticity model and in Table 5.4 for crystal plasticity model with cubic and orthotropic

plastic anisotropy are shown in Table 5.6, where subscript F represents the results of sim-

ulations, the superscript L refers to local measurement method and G is the measurement

using global method. Here, all values are average value based on all channels. The average

max plastic strain of foil reached in the simulations is about 0.3 for the macroscopic case

and 0.4 for the microscopic case.

Table 5.6: Springback measurement based on FEA results

Case Max Load (N/mm) 4HL
F (µm) 4ϕL

F (o) 4HG
F (µm) 4ϕG

F (o)

P2a 411 3.780 0.816 6.259 0.200

P2b 399 4.298 0.796 7.821 0.800

P2c 389 4.358 0.840 8.598 0.460

P2d 413 3.725 0.840 7.813 0.400

P2e 366 2.638 0.920 4.688 0.250

P2f 399 3.773 0.950 10.938 0.800

P2g 409 3.591 1.160 6.250 0.900

P2h 399 3.591 0.880 6.250 0.860

P2i 402 3.010 1.080 7.813 0.860

P2j 405 3.700 0.960 8.598 0.700

P2k 393 2.870 0.760 7.143 0.800

From Table 5.3 and Table 5.4, Young's modulus, CoF, and strain hardening for macro-

scopic model and grain heterogeneity distribution and plastic anisotropic type for polycrystal

model are considered as factors that a�ect the results of springback behavior in this study.

Except for the factors mentioned, the max load reached, loading condition applied at the

top of punch (displacement control or pressure control), channel pro�le and test procedures

are changeable variables that are not taken into consideration this time.
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5.5.2.1 E�ect of Contact Friction

Contact friction is an important but not very well known factor that a�ect springback

predictions. As results shown in Table 5.6, Case P2a and P2b are two cases with the same

simulation setup, except CoF is 0.18 for Case P2a and 0.4 for Case P2b. For local springback

measurement, P2b shows a larger reduction in height and two cases have similar springback

angles. However, P2b has larger changes on both height and springback angle for global

measurement. The inconsistency between local and global method may be due to deformed

foil is curved as a whole piece displayed in Fig.5.16, especially a�ecting the height reduction

measurement for local ones. The force response has been revealed to slight change with the

same conditions except for di�erent CoF used in the simulations, this situation could be

assumed that both cases have same max load. With the same max load and higher CoF

employed, it is harder to deform foil to the desired shape like the one with lower CoF. That

is, the elastic-recoverable deformation takes a more leading proportion with the increase of

CoF, more height reduction and larger springback angle.

5.5.2.2 E�ect of Strain Hardening

Strain hardening is related to plastic deformation of material, P2c is considered as one

layer with only one strain hardening law used and P2d is a six-layer case with di�erent strain

hardening law employed. Here, the strain hardening law for one layer case is the same as the

law used in the inner layer of the six-layer case. The thickness of each layer in the six-layer

model is identical. The max load reached and the reduction in height in Table 5.6 show a

signi�cant di�erence. For springback angle, there is no di�erence using local measurement

methods and a small di�erence for global one. The yield strength of the outer layers is lower

than the middle and inner layer and further from the neutral layer during the test, so they

are subjected to the stronger either tensile or compression stresses. As a result, the e�ect of

the outer layer for springback behavior is even more signi�cant. With a soft outer layer, it

is easier to deform permanently. Hence, less height reduction and smaller springback angle

occur with a softer strain-hardening law used as the outer layer.
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5.5.2.3 E�ect of Young's Modulus

Using the same other simulated conditions, the only di�erence introduced in Case P2d

and P2e is Young's modulus with P2d is 200GPa and P2e is 150GPa. The results included

in Table 5.6 indicate that the increase of max load with Young's modulus decreases, height

reduction for global method and springback angle for global and local method are very close.

The height measurement via the local method is di�erent, which may be due to the curved

pro�le of foil. Young's modulus of a material is the sti�ness that re�ects the easiness for

bending and stretching. With the same displacement applied, high Young's modulus needs

more force than the lower one, as veri�ed in the simulation. In this simulated setup, changing

Young's modulus shows barely any e�ect on height and springback angle measurements.

5.5.2.4 E�ect of Grain Heterogeneity Distribution

Specimens with di�erent random grain heterogeneity distribution are shown in Fig.5.18,

the results of Table 5.6 illustrate that grain heterogeneity distribution for polycrystal simula-

tion a�ects the height reduction and springback angle straightforwardly. Due to the random

assignment of grain mechanical properties, various grain heterogeneity distribution leads to

di�erent load responses, height reductions and measured springback angles. For spring angle

measurement either via local or global measuring methods, values of �ve cases are very close.

However, results on height reduction are more scattered. From the previous study [124], it is

noticeable that the scatter e�ect will be minimized by averaging. One set in FEA will result

in uncertainty of grain distributions because the material model is randomly assigned to the

grain. Therefore, the average of max load is 402.8 N/mm. For local measurement method,

the average of height 4HL
F is 3.533 µm and springback angle 4ϕL

F is 1.006o, while average of

height 4HG
F and springback angle 4ϕG

F are 7.970 µm and 0.824o for global method. Com-

pared with the average values, P2i is the case with the results are the closest to the average

values of �ve cases. For polycrystalline simulation, grain heterogeneity distribution is one of

the factors should be considered for the scatter of springback predictions, except the factors

introduced for macroscopic model.
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5.5.2.5 E�ect of Plastic Anisotropic Type

As discussion about plastic anisotropy in Section 4.3.3, orthotropic plastic anisotropy has

three undetermined material constants, which has more �exibility than cubic anisotropy with

only one material constant is needed to be known and equals to 1. Di�erent displacements

(Case P2i and P2k) were applied to guarantee the max load of FEA is approximate to exper-

imental max load. The results indicate that grain plastic anisotropic type imposed a�ects

the prediction on springback, height reduction and change of springback angle decrease as

imposing orthotropic plastic anisotropy instead of cubic plastic anisotropy per grain. Di�er-

ent plastic anisotropic types may also a�ect the estimation of R-values and yield strength.

Therefore, the plastic anisotropic type of polycrystals is another factor should be taken into

consideration on springback predictions for polycrystal cases.

5.5.2.6 Discussions

According to Table 5.6, the results of springback measurement show that CoF and strain

hardening have clearly e�ects, however, the e�ect of Young's modulus is small in this study.

Proposed by Zang et al. [128] and Adzima et al. [123], Young's modulus is not a constant

value: larger springback prediction will occur if the decrease of Young's modulus was taken

into account. With large plastic strain achieved, the curved region of either peak or val-

ley of foil is dominated by plastic deformation and in�uences springback predictions [129].

Therefore, Young's modulus will have less e�ect on the predictions. As discussed in the

previous part, the decrease of CoF and the change of strain hardening law (softer one as the

outer layer, harder one as inner layer) in the layered model will result less height reduction

and smaller springback angle. As two measurement methods were introduced to estimate

springback predictions, the global one is more reliable by eliminating scatters between chan-

nels caused by the curved pro�le of foil. Case P2b has the largest height reduction and

springback angle within the macroscopic approach, while the smallest springback angle is

obtained in P2a, and P2e has the smallest height reduction. For polycrystal simulated cases,

grain heterogeneity distribution and plastic anisotropic type of grains are two additional

main factor a�ecting springback predictions. Using EBSD and Voronoi tessellation, this ap-

proach represents grain size, shape, and the associated mechanical proprieties obtained by

123



introducing micromechanical continuum crystal plasticity theory with cubic and orthotropic

plastic anisotropy. Comparing these two simulation approaches, the results of polycrystal

simulations show larger height reduction and springback angle. It concludes that if informa-

tion about the microtexture of material is available, using the polycrystal plasticity model

to mimic forming process is a better choice when the time-consuming is relatively less.

The global measurement method gives more consistent and reliable results and attempt

to validate experiments by using current simulated approaches, experimental result is 6.97

µm for height reduction and 1.08o for springback angle. For simulated results, the height

reduction is 7.821 µm and the springback angle is 0.800o for the macroscopic model (P2b),

while the average height reduction is 7.970 µm and the average springback angle is 0.824o

for polycrystal cases with cubic plastic anisotropy. Against the peak load obtained in ex-

periments, these computational cases replicate experimental test conditions with the max

load is around 400 N/mm. From the results, it can be observed that the simulation under-

estimates springback angle and overestimated height reduction, it may relate to the residual

cold-working e�ect of test specimen that a�ect springback behaviors or measurement errors

introduced by low resolution of the output image for simulated cases. In addition, stress dis-

tribution, the change of Young's modulus during simulations, and di�erent strain hardening

per grain may also be the factors that a�ect springback behaviors as well. Additional work

is needed to understand both macroscopic and crystal scale springback behavior completely.

5.6 Conclusions

Micro channel forming tests using designed tools and ultra-thin SS304L foil as specimen

were carried out with Instron 5967 testing system at room temperature, and peak load is

reached by using load control mode during loading step, about 2000 N. The corresponding

simulations are examined by two approaches: macroscopic plasticity model that foils treated

as a single crystal and microscopic plasticity model for polycrystal that each element treated

as a single crystal. For polycrystal simulated cases, a reduced orientation data extracted

from the original EBSD has been used as the input data for the microstructural modeling

including 6090 representative grains. The shape and location of these representative grains

were de�ned based on the Voronoi tessellation generated by Neper. The di�erence in grain
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heterogeneity distribution leads to a slight di�erence response which is expected. As the peak

load achieved in the experiments, these two computational approaches replicate experimental

results. By comparing numerical and experimental results, two approaches for simulation

were able to describe contact friction, strain hardening, grain heterogeneity distribution and

plastic anisotropy type e�ects on the springback behaviors under micro channel forming.
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

The research in this dissertation has focused on anisotropic plasticity modeling of thin

aluminum AA6111-T4 sheet metals and ultrathin 304L stainless steel foils and their applica-

tions in sheet metal forming simulations using �nite elements. The anisotropic plastic �ow of

thin sheet metal is often characterized by plastic strain ratios determined in a series of uni-

axial tensile tests with angles between the tensile loading axis and the rolling direction of the

sheet metal ranging from 0 to 90 degrees. Existing experimental methods used to measure

the plastic strain ratios in common practice are brie�y reviewed and a new approach using

a digital image-based full-�eld strain mapping technique and associated camera calibration

is introduced in Chapter 2. Potential sources of errors in both old and new methods are

discussed, emphasizing achieving the best precision and accuracy in plastic strain ratio val-

ues. Some theoretical results relating the anisotropic plasticity models to the plastic strain

ratios are included as well. It evaluates the impact of eliminating the elastic strain in the un-

loaded state to check the possible improvement in the consistency of R-value measurements

at di�erent angles and the e�ect of defective samples on the error values of R.

Two formulations of a fourth-order orthotropic yield function in plane stress, Gotoh's

complete fourth-order polynomial function with nine coe�cients and the popular Yld2000-

2d function with a stress exponent of 4 and eight material constants, have been evaluated

in Chapter 3. Calibrated with the same independent experimental inputs, the similarities

and di�erences of these two formulations of a sheet metal modeling are investigated: these

two expressions are shown to be identical for an in-plane isotropic sheet metal, and material

constants of Yld2000-2d function are not unique. For any on-axis biaxial loading, Yld2000-

2d function may fully match the capability of Gotoh's yield function. With seven or eight
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independent inputs are used to identify parameters of these two functions with reduced

plastic anisotropy, Yld2000-2d function may be made to closely approximate match to the

calibrated Gotoh's function and used as an e�ective convexi�cation method for calibrating

a non-convex fourth-order polynomial function.

The relevant quadratic plastic potentials of FCC single crystals and texture components

are investigated in Chapter 4 to assess the e�ects of crystallographic slips in crystal plasticity

on the formulation of a macroscopic plastic potential for an FCC polycrystalline material.

By their equivalency, the number and type of independent material constants have been

identi�ed for six speci�c cases of plastic anisotropy. A simpli�ed rate-independent continuum

crystal plasticity model is used to model the polycrystalline SS304L ultra-thin foils. That is,

an isotropic slip hardening model represents the slip strength of the crystal. Simultaneously,

a convex quadratic plastic potential in the local crystallographic axes is assumed to be the

slip potential for multi-slips in each FCC single crystal. There are three polycrystal models

that could be used to calibrate three independent parameters of a single crystal plasticity

model with orthotropic plastic anisotropy using EBSD texture data and the plastic strain

ratios obtained from uniaxial tensile tests via DIC. The simulation results of a representative

volume element model using calibrated ANSYS input parameters obtained via EBSD data

and estimated parameters via Sachs or Taylor model as initial guesses show the validation of

this micro-to-macro transition method. To closely match with the plastic strain ratios (R0

and R90) measured from experiments, the single crystal plasticity model with orthotropic

plastic anisotropy should be used with three independent slip system weights are w1 =

2.54498, w2 = 1.27130 and w3 = 0.87292.

Experimental investigations and computational simulations have been carried out in

Chapter 5 to evaluate the springback behaviors of formed SS304L micro channels. Mi-

cro channel forming tests of SS304L foils have been carried out with an Instron materials

testing machine and designed preform forming tools at room temperature. The correspond-

ing numerical simulations are examined by two anisotropic plasticity modeling approaches:

the macroscopic plasticity model in which foils are treated as a homogeneous featureless

continuum and polycrystal plasticity model in which individual single crystal grains with

various orientations are explicitly modeled. Compared with the peak load achieved in the
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experiments, these two computational methods replicate the experiments' results. The poly-

crystal simulations using EBSD microtexture data and a calibrated single crystal plasticity

model give a better springback prediction of measured springback from experiments. The

results of carried out simulations conclude that contact friction, strain hardening, grain het-

erogeneity distribution, and plastic anisotropic type have e�ects on micro channel forming

and its springback behaviors.

6.2 Future Work

To obtain a more precise and accurate R-value via image-based measurements experi-

mentally, potential errors caused by the relative out-of-plane motion of the test coupon from

the stationary camera may be reduced or eliminated using two thin �at reference targets

attached to a tensile coupon. By loosely holding two spray-painted thin �at steel squares

as the reference targets at the two ends of the gage section of the test coupon using either

rubber bands or small magnets, the virtual strains purely due to the possible out-of-plane

motion of the tension coupon during testing can thus be continuously captured. The out-

of-plane motion e�ect on both longitudinal and transverse axial strains of the gage section

of the test coupon can then be corrected. The sole e�ect of non-homogeneous deformation

during the initial stage of the tensile testing on the measured R-values can thus be more

directly assessed.

The quadratic yield function for modeling an FCC single crystal can be extended to

model a BCC single crystal, so the micro channel forming using ultrathin ferritic stainless

steel 439 foils may be studied as well. Further more, both quadratic functions may be

replaced by the quartic yield functions for higher degrees of plastic anisotropy. Additional

uniaxial tensile experiments shall be carried out with three o�-axis loading directions (22.5o,

diagonal direction 45o, and 67.5o) and the more precise experimental measurements of R-

values as described above. Because the enhanced modeling capabilities of a quartic yield

function, both R-values and yield stresses from the experiments may be used for calibrating

many more slip system weights. Macroscopic and polycrystal plasticity models using quartic

plastic potentials will need to be implemented via a user material subroutine (UMAT) for

�nite element simulations of micro channel forming of ultrathin SS304Land SS439 foils.
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The study about springback predictions of SS304L or SS439 foil under micro channel

forming could be further improved from several aspects. First, an elastic-hysteresis model

could be developed for more precisely analyzing the unloading behaviors. Second, �nite

element simulations of micro channel forming could be carried out using di�erent sets of

various punch and lower die at several load levels and test procedures (such as two-stage

forming with preform set as the �rst stage, conformal or non-conformal set as the second

stage). With more advanced EBSD measurement tools, representative 3D microtexture data

of a ultrathin foil could be obtained to help develop fully 3D �nite element polycrystal models

with measured grain sizes and shapes in addition to their orientations. Developing the 3D

�nite element polycrystal model of ultrathin stainless steel foils and analyzing their micro

channel forming in a timely manner may need to migrate to a high performance computing

(HPC) platform.
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